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TRANSLATOR'S PREFACE. 



The first edition of Professor BitteFs work, of which the 
following is a literal translation, was published in 1862* to 
advocate the use of the " Method of Moments " in calculating 
the stresses in bridges and roofs. This *' Method of Moments " 
is in reality but an application of Bankine's " Method of Sec- 
tions." The adaptation of the method to various cases is 
explained and illustrated by means of numerical examples 
comprising several of the forms of bridges and roofs in general 
use as well as others not often met with. 

Some interesting problems are discussed in the Eleventh 
Chapter, and are possibly not generally known in this country. 
It is required to determine the form a structure should have to 
fulfil given conditions as regards the stresses. These problems 
give a considerable insight into the manner in which the 
stresses are distributed amongst the various bars of a structure, 
and show also that comparatively small changes in the form 
may produce great changes in the stresses. The effect of 
changes of temperature on the deflection and on the stresses in 
a " composite structure " is treated at some length in the Four- 
teenth and Sixteenth Chapters. The theory of loaded beams is 
only touched upon — in fact, only those cases are considered which 
are required in the various examples. 

The Sixteenth Chapter contains a very instructive example 
of a composite structure consisting of a pair o9 braced girders 
combined with suspension chains. It should be observed, 
however, that Herr* Hugo B. Buschmann, in a pamphlet * On 

The snbstunce of the fiAt two cliaptera was puhlUhed previously in the 
* Zeitschriftdes Architecten- UDd Ingenieur-Vereins fiir das Konigreich Hannover,' 
vol. vii., No. 4. 
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the Theory of Combined Girder and Suspension Bridges/ 
takes exception to the manner in which the equations (f § 56 
to 61) giving the stresses in the girders produced by the 
moving load are arrived at. In the preface to the third edition 
Professor Bitter says : '' Herr Buschmann maintains that these 
equations depend on arbitrary assumptions, and thinks to prove 
their unsoundness by remarking that under certain conditions 
of loading, namely, when both ends of the girders are loaded, 
they give a negative bending moment at the centre of the 
girders, or, in other words, the girders would be bent upwards. 
Thus the radii of curvature for the central part of the suspension 
chains would be increased, and this requires a diminution of the 
length of these chains, which is evidently absurd. This con- 
clusion is, however, incorrect. Herr Buschmann overlooks the 
fact that exceedingly small changes in the form of the suspen- 
sion chains are under consideration, and that therefore not only 
the vertical but also the horizontal displacement of each 
element of the chain must be taken into account. Without 
doubt if the chord of the arc whose radii of curvature are 
increased did not alter, the length of' this arc would be 
diminished. But if at the same time the length of the 
chord increases, not only may the length of the arc remain 
unaltered, but it may even be lengthened ; and this is what in 
reality occurs, owing to the horizontal displacement of each 
point of the chains, not only in the case under consideration, 
but also for all positions of the loads." 

In some few instances Professor Hitter does not agree with 
the more recent English practice, notably so in his estimate of 
the wind-pressure on roofs. These instances have been pointed 
out in notes added to the text and in an Appendix. 

H. B. S. 

Gibtaltar, 1879. 
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CALCULATION OF THE STRESSES 
m BRIDGES AND ROOFS. 



FIEST CHAPTER. 

PUELIMINABY BeMABKS. 

roofs the design should be such that the 
Jiploycd is the smallest possible, not only 
the cost of materials is great in com- 
iir, but more especially because the dead 
^<;irily increased, and the very suc*ces3 of 
,»ossibly depend on the smallness of this 

i stnicture, the maximum safe resistance 
I be called forth in every part, and no- 
it* any unnecessary excess of material. 
'I thus: Wlien the structure is placed in 
IS to loading, the intensity i>f stress in 
• Mjual to what is considered the safe re- 
\n which it is sidrject when under these 
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This call d in the case of bars which are under 

direct tension or compression, for then the stress is uniforndy 
distributed over the whole sectional area ; but in tlie case of a 
beam under bending stress, it cannot bo conipli(?d witli, because 
the stresses are not uniformly distributed over the cross-section. 

Therefore, in a good construction, the various parts should 
be, if possible, either in direct tension or compression, and 
bending stress should be avoided. 

These views are more or less carried out in practice, and 
the larger the structure, the nearer is the approximation. The 






2 BRIDGES AND BOOFS. 

endeavour to save material has led from the massive beams of 
rectangular section to those of I and 11 section, and when 
further the solid web was replaced by braces, those combinations 
of bars were arrived at in which only direct tension or com- 
pression exist. The iron roofs and the braced girders of 
modem times are examples of such structures. 

To comply rigidly with the above conditions, the joints 
should be made with single bolts (pin joints). If a bar be con- 
nected to another by a single bolt, it can turn freely about its 
end, but if the joint be made with rivets, the end of the bar is 
fixed, and will therefore be subject to a slight amount of bending 
stress. Thus, with rivetted joints, the material is not employed 
to the best account ; and, especially in the case of large, im- 
portant structures, there is the disadvantage that the maximum 
stresses are not accurately known, whilst if the structure were 
theoretically correct, these stresses could be ascertained to the 
greatest degree of accuracy. It is worth noticing that the 
theoretical structures are also the easiest to calculata 

In all the following examples it will be assumed that the 
joints are hinged, the connections being made by single bolts. 
It will also be supposed that these joints are the only points of 
loading. This distribution of the load can always be obtained 
in practice by using bearers to bridge over the space between 
the joints. Whether it is advisable to construct these bearers 
as separate parts or to fuse them into the main structure, is a 
question that will be considered further on. 

As regards the weight of the structure itself, it will be con- 
sidered as evenly distributed over the span, and in accordance 
with the above, concentrated at the joints; the degree of 
accuracy of this assumption will be tested in the sequel. 

[Note. — There is no doubt but that hinged connections made by means of 
single pins would be theoretically more perfect than rivetted joints, if a per- 
fectly uniform distribution of the stress were the only consideration. But it 
is found that in structures subject to vibrations, the pins in many cases shake 
loose, and the holes in the bars become elliptical, owing to the hammering 
action that takes place between the pins and the faces of the holes, and this 
action will always occur unless the pins are made a drawing fit in the holes. 
This is the case, for instance, in the central joints of a railway bridge, where 
(as will be seen) the stresses are constantly changing from tension to com- 
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inneanon, and vice versa. It maj be mentioned that thia action ooc o rred in the 
Ommlin Yiadact, and that in consequence goaaet plates had to be added. Pin 
joints may however often be nsed with advantage, both with regard to economy, 
simplicitjr of erection, and appearance in stmctnres subject to a porelj dead 
load, or even to a live load, if unaccompanied hj vibrations and rapid changes 
in the nature of the stresses, as, for instance, in the case of roofs. 

The objections raised to rivetted jmnts hy Professor Bitter apply in 
reality only to those as usually designed, for the arrangement of the rivets in 
a jdnt can be such that little or no bending stress ocours in the bars connected. 
This was pointed out by Professor Gallcott Beilly in two papers read before the 
Institution of Civil Engineers.* Premising the following definition — " The 
mean fibre of a bar is the line passing through the centres of gravity of all 
cross-sections, and is consequently one of the axes of gravity of the bar,*' 
the rules according to which rivetted joints should be designed are thus stated 
by Professor Beilly : — 

1st. The mean fibres of any two or more members of a truss connected by 
a group of rivets must intersect at one point. 

2nd. The group of rivets connecting the bars must be arranged symmetri- 
cally round this point of intersection of the mean fibres of the bars ; or in 
other words, the resultant resisting force of the group of rivets must occur at 
the intersection of the mean fibres of the bars connected by the said group. 

3rd. The first row of rivets in each bar, that is, the row on the side 
towards which the stress is transmitted, must be symmetrical with the mean 
&xe of that bar. 

If the stress is uniformly distributed over the cross-section of any bar, the 
resultant stress must lie in the mean fibre ; it is therefore evident that unless 
tbe mean fibres of the bars connected intersect in a point, the stress, in some 
of them at least, will not be uniformly distributed. 

The resultant pull or thrust of a bar must evidently lie in the same straight 
line as the resultant resistance of the rivets connecting the bar. If, therefore, 
rule 2 be not complied with, the resultant pull or thrust will not pass through 
the mean fibre, and evidently the stresses will not be uniformly distributed but 
will be uniformly varying, and therefore more intense on one edge (the edge 
nearest the resultant) than upon the other. In a similar manner the stress will 
not be uniformly distributed if the first row of rivets be not symmetrical with 
the mean fibre. 

To obtain a theoretically perfect joint, every row of rivets should be sym- 
metrical with the mean fibre. Such an arrangement can, however, only be 
obtained when two bars cross at right angles. But tbe first row of rivets, for 
instance, relieves the part of the bar beyond of a certain amount of stress ; 
theref(»e unless the secoDd row of rivets be very much displaced, the greatest 
intensity of stress at the section through this row will not reach the intensity 
or stress in the bar before the leading rivets. This is evidently, a fortiori, 
true of the 3rd, 4th, &c., rows of rivets. The rules given above are therefore 
sufficient for practical purposes. 

♦ 'Minutes of Proceedings,* vols. xxiv. and xxix. 

B 2 
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4 BRIDGES AND BOOFS. 

Eivetted joints have also this advantage over pin joints, that the ends of 
the bars connected can be considered '* fixed," and this materially increases 
the resistance of those bars subject to compression. Pin joints are also as a 
rule more expensive than rivetted joints, but easier to put together by unskilled 
labour. 

It will be observed that the mean fibre need not necessarily be a straight 
line ; but if it is curved no arrangement of the joints will make the stress 
uniformly distributed at every cross-section. This is, for instance, the case if 
the bow of a bowstrmg girder is curved between the joints. Fig. 1 represents 



Fig. 1. 
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a portion of the top boom of such a girder, and the mean fibres of the various 
bars are indicated by dotted lines. The thrust in the booms must evidently 
act in the straight line joining A and B, and must therefore give rise to 
bending stress, or, in other words, the stress will not be uniformly distributed.] 



§ 2. — ^Method of Moments. 

The method adopted to calculate the stresses in the various 
structures given in the following examples is known as the 




" method of moments," and it will be explained by means of 
the roof represented by Fig. 1 (a). 
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§ 2. — METHOD OF MOMENTS. 



Fig. 2. 



The total load on this roof consists of the five single loads, 
F, Qy B, 8, T, which are to be considered as weights hung to the 
top joints. These five loads produce the reactions D and K at 
the points of support ; the sum of these reactions must be equal 
to the whole load, and they can easily be determined by the 
ordinary rules of statics. If, for instance, the span AB is 
divided by the verticals through the weights into six equal 
parts. 

Imagine the combination of bars divided into two parts 
by the line L L, then each part (Fig. 2, for instance) can 
only be retained in equilibrium by applying to each bai: 
at the point of section a force 
which represents the action of 
the other part. This force rmist 
lie in the direction of the har, for 
otherwise the bar would rotate 
round its end ; this force is, in 
fact, what is called the stress in 
the bar. Thus the stresses X, Y, Z 
in the three bars, which have 
been cut through, together with the remaining loads D, P, Q, 
are in equilibrium. All these forces lie in the same vertical 
plane, and they therefore must satisfy the three following 
conditions of equilibrium : — 

1. The sum of the vertical forces acting upwards must be 
equal to the sum of the vertical forces acting downwards. 

2. The sum of the horizontal forces acting towards the right 
must be equal io the sum of the horizontal forces acting towards 
the left. 

8. The sum of the statical moments of all the forces 
tending to turn the part of the roof represented by Fig. 2 
round any point from right to left, must be equal to the sum 
of the statical moments of those forces tending to turn it from 
left to right round the same point ; for the part of the roof 
under consideration can be regarded as a lever, and any point 
can be taken as the fulcrum. 
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6 BRIDGES AND ROOFS. 

These three conditions can be expressed more concisely by 
V the equations 

where H and Y are the resolved parts of any force horizontally 
and vertically respectively, M the moment of a force round 
any point, and % denotes that the forces or moments have been 
added together algebraically, that is, the sign of each force or 
moment is taken as plus or minus according to the direction in 
which it acts. The three stresses X, T, and Z will be contained 
in each of these equations, and by solving them the values of 
X, Y, and Z can be obtained. The stresses in all the members 
of the roof can be similarly ascertained by taking other 
sections. 

This method can always be applied, but it has two serious 
defects. The first is, that H and V contain the cosine and sine 
of the angles the bars make with the horizontal, and these 
angles must therefore be determined. The second is, and it is 
more serious than the other, that in order to ascertain any one 
stress all three equations have, as a rule, to be solved. 

There is, however, a very simple method, which can be 
applied to all cases, and which is free from the above defects. 
Apart from this, the method has the advantage of requiring 
only the application of the principle of the lever (in its more 
general form the law of statical moments), and can there- 
fore., be easily understood by those who are acquainted but 
with the very elements of mechanics. In fact only the last 
equation, that of statical moments, need be used, for if to 
obtain the stress in one bar moments are taken round the 
point of intersection of the other two bars, an equation will be 
arrived at containing only one unknown, the stress required, 
for evidently the moments of the stresses in the other two bars 
vanish. 

The lever arms of the various forces will have to be de- 
termined, and this can be done with sufficient accuracy from a 
drawing to scale. 

A general rule, framed from the above, can be thus stated : — 

Consider the structure divided into two parts hy a section^ 
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v^iieh ifpotaOiU thould otdtf cut tkrtyuffh three han, and apply the 
forces X,¥,Zto these bars to matntain equiiibrium^ these foroes 
betn^ the stretset in the hare. Form the equation of moinents for 
either part of the ttnieture, and if X is to be determined the point 
ofintersec^onofYandZittohe^etenaMthepointrmmdtphieh 
to take motnenia, if ¥ the point of intersection of X and Z, and 
if Z the point of interseetion of X and Y. 
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For imtanoet in the above example to determine X, tbe 
point roand wliicli to take momeote would be E, tbe intersection 
of T and Z (Fig 3). The equation of moments is 
Xx-P.CB + D.AEsO, 



_ P . OE - D . AE 



To detennine Y take moments roond A, the point of inter* 
section of X and Z, thus : 

- Yy + F . AC + Q. AE = 0, 

or 

Y_ P.AC + Q.AE 

y 
And to determine Z take moments ronnd H, the point of intei^ 
n of X and Y, thus : 

-Z2-Q.BL-P.CI, + D.AL = 0, 
„_ -Q.EL-P.CL + D.AL 



This method can be directly applied to all strnctuies in 
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which it is possible to reach each bar by a section that does 
not cut through more than three bars. 

In some cases, however, in the truss shown in Fig. 4, for 
instance, there may be bars which cannot be reached by sections 
cutting only through three bars ; such are the bars F G, D G, D E. 



Fio. 4. 




But even in such a case the method may be directly applied 
if all the bars cut through by the section (which may be curved 
or straight) intersect in a point except the one the stress in 
which is to be determined. 

For instance, to find the stress V in the bar F G, take a 

Fig. G. 





section a^ty and form the equation of moments about the 
point H for the part cut out (Fig. 5). 

-V.FH-Rr = 0, 

or 



v= - 



FlI 
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In the same manner the stress U in the bar D G can be ascer- 
tained by taking a section aSy and forming the equation of 
moments round the point H for the part cat out, thus : 

or. 

Similarly the stresses in E J and L J can be found. The re- 
maining bars can all be reached either by sections which only 
cut through three bars, or else by sections which cut through 
four bars but the stress in one of which is already known. In 
both cases the method of moments can be applied. 

Thus, when the stress U is known the stresses X, Y, Z in 
the bars D F, D E, C E, can be found from the equations 

X.DE + UJ-''-Q.NO-P.MO + W.AO = 0, 
Y.AD + U/ + Q.AN + P.AM=0, 
-Z« + W.AN-P.MN = 0, 

obtained by taking moments round the points, E, A, and D 
respectively. 

This more complicated ex- 
ample shows the advantages of 
the proposed method. They be- 
come even more apparent when 
it is considered that only the 
beginner will require to make 
separate figures for each calcula- 
tion. The adept will easily form 
the equations from the principal 
drawing. 

The general method having now been explained, its applica- 
tion to various cases will be best seen by means of numerical 
examples. It will be sufiScient to give the complete calculations 
for a few bars only, those which can be considered as the repre- 
sentatives of others similarly situated. For the remaining bars 
only the equation of moments and the results will be given. 

It is of no consequence which direction of rotation is taken 
as the positive one, but to avoid errors some direction should bo 
chosen ; it will be considered in the sequel that rotation from 



Fig. 7. 
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left to right is positive/ and that rotation from right to left is 

negatiye. 

Further, all stresses will be considered as pulling stresses 

(this has already been done in the former examples), therefore 

positive stresses vnU represent tension and negaiive stresses com- 
pression. 

This, it will be obseryed, is the reverse to the usual English practice. 

[Note. — ^A great deal of clerical labour can be spared by rightly choodog 
the scale by which the lever arms are to be measured. This remark refers 
principally to structures divided into bays of equal length. It wiU probably 
be best in this case to make the length of each bay unity, when it will be found 
that the lever arms of the various loads are generally whole numbers. This 
plan it will be seen has been adopted in several of the examples given. If the 
loads on the structure are placed at equal intervals, the horizontal distance 
between them should be taken as unity.] 



§ 8. — Calculation of the Stresses in a Boof of 

100 FEETf SPAN. 

Drill-shed of the Wdfenplatz BarraeJcs, Hanover. 

The weight of the roof covering and* framing (Fig. 8) is 
11*3 lbs.t per square foot of horizontal surface covered, and 

Fia 8. 




3000 



20 lbs. more per square foot must be added for snow and wind 
pressure4 The total load is therefore 31 * 3 lbs. per square foot 
of horizontal sur&ce. 

The distance apart of the principals is 15^ feet, and since 
the span is 100 feet, 15^ x 100 square feet of horizontal 
surface is supported by each principal, and the load on each is 
15 J X 100 X 31 • 3 lbs., or in rouiyi numbers 48,000 lbs. The 

* In the same direction as the hands of a watch, 
t German feet and lbs. 

X This estimate of the snow and wind pressure does not agree with the latest 
English practice. See Appendix. 
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lotd m esdi of the eight diTiaiona of the root is therefore 
6000 Ibe. It may be considend that one-half of the 6000 Ibt. on 
etoh dnimoii is applied at each of the two adjacent joints, and 
thu can be effected by means of bearen or common rafters.* 
The load on the seven central joints will therefore be 6000 Iba., 
■nd on each of the end joints 3000 lb& Evidently the load on 
the end joints will be taken ap directly by the abntmenta. The 
leaction at each abotment is altogether 24,000 lbs., and snb- 
tncting the 3000 lbs. on the end joint, the pressure against 
the oombination of bars is 21,000 lbs. 




The strnctnre is therefore enbject to the action of nine 
exterior finces ; seven of 6000 lbs. each acting downwards on 
the central joints, and two of 21,000 lbs. each acting upwards 
on the end joints. 

To find the stresses X, T, Z, in the bars of the central bay 




(Fig. 9) let the roof be divided into two parts by a section a j3 

* Thii diBtrilnition of the kod nqninB the onnmoD nften to be aiiionlBted 
at eaoh joint The? are, however, generally oontiuiiouB, and this slightly altere 
the di>tiibiitioa of the load, for then part of the load is transmitted directly to the 
abnbnoiti by the oranmon raften. It ii, however, luoal in practioe to adopt 
the abore distrlbntio)), the error being on the side of lafety. See ' Lectnree on 
the !EIeinentB of Applied Menhantce,' by Morgan W. Oiofton, V.R.S., and 
' Inotmotiim in (knutraotion,' hj CoL Wtay, B.E.— Tbahb. 
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and the forces X, Y, Z applied to maintain equilibrium. To 
obtain X, consider the part shown in Fig. 10 as a lever with its 
fulcrum at J), the point of intersection of Y and Z ; then for 
equilibrium the following equation of moments must hold : * 

= X X 18-6 + 21,000 X 50 - 6000 x 12-5 - 6000 x 25 - 6000 x 37-5, 

whence 

X = - 82,300 lbs. 

Similarly to find Y take moments round A, the point of inter- 
section of X and Z, thus : 

= Y X 88-4 + 6000 x 12*5 + 6000 x 25 + 6000 x 87-5 

Y = - 32,300 lbs. 

And to obtain Z take moments round the point E : 

= - Z X 15 + 21,000 X 37-5 - 6000 x 12*5 - 6000 x 25 

Z = + 37,500 lbs. 

To find the stress in the vertical rod E F take an oblique 



Fig. 11. 

n 

60 OQ 



t* 




section y B (Fig. 11), and the equation of moments round A, 
the point of intersection of the other two bars intersected by 
7 S will be 

= - V X 87-5 + 6000 x 12-5 + 6000 x 25, 

whence 

V = + 6000 lbs. 
Tbo equations for tho similarly situated bars can be formed in like manner, 



thus:- 



v^ 



= Xi X 13-9 + 12,000 X 37-5 - 6000 x 12-5 - 6000 x 25. 

Xi = — 40,400 lbs. (fTurning point F). 
= Yi X 23-5 + 6000 x 12-5 + 6000 X 25. 

Yi = - 9570 lbs. (Turning point A). 
= - Zi X 10 + 21,000 X 25 - 6000 x 12*5. 

Zi = + 45,000 lbs. (Turning point C). 

* The method of finding the lever arms by calculation is given in the eleventh 
section of this book. 

t The "turning point" (Drehungspunkt) is the point with reference to 
which the equation of moments is formed. 



§ 3. — BOOF TBUSS 100 FEET SPAN. 
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= -y, X 25 + 6000 X 12*5 (Tnmmg point A). 

V, = + 3000 Ibe: 
= X, X 9-3 + 21,000 X 25 -.6000 x 12*5. 

X, = - 48,400 lbs. (Tnniing point H). 
= Y, X 9-3 + 6000 + 12-5 (Turning pofait A). 

Y, = - 8100 lbs. 
= Z, x 5 + 21,000 X 12-5 (Turning point J). 

Zt = + 52,500 lbs. 

The stress in X3 is to be found by means of the section X/i 
(Fig. 12), which only mtersects two bars. In such a case any 
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D 



point in the other bar can be chosen as taming point. 
Thus taking moments round D, 

= X, X 18-6 + 21,000 X 50. 

X, = - 56,500 Iba. 

The central vertical bar is the only one the stress in which 
cannot be found directly. To obtain this stress, that in one of 

Fio. 13. 
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the adjacent bars must be known. Thus it has been found 
that X = - 32,300 lbs.; hence (Fig. 13) the equation of 
moments about B to find the stress U is 



whence 



0= -UX 50-6000 x50-(-32,300) x 37'2, 



U = + 18,000 Ibfl. 



14 



BBIDOES AND BOOFS. 



The results of the above calculations are given in Fig. 14. 



Fio. 14. 
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§ 4. — EooF Truss of 32 Metres Span. 

The total load on the roof truss represented in Fig. 15 is 
assumed to be 32,000 kilos., or 1000 kilos, per metre of span. 
Proceeding as in tlie previous example, it is found that there is 
on each central joint a load of 4000 kilos, and an upward 
pressure of 14,000 kilos, at each abutment. 



Fig. 15. 



14000 




14000 4000 



It will be seen that to find the stresses in the bars V, U, X, 
Y, and Z, the variation of the method of moments explained at 
the end of § 2 must be employed. 

For instance, to calculate the stress V the portion of the 
roof shown in Fig. 16 must be considered, and taking moments 
round C the equation 



= - V X 4-308 - 4000 X 4 



is obtained, whence 



V a - 3714 kilos. 



§ 4. — BOOF TRUSS 82 METRES SPAN. 
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Similarly the stress U can be found from the portion of the 
roof shown in Fig 17, thus 

= U X 3-2 — 4000 X 4, or U = 4- 5000 Mlos. 

Having determined U, the stress X can be found from 
Fig. 18 by taking moments round E : 

= X X 3-4465 + 14000 X 9*28 - 4000 (1'28 + 5-28) + 5000 X 3*2, 

or X = - 34,725 Mlos. 





-iy\ 



Likewise T can be found by taking moments round A : 

= - Y X 6-4 + 4000 (4 + 8) + 5000 x 3-2, 
or Y = 10,000 Idlos. 

To deteimine the stress Z (Fig. 15), an oblique section pass- 
ing to the left of the point E (Fig. 18) must be drawn, and by 
taking moments round A, 

= Z X 8-616 + 4000 (4 + 8) + 5000 X 3*2, 
or Z =- 7428 kilos. 




\/ 



/ 



^a 4- 5000 



The remaining nine bars of the left half of the roof can each 
be reached by a section intersecting only three bars, and the 
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stresses in them can therefore be calculated in the manner shown 
in the previous numerical example. The results of these cal- 



FiG. 19. 
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30000 



20000 



culations are given in Fig. 19, and as the bars in compression 
have been drawn with double lines, the signs have been 
omitted. 
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SECOND CHAPTER 

§ 5d — ^Applioation of the Mbthod of Moments to the 

Calculation of Bridges. 

One great advantage of the method described in the preyions 
pages is that the stress in any particular bar can be found at 
once by means of a single equation. But there is yet another 
advantage which adapts this method more particularly to the 
calculation of Bridges. It is this : that from the inspection of 
one equation of moments it is possible to ascertain what loads 
on the bridge increase the stress in any particular bar and 
what loads decrease it. Therefore to find the maximum stress 
in a bar it is only necessary to leave out of the equation those 
loads which diminish the stress. And to find the minimum 
stress (which in some cases will be compression) those loads 
which increase the stress must be omitted. It is unnecessary 
to add that the above has reference to temporary loads only. 

This does not apply to the previous examples, for — as can 
be easily ascertained— the removal of any of the loads does not 
increase the stress (either tension or compression) in any of the 
bare. In the case, however, of the structures that are usually 
adopted for bridges and also in some roof trusses (as will appear 
further on), it is of great importance to ascertain the effect of 
the variation of the loading,* for the greatest stress (either of 
tension or compression) may not occur when the structure is 
fully loaded. 

[Throughout, the term greatest stress is used irrespective of 
the sign of the stress, but the terms maximum and minimum 
depend on the sign, thus the minimum stress may be the 
greatest compression.] 

* For example, the temporary load produced on a bridge by a train, or in 
the case of xoofe, by the snow or wind-pressure, applied to one side only. 

O 
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In the girder shown in Fig. 20, for instance, the stress S is 
found by taking a section M N and forming the equation of 
moments round O 

S5 — Da; + p(a? + -^ = 0; 
or substituting for D its value : i ^ + ? + t » 



s = 



-Hl^l)-^h^r ir 



S 



The member containing P is negative, and the members 
containing Q and K are positive. Evidently then the load P 



Fig. 20. 



/^:^x i- 







diminishes the stress and the loads Q and E increase it. 
Hence the equation 



S (max.) = 



Q _^B 



s 



gives the greatest tension produced, and the equation 



S (min.) = 



-Hl^d 



8 



gives the greatest compression. 

For simplicity it has been considered that P, Q, K are 
moving loads, and that the girder itself has no weight. 
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The equations for T and U are 



T.OD-P^ + Dj = 0; 
-Uii + Dj = 0; 



or substituting for D its value and solving 



CD 

le^^s^ 16 

U= : 



from which it appears that the greatest stresses in these bars 
oc5cur when the girder is fully loaded . 

The equation to find the stress V is (Section a fi. Turning- 
point O,) 

3 OP 

or substituting for W its value : 41^ + ^ + 4 



v = 



-"('-fV-^C-fV-f 



y + 2 



y + 
whence as before 

p 

4 



P^ 



V (max.) = + 



y+2 



for the greatest tension, and 

-M'-fO-M^") 



V (min.) = 

for the greatest compression. 



o2 
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The above is expressed by the following rule : — 

Consider that the structv/re, is fuUy haded and form the 
equationof moments accordingly for the har the greatest stresses in 
which are to hefomid. Arrange this equation so that the effect of 
each had ca/n he easily ascertained. Then to find the greatest 
tension leave out all the temporary loads that diminish the stress 
a/nd to fi/nd the least tension^ or the greatest compression, leave out 
all the temporary hods that increase the dress. 

Or shorter thus : In the equation giving the greatest stress in 
a har (either tension or compression) the members containing the 
moving hods must have the same sign. 

The equation of moments for the fully loaded bridge gives 
the greatest stress only in one case ; when the members con- 
taining the moving loads have all the same sign. 

The following numerical example will illustrate the above 
rule. 

§ 6. — Parabolic Girder* op 16 Metres Span with a 

Single System op Diagonals. 

The dimensions are given in Fig. 21. — The dead load on 
the bridge, designed for a single line of railway, can be taken at 
1000 kilos, per metre and the live load at 5000 kilos, per 

Fig. 21. 



< JJ"» X 2'* X 2^ X 




metre. One half of this is carried by each girder, and the 
length of each bay being 2 metres, 1000 kilos, dead load and 
5000 kilos, live load act on each joint (Fig. 22). 

To find the stress X, take a section a fi through the first 
bay and form the equation of moments for the part shown in 
Fig. 23 round the point C. 

= XiXi + Dx2. 

* Thus called because the bow is in the fonn of a polygon inscribed in a 
parabola. — ^Tbans. 



§ 6.— PABABOUO QIBDEB. 

But when the bridge is folly loaded, 

D = 1000(i + f + f + | + f + f + i) 
+ 5000 (i + 1 + 1 + 1 + 1 + 1 + f). 

Therefore, sabstitutiiig this value of D, 

= X, Xt+1000(i + | + | + | + | + f + f)x2 
+ 5000(i + J + | + | + f + f + i)x2. 
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It will be observed that the seven members of this equation 
due to the live load have all the same sign, and hence the 
greatest stress in the bar Xi occurs when the bridge is fiilly 
loaded. Solving : — 

X| (min.) = - 48000 kilos. 

The stress Z] can also be obtained from Fig. 23 by taking 

moments round B. 

= - Zi X 0*8 + D X 2, 

or substituting for D its value. 

= -Z, X0-8 + 1000 (i + 1 + 1 + 1 + 1 + 1 + I) x2 

+ 5000(i + } + | + ^ + | + ^ + i)x2. 



Fig. ^. vJ- 



Fio. 21, V^ 



nu^ 





Here also the greatest stress occurs when the bridge is fully 
loaded, therefore 

Zi (max.) = + 52500 kilos. 

To find the stress Yi take a section yB and form the 
equation of moments for the part shown in Fig. 24 round the 
point B. 

= - Vi x2-8 — DxO-8. 
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and substituting for D its value 

0=-ViX2-8-1000(i + | + t + f + | + f + 4)x2 

-5000(i + | + 4 + | + | + f + i)x2. 



Fig. 25. 




Here again it is evident that Yi 
is greatest when the bridge is fuUy 
loaded. Hence 

Vi (mixL) = — 6000 kUos. 

The stresses Xa, Ya, Zj can be found 
by cutting oflf the part of the girder 
shown in Fig. 25. For Xa take 
moments round E 

= X,xl-5 + Dx 4- 1000x2-5000x2, 



or substituting for D. 



= X, X 1-5 + 1000 (i + I + . + i) X 4 
4.5000(i + |+. + *)x4 
- 1000 X 2 - 6000 X 2. 

The live load of 5000 kilos, acting at B is contained in two 
members of this equation. One, + 6000 x f X 4, is the eflfect 
produced by the part of the load transmitted to the abutment 
Ay and the other, - 5000 x 2 is the direct effect of the load. 
According to the rule these two members must be united into 
one, viz. 5000 ( J x 4 — 2), the equation then takes the form : — 

= X,xl-5+1000{(4+... + |)4 + (4x4-2)} 
+ 5000 { ft + ... + t)4 + (4 X 4 - 2) } . 

It is easily seen that all the members multiplied by 5000 
are positive, hence the greatest stress occurs where the bridge 
is fully loaded, and 

X, (min.) = - 48000 kilos. 

To find Ya take moments round B and by substituting for D 
its value 

= Y, X 1-68 - 1000 (4 + . . . + 4) 0-8 - 5060 ft + . . . + 4) X 08 
+ 1000 X 2*8 + 5000x2-8; 

or arranging the equation according to the rule, 

= Y, X I'68-IOOO {ft+... + *)0-8-(2'8-|0-8)} 

- 5000 ft + . . . + I) 0-8 + 5000 (2-8 - | 0-8). 
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Of the seyen members multiplied by 5000, and representing 
the effect of the moving load, 6 are negative and 1 is positive. 
Leaving out therefore the positive member (which diminishes 
the stress) 



= Y, X 1-68 - 1000 { (i + . . . + f) 0-8 - (2-8 - i 0-8) | 
- 5000 (i+... + f) 0-8, 



whence 



T, (max.) = + 6250 kilos. 



Next leaving oat the six negative members. 



= T, X 1-68 - 1000 { (J +... + •) 0-8 - (28 - J OS) ] 
+ 5000 (2-8 -1 0-8), 



whence 



Y, (min.) = - 6250 kUos. 



(It appears that Yj = when the bridge is folly loaded. 
This resnlt will be explained farther on when treating of the 
theory of parabolic girders.) 







Fio. 26. 
5000 



1000 Vt 
x1 ^ 




The stress Zj is foand by taking moments roand B and 
arranging the eqaation as before. 

= -Z,xO-835 + 1000(i + ... + 4)x2 + 5000 (i + . . . + i) X 2, 

from which it is evident that Zj is a maximam when the bridge 
is folly loaded. Hence 

Z, (max.) = + 50800 kilos. 

To determine V2 take a section 17 and form the eqoation of 
moments for the part shown in Fig. 26 with S as taming point. 
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Arranging this equation 

= - V, X 8 - 1000 { (i + . . . + f) 4 - (6 - i . 4) } 

- 6000 ( J + . . . + I) 4 + 5000 (6 - 1 X 4). 

First leaving out the positive member multiplied by 5000 

= - V, X 8 - 1000 { (J + . . . + 1) 4 - (6 - 4 X 4) } 
-5000(i + ... + f)i, 

or 

V, (min.) = - 7560 kilos. 

Then leaving out the negative members multiplied by 5000 

0=-V, x8-1000{(i+... + f)4-(6-|x4)} 
+ 5000 (6 - 1 X 4), 

or 

Vg (max.) = + 560 kilos. 

These examples sufficiently illustrate the rule, and the 
calculations for the remaining bars need not be given so fully. 

The geneial equation of moments and the results for the remaining bars ard 
given below. 

= X, X 1-875 + 1000 { (1 + ... + I) 6 + (f . 6 - 2) + 4 . 6 - 4)} 

+ 5000 { (I + . . . + I) 6 + (f . 6 - 2) + a . 6 - 4) } 
X, (min.) = — 48000 kilos. 

= Y,x5-47-1000{(i + ... + |)4-(8-f.4)-.(6-4.4)} 

- 5000 { (I + ... + I) 4 + 5000(8 - f x 4) + 5000(6 -|. 4) } 
Y / (max.) = + 6850 kilos. 
• I (min.) = - 6850 kilos. 

= - Z, X 1 • 474 + 1000 { (1 + . . . + I) 4 + (i : 4 - 2) } 

+ 5000 { (J + ... + 1)4 + (i . 4 - 2) } 
Z, (max.) = + 48900 kilos. 

= - V, X 30 - 1000 { (I + ... + I) 24 - (28 - f X 24) - (26 - | . 24) } 

-5000(1 + ... + 1)24 + 5000(28-1 .24) + 5000 (26-1.24) 
y ( (max.) = + 1500 kilos. 
» I (min.) = - 8500 kilos. 

= X4 X 2 + 1000 { (i + . . . + 1) 8 + (1 . 8 - 2) + (f . 8 - 4) + (4 . 8 - 6) } 

+ 5000 {(i+ ... + 4)8 + (| . 8 - 2) + (^ . 8 - 4) + (4 . 8 - 6) } 
X4 (min.) = - 48000 kilos. 

= Y^ X 21-2 - 1000 { (i + ... + I) 24 - (30 - 1 . 24) - (28 - f . 24) 
-(26-i.,24)} 

+ 5000 (i + ... + j)24 + 5000 { (80 - i . 24) + (28 - J . 24) 
+ (26-4.24)} 

7080 MloB. 

7080 kilos. 



Y ( (max.) = + 
*\(miD.) = -' 
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0=-Z, xl-878 + 1000J(i + ... + |)6 + (f.6-2) + tt.6-4)| 

+ MOO { (i + . . . + I) 6 + (f . 6 - 2) + (* . 6 - 4) I 
Z« (max.) = + 48100 kikt. 

(The following equatknu of moments are foimed with referanoe to the part of 
the gilder lying to the rig^t of the aeotion line) : 

= - V^ X 82 + 1000 {(t + . .. + f) 24 - (32 - 1 . 24) - (80 - 1 . 24) 

- (28 - f . 24) (- 26 - t . 24) } 
+ 5000(i + ... + t)24 

- 5000 {(82-f.24) + (80-{.24) 
+ (28-f.24) + (26-i.24)| 

y / (max.) = + 1800 kiloa. 
M (min.) = - 8800 kiloe. 

0=^X.xl-875-1000{(i + ... + |)6 + (f.6.2) + (|.6-4)| 

-5000{(i + ... + |)6 + (f.6-.2) + (J.6-4)} 
X, (min.) = - 48000. 

= T. X 21-88 + 1000 { (t + . . . + 1) 24 - (30 - 1 . 24) - (28 - f . 24) 

-(26-i.24)} 

+ 5000 (i + ... + 1) 24 - 5000 1 (30 - |.24) + (28 - f.24) 
-(26-i.24)} 

Y / (max.) =+ 6850 kUos. 
M (min.) =- 6850 kQcs. 

= Z.xl-996-1000{(i + ...+|)8 + (|.8-.2) + (jf.8-4) + (|.8-6)| 

-5000{(i + ... + |)8 + (|.8-2) + (^8-4) + (i.8-6)} 
Z. (max.) = + 48100 kilos. 

= - V. x 10 + 1000 { (I + ... + I) 4 - (10 - 1 . 4) 

-(8-f.'4)-(6-J.4)} 
+ 5000 (J + ... + I) 4 - 5000 { (10 - 1 . 4) 
+ (8-t.*) + (6-i.4)} 
y ( (max.) = + 1500 kilos. 
•\(min.)= -8500 kilos. 

= - X. X 1 • 5 - 1 000 { (1 + . . . + tt 4 + (4 . 4 - 2) } 

-5000{(i + ... + f)4 + (i. 4-2)1 
X, (min.) = - 48000 kilos. 

= T. X 6 + 1000 { (t + ... + I) 4 - (8 - f . 4) - (6 - i . 4) j 

+ 5000(i + ... + |)4-5000{(8-f.4) + (6-4.4)j 

Y / (max.) = + 6250 kilos. 

• l(min.)= -6250kaos. 

= Z. X 1 • 84 - 1000 { (i + . . . + f) 6 + (f . 6 - 2) + (J . 6 - 4) } 

- 5000 { (i + . . . + I) 6 + (f . 6 - 2) + ( J . 6 - 4) } 
Z« (max.) = + 48900 Mlos. 

= - V, X 4-8 + 1000 { (i + . . . + f) 0-8-(4-8-f . 0-8) - (2-8-J . 0-8) } 

+ 5000 (J + .. . + I) 0-8 - 5000 { (4-8 - f . 0-8) 
+ (2-8 -J. 0-8)} 
y ( (max.) = + 560 kilos. 

• I (min.) = - 7560 kUos. 
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=- X, X 0-875 - 1000(4 + ... + f) 2 

- 5000 (i + . . . + 4) 2 
X, (min.) = - 48000 kiloB. 

= Y, X l-92 + 1000{(4 + ... + t)0'8 
-(2-8 -4.0-8)} 
+ 5000 (4 + ... + !) 0-8 
-5000(2-8 -4.0-8) 
Y ( (max.) = + 5470 kiloe. 
' \ (min.) = - 5470 kilos. 

= Z, X 1-43 + 1000 { (4 + ... + I) 4 + (4.4 
-5000 {(4 + ... + 4)4 + (4. 4 
Z, (max.) = + 50300 kilos. 

= - V, X 2 - 1000 X 2 - 5000 x 2 
V, (min.) = - 6000 kUos. 

= - X« X 0-875 - 1000 (4 + ... + 4) 2 

-5000 (4 + ... + 4) 2 
Xg (min.) = - 48000 kilos. 

= Zg X 0-8 - 1000 (4 + . . . + 4) 2 
-5000 (4 + ... + 4) 2 
Zg (max.) = — 52500 kilos. 

These results are shown in Fig 27. 
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§ 7. — Derived Forms. 

From the above calculations it is appa- 
rent that the greatest stresses in the vertical 
and diagonal braces occur when the bridge 
is partiedly loaded. It will be interesting to 
ascertain according to what law the girder is 
loaded when the greatest stresses obtain in the 
braces. By noticing in each case what tem- 
porary loads are left out of the general equa- 
tion of moments it will be observed that any 
diagonal brace, Y3 for instance, will be subject 
to the greatest tension when all the joints 
lying to the right of it are loaded, and will be 
under the greatest compression when all the 
joints lying to the left are loaded. This is 
represented in Fig. 28 by the words " Ten- 
sion " and " Compression." 

Evidently if this diagonal were inclined 
upward to the right instead of to the left the 
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words in Fig. 28 woqM simply have to change places, and also 
if the gilder be looked at from behind (or else its image in a 
looking-glasB) the diagonal Y« will appear in the same bay as 
Ys in Fig. 28 ; ifaos the arrangement of the moving load to pro- 
dnoe the greatest stresses in Y« will be as shown in Fig. 29. 

If boih diagonals are present in the same girder, as shown 
in F%. 90, and are so constmcted as to be incapable of resisting 



Fio. 28. 



OompraMioii. 



Tension. 




oompreesum, they will come into play only when the loading is 
sach as to produce tension in them ; at other times they will be 
snbject to no stress jnst as if they were threads. In such a 
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TensioiL 



Gompresdon. 



-H — 




girder therefore only the greatest tension given for the diagonal 
bars in the above example need be considered. Thus in Fig. 30 
the greatest tension in the diagonals of the third bay from the 



Fio. 80. 




left will be for the brace inclined upwards to the left the same 
as that in Y3 (as found in the previous numerical example), and 
for the brace inclined upward to the right the same as that 
in Ye. Similarly the greatest tension in the other diagonal 
braces of Fig. 30 can be written down from Fig. 27. 

The vertical braces are always in compression in this case, 
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Fig. 31. 




as will appear at once from Fig. 31, foi-i 
since the diagonals are incapable of resisting 
compression there would be nothing to op-i : 
pose the vertical downward force product.. 

by the vertical brace if.r 
it were in tension. The 
greatest compression in 
the verticals will be the • 
same as given in Fig. 27, ; 
for only one of the dia- 
gonals in each bay is in . 
tension at a time, and the other being there- 
fore slack can be considered as absent. 

Thus without any further calculations . 
the greatest stresses in a girder with crossed 
diagonals can be written down from those 
obtained in the previous example, and this 
is done in Fig. 32. 

K the diagonals are so constructed that 
they can only take up compression (this is 
sometimes the case in wooden girders), 
it will appear by similar reasoning that 
for the diagonals, only the greatest com- 
pression, and for the verticals only the 
greatest tension, found in the previous ex- 
ample, will apply. As regards the minimum 
stress or compression in the verticals, the 
load each vertical supports at the top joint 
can alone produce compression in it, for 
the diagonals cannot do so, as they never 
can be in tension. This load is either 
1000 kil. or 1000 + 5000 kil., and there- 
fore the greatest compression in the verti- 
cals is 

V (min.) = - 6000 kUos. 



The greatest stresses in a girder of the above construction 
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do^m at once from the above, with tho Hiii^h) «!XC4){»tioii of that 
in the central vertical brace. 

The stress in the central vortical of ¥ip^. M ovidontly (hpt^uiU 
on the tension in the a^ljacr;nt (lartn of tlio lowor liofiin at iin 
foot, and it must therefore alwayii tx) in (itunprnmlon. Thm 
compression will reach its greatewt value when tho U'umon in 
the boom is a maximum, that is, when the hritiff: in fully 
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loaded ; and in this case each vertical brace has a compression 
of 6000 kilos, to bear. Therefore, for the central vertical also, 

y (min.) = - 6000 Idkw. 

In Fig. 35 it is obvious that the central vertical can only be 
in a state of stress when there is a direct load on the top joint; 
this stress must therefore be compression, and its greatest 
value is evidently 

V (min.) = - 6000 kiloe. 

Lastly, if in the girder shown in Fig. 27 the signs of all 
the stresses be changed, the greatest stresses for a parabolic 
girder having the bow above, as shown in Fig. 36, will be 
obtained. In fact, the whole of the reasoning and the equations 
are precisely the same, except that all ihe signs must be 
changed, and that maximum must be put for minimum, and 
minimum for maximum. The derived forms shown in Figs. 37, 
38, 39, 40^ can be obtained from Fig. 36, as before. 



§ 8.— Thbory op Fababolig Gibdebs. 

It appears from the above example that the stresses in a 
parabolic girder can be found by the method of moments, even 
when the theory of such girders is not known. Two properties 
of these girders were discovered : the first is that the stress in 
the horizontal boom is greatest when the bridge is fuUy loaded, 
and is then equal throughout ; and the second, that when the 
bridge is folly loaded the stress in 
the diagonal braces is everywhere nil 
The last property is in reality con- 
tained in the first, for when X = Xi 
(Fig. 41), Y = O, or else the hori- 
zontal forces at P would not be in 
equilibrium. 

It will be useful to investigate the 
conditions upon which these properties depend. This knowledge 
is not necessary to enable the calculations for any given parabolic 
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girder to be made, but is required when the form of a girder 
is to be found which will have these properties. 

Consider a chain attached to the two fixed points A and B 
(Fig. 42), and hanging in its curve of equilibrium. Let the 
load be uniformly distributed, over the span AB, and equal to 
q per unit of length. Suppose that the chain is cut at its 

Fia. 42. 




.^T^ 



\y 



lowest point S (where it is horizontal), and a horizontal 
force H applied at the point of section to maintain equili- 
brium. This force must be horizontal, since the part of the 
chain at S is horizontal. Let the chain be also cut at any 
other point P, applying a force T to maintain equilibrium. It 

is evident that this force 
Fig. 43. must lie in the direction of 

the tangent at the point P. 
The piece SP of the chain 
>2i O^ig* 43) is held in equili- 
brium by three forces : viz., 
H, T and the resultant of 
the load on the part SP. 
This last force is equal to qx, where x denotes the hori- 
zontal distance of P from S; and its point of application is 

X 

at a distance ^ from either P or S, since the load is uniformly 

distributed over x. 

Taking moments round P : — 




S 



X 



Hy = ?a?.-. 



(1) 



But since P is any point on the curve, this equation is true for 
the point A, thus substituting I for oj, and /for y. 



H/-?/.|. 



(2) 
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DiTiding eq. (1) by eq. (2). 



y 
7 



^ 
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(3) 



This is the equation to a parabola, and it is evidently ako 
applicable to the part S B of the chain. Thus the position of 
all points of the chain can be determined by this equation, by 
giving values to x and solving for y. 

It is evident from Fig. 43 that the horizontal component 
of T is everywhere equal to H, it is so therefore at the points 
of attachment A and B ; it is also evident that the vertical 
component V of T is qa^ and therefore equal to q.l at' A and B ; 
and, lastly, that 

T = Vh» + v«. 
If the manner of loading is altered, some points of the chain 

Fio. 44. 




Fig. 45. 



may still remain on the parabola, and for these points equation 
(3) will hold good. This is the case, for instance, when the losuls 
on each side of S are concen- 
trated at points, so long as the 
load at each point is equal to 
the sam of half the distributed 
load on the two adjacent bays 
(Fig. 44); fpr the part SP of 
the chain (Fig. 45) will still be 
subject to the vertical load q.x 
(the resultant of the four con- 
centrated loads shown in the figure), and the point of applica- 
tion of this resultant will still be at the distance ^ from S. 

D 




-X — 
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The chain can be loaded as above by employing vertical 
Btnits to transfer the oniformly distributed load (Fig. 44). The 
unloaded portions of the chain are eyidently straight, and the 
form of eqnilibriam will therefore be that of a polygon inscribed 
in a parabola. The above is even true if the vertex is not a 
loaded point ; foi consider the part F Pi of the chain cut ont, 
and equilibrium maintained by the forces T,Ti (Fig. 46). Taking 
mom^ts roand F, 




and this equation will not be altered if, instead of S and Q, 
other points, sach as Si and Qi (Fig. 47), are taken as loaded 
points. 



If the two points A. and B cannot offer any horizontal re- 
sistance bat only vertical reactions, other means to resist the 
borizootal poll H must be adopted, for instance, introducing 
a horizontal boom. Thus a parabolic girder of the form shown 
in Fig. 48 is obtained, which can cany a load, uuifonnly distri- 
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bated over the whole span, without requiring any diagonal 
hnaoes. The conditional therefore, that must obtain, in order 
that the girder may have the properties mentioned above, can 
be faiiefly stated thus : — 

2%0 feet of the verHeaU mud Ue in a parabola, the axis of 
wkidk «s ffortieai and pai$e$ fhrough th$ eerUreofthe span. 
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Fig. 49. 




The whole of the above reasoning remains true, if the girder 
be turned upside down and all the forces reversed (Fig. 49) ; it 
need not, therefore, be repeated. 

This subject will be further considered under the head of 
^ SickleHshaped Trusses '' (Bowstring-roofs). 
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^ 9. — APPLIOATION OF THB METHOD OP MOMENTS TO THE 

Calcclation of the Stbesbes m Braced Girdebs 
HAVING Parallel Booms. 

The method of momeDtB cao also be employed in calcalating 
ordinary braced girdeni dirided into rectangular bays. It is 
hardly necessary to observe that the equation of moments 
remains true although two of the three bars eat through are 
parallel, their point of intersection being therefore at an infinite 
distance, and consequently the lever arm of the stress in the third 
bar being also infinite. All the lever arms in the equation of 
moments are, however, infinite, and thus divide out of the 
equation, enabling the required stress to be determined.* For 
example, in the girder shown in Fig. 50, the stress Y in the 
diagonal F G is to be found by taking a section a ^, applying 
the forces X, Y, Z to maintain equilibrium, and forming the 
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equation of moments for one of the parts of the girder 
(Fig. 61) with reference to the point of intersection of X and 

* In this case these infinities are all equal ; they con tlierefoia be oongidered 
% oommon factor, but generally it is a mathematical fnllat? to treat Loflnlte 
•M iu this maoDBr. — Tbanb. 
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Z. This pointy which is at infinity, can be considered as lying 
on the central horizontal line of the girder, and since X and Z 
pass through it their lever arms arc nH, but the leyer arms of 
sU the vertical forces are eyidentiv infinite. Now, if O were 
the point of intersection of X and Z, at a distance x from the 
point where a fi cnts Y, the lever arm of Y would he m . tin 4>, 
md if O be considered to move off to infinity, m becomes 
infinite, and the lever arm of Y is oo . sin ^. 

Fio. 5L 
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Therefore, the equation of moments is 

= Y . 00 . Bin ^ - D . 00 + (I + 1) 00 + (p + 7) 00 + (p + 5) 

or dividing ont by oo . 

= Y.iin^-D + (| + |) + (p + rt+(P + 7). 



Here Y . sin ^ is the vertical component of Y, hence the 
above equation is merely the expression of the law that for 
equilibrium the sum of the vertical forces must be zero. 
Thus the principal object of the method of moments (to 
obtain an equation containing only one unknown) is, in this 
special case, arrived at by resolving the forces vertically. This 
diows the general applicability of the method of moments ; 
for even in special cases like the present, in which a shorter 
way of obtaining the required result exists^ it can be used, and 
even points to the shorter method. 
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Subfiitituting the valae of D in the above equation, viz. : 

D = Cp + «) {4 + 1 + 1 + 1 + 1 + * + i + il, 

and arranging it according to the rule, to ascertain the effect 
of the moying load : 

0=fcY.8in4»-p{i + | + f + f + |-(l-.f)-(l-J)} 

-« (4 + i + l + l + i) + «{(!- f) + a-i)}. 

The maximum value of Y can now be obtained by leaving out 
the positive member produced by y, and the minimum value 
by omitting the negative member. 

There is no difficulty in determining the stresses X and Z 
(Fig. 51). Let \ be the length of a bay, and h the height of 
the girder, take moments first round G and then round F, 
thus: 

0=-ZA + Cp + ?){(i + f + i + f + | + f).2x + a.2x-X)}. 

From which it is evident that these bars are in the greatest 
state of stress when the bridge is fully loaded. 

Fig. 52. 




Lastly, to find the stress in the adjacent vertical to the right, 
take a section 7 S (Fig. 52). The point about which to take 
moments is at infinity, and 

= - V. 00 - D . 00 + ^1 + I) 00 + (P + 9) 00 + (p+ 5)00. 
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The ooly difierenoe between this equation and the one pre- 
modj obtained fiir T.sin ^ is that — Y is written instead of 
T.sin ^ Hence it is obvious that 

-«(* + l + l + t + D + ^ffO -|)-(i- 1)1- 

The Tallies Y.sin ^ and — Y are therefore identical ; hence 
bj first finding Y, Y can be ascertained by dividing by 
( — sin ^). This is expressed in the following rule: the re- 
nbfsd part$ vertically of the stresses in a diagonal and vertical 
mmiing ai on mkadsd joint are of equal maffnitude, hut of 
miUhe$ign. 



§ 10. — Bbaced Gibder, of 16 Metres Span, gomposed of 

Single Bight-angle Trianql£& 

Apart from the difference of form, the dimensions of this 
girder are the same as those of the parabolic girder, already 
calculated (p. 20), that is, the span (16m.) and the depth (2m.) 
are the same. The loads are also the same, viz., 1000 kilos. 
dead load and 5000 kilos, live load, on each bay. It is also 
•ssamed that the line of railway is on a level with the upper 
boom ; these loads, therefore, act at the upper apices (Fig. 53). 



50 00 



Fig. 53. 
60 00 



50 00 50 00 50 00 25 00 




Caleulation of Yq ^^ ^i* 

Since Yo and D are the only vertical forces acting at A 
(Fig. 54): 

Vo-|-D=0, or Vo=-D. 
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Yo therefore reaches its greatest numerical yaliie when D is 
greatest ; that is evidently when the bridge is fully loaded. In 

this case D = — ^— kilos., and hence : 

Vo (min.) = - 24000 Mlos. 

Further, since Zi is the only horizontal force at A : 

Zi = o. 



Pig. 54. 
60 00 50 00 50 00 




Calculation of Xg and Vg. 

Two vertical forces act at S (Fig. 53), viz., the load at this 
point (the greatest value of which is 3000 kilos.) and Vg. 
Therefore, 

Va (min.) = - 3000 kUos. 

And since Xg is the only horizontal force at S : 

X, = 0. 



CcUcuIation of Xi, Zg, Vi, Yi. 
(Section afi. Fig. 55.) 

Taking moments for the part of the girder shown in Fig. 55, 
about the point C : 



whence 



= X, X 2 + (1000 + 5000) X (i + 1 + . . . + i) X 2, 



X, (min.) = - 21000 kilos. 
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Therefore, 



=r - Z, X 2 + (1000 + 5000) (i + ...+{) 2. 



Z, (max.) = + 21000 kUot. 



Besolying the forces yerticaUy : 



or, 



= - V, - 1000 ft + . . . + i) - 5000 (J + ... + {), 



V, (min.) = - 21000 Idiot. 



The diagonal Y^ makes an angle of 45° with the horizontal. 

Therefore, the resolved part of Yj vertically is Yi . sm 45*, 

^ 1 
or Yi • -T= • Hence, by the rule : 

Y — —V 



or 



^Y, = +21000x^2, 
Yi (max.) = + 29700 kilos. 



Fig. 55. 
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CalcuUxtion of Xa, Z3, Vj, Yj. 
{Section y 8. Fig. 56.) 

Taking moments about E : 

= X, X 2 + (1000 + 5000) { a + • • • + 1) * + (4 . * - 2) } , 

Xa (min.) = - 36000 kilos. 
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Taking moments about F : 

= - Z, X 2 + (1000 + 5000) { (i + . . . + *) 4 + (i . 4 - 2) } 

Z, (max.) = + 86000 Mlos. 

Besolving the forces vertically : 

o=-V,- 1000 {! + ... + * -(1-4)1 

- 6000(^ + ... + !) + 5000(1 - 4). 

By leaving out of this equation, first the negative, then the 
positive members, multiplied by 5000 : 

V, (max.) = - 1875 kaoB. 
Vj (min.) = - 15625 Mlos. 

Then multiplying these values by \/% and changing the 
sign: 

Y, (max.) = + 22100 Mloe. 
Y, (min.) = + 2650 kaoe. 

In a similar manner the stress in the remaining bars can be ascertained from 
the following equations : 

= X, X 2 + (1000 + 5000) { (1 + . . . + I) 6 + (f . 6 - 2) + (4 . 6 - 4) } 
X, (min.) = - 45000 Mlos. 

= - Z, X 2 + (1000 + 5000) { (i + ... + I) 6 + (f . 6 - 2) + (1 . 6 - 4) } 
Z^ (max.) = + 45000 Mlos. 

0=-V,-1000{4 + ... + t-(l-f)-(l-4)} 

- 5000 (4 + . . . + I) + 5000 { (1 - I) + (1 - 1) } 
y { (max.) = + 375 Mlos. 
• I (min.) = - 10875 Mlos. 



Y / (max.) = + 15400 Mlos. 
' I (min.) = - 530 Mlos. 



= X, X 2 + (1000 + 5000) { (i + ... + ♦) 8 + (|. 8 - 2) 
+ (f.8-4) + (i.8-6)} 
X^ (min.) = - 48000 Mlos. 

= - Z, X 2 + (1000 + 5000) { (I + . . . + I) . 8 + (|. 8 - 2) 
+ (f.8-4) + (i.8-6)} 
Zj (max.) = + 48000 Mlos. 

0=_V,-1000{i + ... + i-(l-|)-(l-f)-(l-|)} 

-5000(4 + ... + i) + 5000{(l-|) + (l-|) + (l-i)l 
y I (max.) = + 3250 Mlos. 

* \ (min.) = - 6750 Mlos. 
Y f (max.) = + 9550 Mlos. 

* \ (min.) = - 4600 Mlos. 



I 



§ 10.— biBDEBS WITH PARALLEL BOOMS. 43 

The fiiDowiQg eqnatiaiu are fisrmed with fefefeooe to the part of the giider 
otneied to the light of the aeotion line : 

== - X. X 2 - GOOO + 6000) {(i + ... +1) 6 + (t.6 - 2) + (J.6 - 4) I 
X« (min.) = - iSOOO kilos. 

0=Z.x2-(1000 + «000){(t + ... + |)6 + (f.6-2) + (J.6-4)| 
Z. (max.) = + 45000 kiloe. 

0=-V, + 1000{i + ... + t-(l-.|)-(l-f)-(l-|)J 

+ 5000 (i + . . . + I) - 5000 { (1 - 4) + (1 - 1) + (1 - J) { 
y r (max.) = + 6750 kilos. 

• \(iiiin.) = -8250kao8. 

Y r (max.) =r + 4600 kilo& 

• I (min.) = - 9550 kUoe. 

0= -X.x2-a00O + 5OO0){(J + ... + J)4 + (J.4-2)J 
X« (miiL) = - 86000 kUos. 

= 2, X 2 -(1000 + 5000) {(i + ...+!) 4 + (J. 4 -2)1 

Zj Cmu.) - + 36000 kflos. 

0=-V. + 1000{i + ... + 4-(l -«)-(!-*)} 

+ 6000 (4 + . . . + f) - 5000 1(1 - 4) + (1 - 1) } 
y r (max.) = + 10875 kiloB. 
•l(miiL) = - 375kno8. 
(max.)=:+ 530 kilos, 
(min.) = - 15400 kilos. 

0= -X, x2-(1000 + 5000)(4 + ... + i).2 
X, (min.) = - 21000 kilos. 

= Z, X 2 - (1000 + 5000) (4 + . . . + 4) . 2 
Z. (max.) = + 21000 kilos. 

o = — Vy + iooo{4 + ... + 4-(i-4)} + 5000(4 + ... + 4)-5ooo(i- 4) 

y. ( (max.) = + 15625 kilos. 
' I (min.) = + 1875 kUos. 

Y / (max.) = - 2650 kilos. 
' I (min.) = - 22100 kilos. 

The diagonal Yg does not meet any vertical at an unloaded 
joint, for the joint B (Fig. 53) cannot be considered unloaded on 
account of the reaction of the abutment. The rule for finding 

Y is therefore not applicable in this case. The vertical forces 

Y 
acting at B are the resolved part of Yg or —^ y the reaction 

W of the abutment and the stress in the last vertical, which 
has already been found = 3000 kilos. Hence for equilibrium : 

4= + W - 3000 = 0. 
V2 
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Yg therefore obtaina its greatest negative 

value when W is a maximum, that is, when 

the bridge is fully loaded^ in which case 

™ 48000 , ., ^ , . 

W = — ^ — kilos. ; and, therefore, 

Ya (min.) = - 21000 x V 2 = - 29700 kilofl. 

The results obtained are shown in Fig. 57. 
§ 11. — Derived Forms. 
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If the above equations be examined, to 
ascertain what positions of the live load 
produce the greatest stress in the diagonal 

; braces, it will be found that the law already 

; found ibr parabolic girders (p. 26) holds 
good, or the stress in any diagonal is a 
maximum or a minimum when the joints on 

\ one side only are loaded. 

t The stresses in a girder in which the dia- 
gonals slope upwards from left to right 
(instead of from right to left) can evidently 

; be obtained by looking at the girder of 

; Fig. 57 from behind.* 

If the diagonals are to be tension-braces, 
and unable to resist compression, the foUow- 

, ing alterations will have to be made in the 

2 arrangement of the original girder ; in the 

• bays where the diagonals are always in 
compression, they must be changed for 
diagonals sloping in the opposite direc- 

> tion, and in the bays where the diagonal 
braces are subject alternately to tension and 
to compression, two diagonals must be in- 
troduced. 
Figs. 58 and 59 represent two girders having opposite 
diagonal systems, and the kind of stress in each brace is denoted 

♦ Holding the page up to the light. — Tbans. 
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by the sign +, signifying tension, and — compression. CSanying 
oat the above alterations, Fig. 60 is obtained, in which the dia- 
gonals are never in compression, and the greatest numerical 
value of the tension in them can at once be written down by 
means of Figs. 58 and 59, taking the values from Fig. 57. 
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A vertical brace can only be in tension when the diagonals 
meeting it at an unloaded joint are in compression. This can 
never occur in Fig. 60 ; and the verticals can, therefore, only 
be in compression ; consequently, only the values of Y (min.) 



Fio. 59. 




need be considered, and for the left-hand side of the girder 
these values must be taken from Fig. 58, and for the right- 
hand side from Fig. 59. 

The stresses in the horizontal bars X and Z are greatest when 
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the girder is fully loaded, and when this is the case it is easily 
seen that, in the left half of the girder, the diagonals sloping 
upwards from right to left will be in tension, and in the right 
half those sloping from left to right. Evidently, therefore, the 
stresses in the booms can be obtained from Fig. 58 for the left 
half, and from Fig. 59 for the right half of the new girder. 
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Thus, without further calculation, the 
stresses in a girder of the form shown in 
Fig. 60 can be obtained. These stresses 
have been given in Fig. 61. 

If the diagonals can only resist com- 
pression (as is often the case in wooden 
structures)^ the stresses can be obtained 
by an exactly similar process from Fig. 57. 
These stresses are shown in Fig. 62. 

If the line of railway is carried on the 
lower apices, instead of on the upper, it can 
be considered that both the live and the 
dead loads are applied to the lower joints. 
The stresses in the horizontal and diagonal 
bars will not thereby be altered, and the 
stress in the Terticals can be fonnd by 
the rule of Section. 9, namely, that the 
diagonal and vertical braces meeting at an 
unloaded joint have equal vertical stresses, 
but of. contrary sign. In this case the un- 
loaded joints are the upper ones^ and in 
Fig. 63 the stress in any vertical can be 
found by dividing the stress in the dia- 
gonal meeting it at the top joint by y/2, 
and changing the sign. From Fig. 63 the 
derived forms shown in Figs. 64 and 65 can 
be deduced as before. 

If the line is carried on the verticals 
between the booms, the points of attach- 
ment can also be considered as the points 
of application of the live and dead loads. 
All the upper as well as the lower joints 
are therefore unloaded, consequently the 
resolved part vertically of the stress in any 
diagonal will be the numerical value of the 
stress in the parts of both the verticals it 
meets. For instance, in Fig. 66 the diagonal in the third bay 
is subject to the maximum and minimum stresses 

+ 15400 and - 530 kUos. 
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These values divided by \/2 and with 
changed signs give 

-10875 and +375kUos, 

and these will be the stresses in the 
upper part of the vertical to the left 
and in the lower part of the vertical to 
the right. The stresses in the verticals 
in this figure as well as in the girders 
shown in Figs. 67 and 68 can therefore 
be obtained without difficulty, using the 
rule given in § 9. As to the stresses in 
the horizontstl and diagonal bars it is 
evidently immaterial whether the loads 
be carried on the top or bottom joints or 
between them. Lastly in girders with 
symmetrically arranged diagonals all the 
stresses can be written down from Figs. 
57, 63, and 66, with the exception of the 
stress in the central vertical. For this 
reason only the central part of the girder 
is shown in Figs. 69, 70, 71, 72, 73, and 
74, and it is easy to see that the stress in 
the central vertical will be either ± 6000 
kilos, or according as the end which 
does not meet a diagonal is loaded or not. 

§ 12. — Eemarks on the Degree op 
Accuracy of the Assumptions 
made with regard to the dis- 
TRIBUTION OP THE Loads. 

Some objections may be raised to the 
above calculations, for the distribution of 
the loads on which they are based is not 
strictly true, and the results to be accurate 
require a slight correction. 
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Fig. 70. 
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In the first place, the weight of the girder itself acts on 
the upper as well as on the lower joints, and not, as assumed, 
at the points through which the line of rails passes only. The 
correction in this case, however, will only apply to the vertical 
braces ; for, as already seen, the stress in the remaining bars is 
independent of the position of the rails. Taking any of the 
verticals in Fig. 53 or Fig. 54 and distributing the load on it 
in due proportion between the top and bottom, it is easily seen 
that the method of moments could be applied to find the stress 
in that vertical. But it is better to make the calculation as in 
§ 9 and § 10 (L e. taking the point of application of the dead 
load the same as that of the live load), and then, if considered 
necessary, apply a correction in the following manner : Imagine 

Fig. 74. 




•» 45000 



«4S00O 



•^48000 



•1^ 4SU0O 



a secondary vertical placed alongside of the main one, the object 
of this vertical being to realize the assumption made by trans- 
mitting the load on what has been considered the unloaded joint 
to the loaded joint. This secondary vertical will be a strut when 
the load has to be transmitted downwards, and a tie when it has 
to be transmitted upwards. The stress in it will therefore be 
negative when it is above the line of rails, and positive when it 
is below. Now if the secondary vertical be considered amal- 
gamated with the principal vertical, it is evident that the actual 
stress in the latter can be found by adding to the stress already 
determined the stress in the former. 

To make this clearer by an example, let the true distribu- 
tion of the dead load in Fig. 57 be |rds of the 1000 kilos, on the 
top joints and ^rd on the bottom joints, whereas it was con- 
sidered that the whole of the dead load was applied to the top 
joints. The secondary vertical has therefore to transmit 
333 kilos, from the lower to the upper joints, and is consequently 
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a tie with a atreas of + 333 kiloa. This must now be added 
to the stresa in all the yerticals. For instance, in Yertical V, 

y,(iDAZ.) = + 875 + 333 = 708 kihit. 
y,(miii.) = - 10875 + 333 = - 10542 kilos. 

In the girder shown in Fig. 63 the line of railR is attached 
to the bottom joints. Supposing that the true distribution of 
the dead load is ^rd on the upper joints and §rds on the lower 
joints, it is evident that the secondary verticals will be struts 
transmitting 333 kilo& from the upper to the lower joints, 
and therefore to obtain the correct stress in the verticals 
— 333 kilos, must be added to the stresses already found. For 
instance in vertical Ya 

V, (max.) = + 3250 - 333 = + 2917 kilos. 
V, (mixL) = - 6750 - 333 = - 7083 kilos. 

In this case the correction is so small that it might be 
neglected. But in larger bridges, where the dead load is large 
in comparison to the live load, and is more equally distributed 
on the joints, the correction becomes important. 

There is a second correction to bt^ made, in connection with 
the distribution of the moving load. It will be remembered that 
it was assumed that each bay was bridged over by secondary 
gilders,* so as to convey the dead and live loads on the line of 
rails to the adjacent joints. It is evident that it is only when a 
bay is fiiUy loaded that the reaction at each end of the 
secondary girder can be equal to half the load on one bay. 
Now the stresses in the diagonal and vertical braces were 
calcolaied on the supposition that all tlie joints on one side 
of the brace were ftilly loaded, and all those on the other side 
free of the moving load. With a uniformly distributed moving 
load this obviously cannot occur. 

f et» when it is considered that in reality the moving load 
is not uniform and continuous, but that, on the contrary, the 
load is concentrated at the points of contact of the wheels with 

* These Becondary girders are supposed to be discontinuous. — Trans. 

E 2 
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the rails, and that in the case when the distance between the 
wheels is equal to the distance between the joints, the above 
assumption is strictly true, it would appear that the error is 
insignificant, unless indeed the number of bays is small. At 
any rate the error affects only the diagonals and verticals, and 
is on the safe side. 

Both these sources of error disappear, the latter when the 
number of bays is very great, and the first when there are no 
verticals, in which case the calculations differ slightly from the 
preceding ones. To illustrate this latter point, the following 
example has been chosen. 



§ 13. — Bbaced Gibdeb with Equilatebal Tbiangles. 

(Wabben Gibdeb.) 

(Railway Bridge over the Trent near Newark.) 

Each girder (Fig. 75) is composed of 27 bays of equilateral 
triangles having their apices alternately above and below. 
The line of rails is on a level with the bottom boom, one half 
of the load is carried directly on the lower joints, and the other 
half is transmitted by means of vertical ties to the upper joints. 
Thus one half of the dead as well as of the live load acts on the 
lower joints, and the remaining half on the upper joints. The 

Fig. 75. 




whole girder is supported at A and B by bolts carried on cast- 
iron frames which rest on the piers. The distance apart of these 
points of support is 259 feet, and therefore the length of the 

259 
side of one of the triangles is -^pj- =18-5 feet. The depth of 

18 '5 
the girder is -^ x tan. 60° = 9 • 25 x 1 ' 73 feet. Taking 9 • 25 
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feet as the unit of length, the aide of the trianfrlefi will be 

lepresented hj 2, the height of the girder by 1 * 73, and its 

length by 28. 

The weight of the whole bridge is 589 tons, and since there 

589 
are four girders, the dead load on each girder is — = 147^ tons. 

Taking the moving load on each lino at 1 ton per foot run, 

2 X 259 
it will amount to — j — ^ = 129 '5 tons on each girder. The 

total load on one girder is therefore 

147-25 + 129-5 = 27675 tons. 

276 ' 75 
Thus the load on each joint is — ^r-r- tons, or in round 

numbers lOjtons. In the following calculations the live as well 
as the dead load has been taken for simplicity at 5 tons on each 
joint, although the proportion of the dead to the live load is as 
147*25 : 129*5 ; this will' make no difference in the stresses in 
the booms, and the greatest stresses in the diap:onals will be 
slightly^increased. Besides, the live load cannot be considered 
as accurately equal to 1 ton per foot run ; often it is taken 
higher. 

Fio. 7(5. 




The only object of the vertical bars is to transmit part of 
the load to the upper apices; they do not form an integral 
part of the truss, and can therefore be omitted in the calcula- 
tions, the upper joints being considered loaded instead. The 
distribution of the load is tlierefore as shown in Fig. 76. 
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Gahyidation of the Stresses X and Z in the Upper and 

Lower Booms. 

Cutting off the part shown in Fig. 77 by the section line 
afi^ and taking moments first about the point M and then 
about the point N, the following equations are obtained, denot- 
ing by D the reaction at the abutment A : 

= X^xl-73 + Dx7-5 (1 + 2 + 3 + 4 + 5 + 6) 

-5(1 + 2 + 3 + 4 + 5 + 6) 

0= - Z^ X 1-73 + D X 8-5(1 + 2 + 3 + 4 + 5 + 6 + 7) 

-5(1 + 2 + 3 + 4 + 5 + 6 + 7). 

Substituting for D its value 

D = 5 (i^ + A + • • • + «) + 5 ( A + A + . • • + m 




z, 



and arranging the equations so that the effect of each load may 
be seen (according to the previous rule). 



o = x, X 1-73 

+ 5{(^+.. 

+ 5{(A + .- 



.+fi)'7 + (||-7-l) + (-;|.7- 

. + li)'7 + («i:7 



= - Z4 X 1-73 
+ 5{(^ + ... + |*)8 + (H.8- 

+ 5{(^ + ... + ^ 



8 + (fi . 8 



^Tff 



1) + (|1.7 



l) + (l*.8 
1) + (« . 8 



2) + . .. + («. 7-6)} 
2) + . .. + («. 7-6)} 



2) + ... + (ft.8-7)} 
2) + . .. + («. 8-7)} 



In these equations all the members containing the live load 
have positive signs, and the omission of any of them would con- 
sequently diminish the numerical value of the stress. 

Having thus shown that the booms obtain their greatest 
stress when the bridge is fully loaded (and this, it may be 
added, is true in the case of all lattice girders), the calculations 
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can be simplified by putting for D its value when the moving 
load OOV6I8 the bridge, namely, 

^ = 10(A + A + ... + H) = 185 too.. 

and combining the members containing the live and dead loads. 
The above equations then become 

= X4 X 1 -73 + 135 X 7 - 10 (1 + 2 + . . . + 6) 
0= -Z^X 1-73 + 135x8- 10(1 +2 + ... + 7), 

whence 

X4 (min.) = — 425 tons, 
Z4 (max.) = + 462 tons. 

The following equations, for the remaining parts of the booms, are obtained in 
an exactly similar manner : 

= X, X 1-73+135 X 1 
Xi (min.) = — 78 tons. 

= - Z, X 1-73 + 135 X 2 - 10 X 1 
Zi (max.) = + 150 tons. 

X, X 1-73+135 X 3- 10(1 +2) 
X« (min.) = - 216 tons. 

- Z, X 1-73 + 135 X 4 - 10(1 + 2 + 3) 
Z, (max.) = + 277 tons. 

= X, X 1-73 + 135 X 5 - 10(1 + 2 + 3 + 4) 
X, (min.) = - 338 tons. 

0= -Z, X 1-73+135 X 6- 10(1 + 2 + 3 + 4 + 5) 
Z, (max.) = + 381 tons. 

= X. X 1-73 + 135 X 9 - 10(1 + 2 + . . . + 8) 
X, (min.) = — 494 tons. 

0^ -Z. X 1*73 + 135 X 10- 10(1 + 2 + ... + 9) 
Z« (max.) = + 520 tons. 

= X. X 1.73 + 135 X 11 -10(1 + 2 + ... + 10) 
X, (min.) = — 540 tons. 

0= -Z. X 1-73 + 135 X 12- 10(1 + 2 + ...+ 11) 
Z, (max.) = + 555 tons. 

= X^ X 1-73 + 135 X 13 - 10(1 + 2 + . . . + 12) 
X, (min.) = — 564 tons. 

0= -Zy X 1-73 + 185 X 14 -10 (1 + 2 + ... + 13). 
Z, (max.) = + 566 tons. 



= 
0= - 
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Ccdaulation of the Stresses T and U in the Braces. 

Since the braces make an angle of 60° with the horizontal, 
the resolved part vertically of the stresses in them are 



or 



Y. sin 60° and U. sin 60° 



Y X 0-866 and U X 0866. 



Eesolving the forces acting on the parts of the girder shown in 
Figs. 78 and 79 vertically. 

= Y4 X 0-866 -D + 5x6 + 5x6 
= - U4 X 0-866 -D + 5x7 + 5x7. 

Fig. 78. 




Substituting for D its value 



i> = 5(A + A + ••• + «) 



and arranging the equations according to the previous rule 

= Y^ X 0-866 

- MA + A+-.+li-a -«)-(! -li)-.. .-(!-«)} 

- 5(,V+ ... + li) + 5 {(1 - H) + (1 - H) + 

= - U4 X 0-866 

- 5 { ^ + . . . + 1% - (1 - ^i) - (1 - H) - . . . 

- 5 (^ + . . . + 1^) + 5 { (1 - H) + (1 - II) + 



. + (1-14)} 



In these equations the members containing the moving load 
do not all possess the same sign, therefore leaving out first the 
positive and then the negative members, 



= 



Y4 X 0-866 - 5 (^+.. 


• + U 


-5(^ + .. 


. + «) 


X4 (max.) = + 91 tons. 
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= Y4 X • 866 - 5 ( A + . . . + H - A - A - . . . - ,V) 

+ «(A + A + - . + A) 

X4 (min.) = + 89 tons. 
0=-U,xO-866-5(A + ... + tt-A-A---A) 

+ 5(A + A + ... + A) 

U4 (max.) = — 82 Ioiib. 
= - U4 X • 866 - 5 ( A + . . . + « - A - A - • • - A) 

-5(A + A+-. + «) 

U4 (min.) s - 81 tons. 

It appears that only Y4 (max.) and Ui (min.) need be 
taken into consideration, and therefore the calculations for Y4 
(min.) and U4 (max.) conld haye been spared. But it is ad- 




visable always to calculate both values, for sometimes the 
stresses are of different signs, in which case both must be 
retained. 



The equations and the streflsee in the remaining diagonals are found similarly 
shown below : 

= Y, X 0-866 - 5 (A + . . + ?i) - 5 (A + •• + «) 

Y ( (max.) = + 156 tons 

* \ (min.) = + 78 tons 

= - U, X 0-866 - 5 (A + ... + « - A) - 5 (A + ••• + II) 

+ 5XA 
^ ( (max.) = — 72 tons 

* \ (min.) = — 144 tons 

= Y, X 0-866 - 5 (A + . . . + il - A - A) 

-5(A + --+«) + 5(A + A) 

Y ( (max.) = + 183 tons 

* \ (mm.) = + 66 tons 
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= -U, X 0-866 -6(A + ... + « -A- A -Tfe) 

- 5 (^ + . . . + II) + 5 ( A + A + A) 
l^j ( (max.) = — 59 tons 

* \ (min.) = - 122 tons 

= Y, X 0-866 - 5 (A + ... + « - A - ... - A) 

-5(,V + ... + |*) + 5(A + ... + A) 

Y / (max.) = + 112 tona 

* ICmin.) =+ 63 tons 

= - U, X 0-866 -5(A + ... + e-A-...-A) 

- 5 ( A + . . . + «) + 5 ( A + . . . + A) 
»j ( (max.) = — 46 tons 

* \ (min.) = - 101 tons 

= Y, X 0-866 - 5 (A + ... + « - A - ... - A) 

-5(^+... + ^) + 5(A + ... + A) 

Y / (max.) = + 71 tons 

* l(min.) = + 24 tons 

0=-U, x0-866-5(^+... + i|-^-...-^) 

- 5 ( A + . . . + «) + 5 ( A + . . . + A) 
^ ( (max.5 = — 17 tons 

* \ (min.) = — 61 tons 

= Ye xO- 866 -5 (A + ... + «-!»-.. .-A) 

- 5 (^ + . . . + H) + 5 (1^ + . . . + ^) 

Y / (max.) = + 52 tons 

* \ (min.) = + 9 tons 

= - Ue X 0-866 - 5 (^ + . .. + il - « - ... - ^V) 

-5(A + ... + i*) + 5(H + ... + A) 

^ < (max.) = — 0-8 tons 

* I (min.) = — 42 tons 

= X, X • 866 - 5 ( A + . . . + if - ^ - . . . - ^) 

-5(^ + ... + ^) + 5(^ + ... + A) 
^ ( (max.) = + 34 tons 

^ \ (min.) = — 7*4 tons 

= -U, X 0-866 -5 (A + ... + M- «-...- A) 

- 5 (^ + ... + il) + 6 (ii + ... + A) 
jr ( (max.) = + 16 tons 

' \ (min.) = — 25 tons. 

Since the girder is symmetrical with respect to the central 
line, the stresses in the corresponding braces in the other half 
will be exactly the same, and need not therefore be calculated. 

The verticals have to sustain a part of the dead load as 
well as the 5 tons moving load. Half the weight of the line 
of railway, which forms part of the dead load, is supported by 
the lower joints, and the other half is transmitted by the 
verticals to the upper joints. This weight is 24-75 tons. 
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and dnce there are fourteen 
baysy each vertical will have 

24*75 

77 =5 0*88 ton to carry. 

2 X 14 ^ 

£ach vertical is there- 
fore subject to a tension of 
+ 5*88 tons. 

The results of the above 
calculations are collected 
together in Fig. 80. 

If all the signs of the 
stresses be changed, those in 
asimilargirdertumedupside 
down (Fig. 81) are obtained. 

[19'oTE. — Since the loads are 
equally distributed on the top 
and bottom joints, it is immaterial, 
80 far as regards the booms and 
diagonab, whether the line be 
placed on a level with the bottom 
or the top boom. In the first case 
the verticals will be ties, and in 
the second they will be struts.] 

§14. 

In order that the rela- 
tion between braced girders 
with a single triangulation, 
and those having two or 
more (or Trellis and Lattice 
gilders as they are some- 
times called), may be clearly 
shown, the girders in the 
following examples will have 
a span of 16 metres and a 
total load of 48,000 kilos., 
so that they may be com- 
pared with the girder of § 10. 



Fig. so. 



Fig. 81. 
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If the load on the girder shown in Fig. 57 were only hal^ 
what it was assumed to be, the stresses would be exactly a halT 
of those given in the figure. Taking two such girders witl^_ 
halved stresses, one in which the diagonals are inclined upwards 
from right to left as in Fig. 57, and the other from left to right 
as in Fig. 63, and placing them exactly one behind the other,7, 
so that all the corresponding bars, with the exception of the T 
diagonals, cover each other, a girder is obtained the crossed " 
diagonals of which are capable of taking up either tension or 
compression. Wherever two bars coincide the stresses in them 
are to be added, and the stresses thus obtained are those pro- ^ 
duced in the derived girder by the total original load, one-half 
of which acts on the upper apices, and the other half on the 
lower apices. In each of the verticals, except those over the 
abutments, the stress vanishes, for the maximum stress in one 
girder is added to the minimum stress in the other. To pro- 
duce the above loading it is necessary, when the whole load is 
applied at the level of the upper boom, to introduce verticals to 
transmit half of it to the lower joints, in which case these 
verticals will be in compression ; or if the line of railway is 
attached to the lower boom, vertical ties must be used to convey 
half tho load to the top joints ; and lastly, if the line is placed 
between the two booms a vertical will be required, the lower 
half of which will be in compression, and the upper half in 
tension. The verticals in compression will have a. stress of 
— 3000 kilos., and those in tension of + 3000 kilos. In this 
manner the stresses given in Figs. 82, 83, 84 have been ob- 
tained. (So as not to overload the diagrams with figures, the 
stresses in the booms and diagonals have been omitted from 
Figs. 83 and 84. They are the same as those in Fig. 82.) 

Again, if two girders of the design shown in Fig. 57, with 
halved stresses, be placed so that one overlaps the other by half 
a bay, and if the stresses in the parts of the booms where they 
overlap be added, the stresses in a braced girder of the form 
shown in Fig. 85 will be obtained, but they will only be true if 
the girder be supported as indicated in the figure. If the line 
of railway is placed on the lower boom or between the two 
booms, Figs. 63 and 66 can be employed in a similar manner 
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to form the girders given in Figs. 86 and 87. (The stresses in 
the booms and diagonals have been omitted, being the same as 
those in Fig. 85.) If the diagonals in such a girder be so con- 
stracted that ihey can only resist tension, the form of the 
girder and the stresses in it will be as shown in Figs. 88, 89, 90. 
(The stresses in the horizontal and diagonal bars in Figs. 89 and 
90 are the same as those in Fig. 88.) 



Figs. 82, 83, and 84. 



Centre 




The girders in the last six figures have a length of 17 metres 
(instead of 16 metres), and the stresses given are only true 
if there are two points supports at each abutment.* 

If, however, the original span and method of supporting the 
gilders is to be retained, the design shown in Fig. 91, made up 
of the two simple systems of Figs. 92 and 93, can be employed. 
The stresses given have been calculated on the supposition that 

the lire as well as the dead load is applied to the upper 

* 

• The girders shown in Figs. 85 to 90 are not of much practical use, for 
dflioag^ their length is 17 metres, the clear span is only IG metres. — TitANS. 
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Fig. 85. 



Fig. 86. 



Fig. 87. 
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extremity of the verticals. The stresses in Fig. 92 ate therefore 
obtaioed by dividing those in Fig. 57 by two. The stresses in 
Pig. 93 moBt, however, be calculated anew, taking the dead 
load at 4000 kilos, arid the moviDg load at ■ 20,000 kilos. 

These calculations are exactly similar to those given in 
§ 10. It is to be observed that in this case, contrary to all 
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the previons examples, the first and last verticals are subject 
to bending stress (for ihis reason they have been shown in 
double lines in the figure). From Fig. 94 the three following 
eqaations are obtained for the three bars in the first bay : — 
s X X 2 + 12000 X I (tiirniiig point P) 



K -;= - 12000, T = 16971 kUoB. 

Z X 2 — 12000 (ttuning point 0) 
Z = - 6000 kUoB. 
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Fig. 92. 



Fig. 93. 
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Both X and Z are negative, these bars are therefore in com- 
pression. The first vertical is therefore held in equilibrium by 
the four forces shown in Fig. 95; thus irrespective of the 
12,000 kilos, direct compression in its lower hcd^ it is in the 
same condition as a beam supported at both ends and loaded in 
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Fio. 95. 
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the centre with 12,000 kilos. The same figure evidently also 
represents the stresses in the last vertical. 

To avoid these bending stresses the first and last diagonal 
can be placed as represented in Fig. 96, ,in which case the 
equations for the three bars of the first bay will become (Figs. 
97 and 98) 

= X X 2 + 12000 X 1 (turning point P) 
X = — 6000 kilos. 

2 



= Yx 



-12000 



V2« + l 
Y = + 13416 kiloa. 
= — Z X 2 (turning point J) 
Z = 0. 

The stresses in the bars of the last bay will be similarly 
altered. This alteration will, however, not affect the stresses in 
the other bars, and they remain the same as in Fig. 93. Com- 
bining the design of Fig. 96 with that of Fig. 92, a girder of 
the form shown in Fig. 99 is obtained. (Only a few of the 
stresses are given, for the others coincide with those of Fig. 91.) 

Starting with the girders of Figs. 91 and 99, a series of derived 
forms can be obtained by altering the position of the loads and 
the nature of the diagonals. Following, for instance, the 

p 
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reasoning of § 11 and assumiDg that the diagonals can only 
take up tension, Figs. 100 and 101 are obtained, in which only 
a half of the girder is shown, for it is symmetrical about the 
oentre, and the stresses in the corresponding bars are equal. 

Fig. 102 is obtained by replacing the verticals in Fig. 91 
by diagonals inclined to the right at an angle of 45^. This is 
a trellis girder with four triangulations, and can also be con- 
sidered as made up of the four girders shown in Figs. 103, 
104, 105, and 106. 



Fig. 97. 



Fio. 98. 
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The stresses given have been calculated on the supposition 
that the span of the girders is 16 metres, their height 2 metres ; 

the total dead load — — kilos, and the total live load --— 
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kilos., so that the girder of Fig. 102 may correspond with the 
former cases. 

The dead load, however, according to the more accurate 
assumption, has been equally distributed between the bottom 
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and top jolntBy but the live load, as in preyioos oases, is 
exdnsiyely applied to the upper joints.* 

Therefore at each lower joint there is a dead load of 
250 kUos. and at each upper joint a dead load of 250 Idlos., 
together with a live load of 2500 kilos, (with the exception of 
the end joints, which of course have only one-half the load to 
carry). Fig. 107 is obtained by calculating the stresses in the 
four single lattice girders mih these assumptions and then 
fuzing them tc^ether. The end verticals in Figs. 102, 103, 
' 104, and 107 are represented by double lines to indicate that 
they are under bending stress. 

A comparison of this trellis girder of four triangulations 
with the one of eight triangulations, shown in Fig. 108, will 

Fio. 107. 
—4000 -14 50 -^ 3 R00 -»1000 -8 7000 -41500 -44600 — 4IW00 I -46000 




+0500 +17000 +20000 +»I600 -{-80500 +44000 +47000 +-48600 



+4S600 



convince that when the stresses in a trellis girder of a still 
greater number of triangulations have to be determined it is not 
necessary to go through all the calculations of all the single 
systems of which it is composed. 

The stresses in the booms increase gradually from the abut- 
ments to the centre, and the stresses in the diagonals decrease 
gradually in the same direction, and these increments and 
decrements vary according to a law which becomes all the 
more evident the greater the number of triangulations and the 
greater the number of stresses actually calculated. 

* This assumption is not strictly accurate, for the weight of the line of way, 
the longitudinal, and the cross-girders is applied to the same joints as the live load, 
and it is only the weight of the truss itself tliat can be considered as equally dis- 
tributed between the bottom and top joints. — Trans. 
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Thus, as soon as the calculations have been carried to a 
certain point, the shorter method of interpolation may be 
adopted. 

The stresses in the diagonals of the girder of Fig. 108 are 
on an average half those of the corresponding ones of Fig. 107, 
which agrees with the number of diagonals being double, and the 
stress in each of the new diagonals is very nearly the arith- 
metical mean between the two adjacent diagonals. Further, 
the number representing the stress in any part of the booms of 
Fig. 107 is almost exactly the arithmetical mean of the two 
numbers that take its place in Fig. 108. It therefore is not 

Fig. 108. 

-tl87,5 -6812,5 —12062,5 -46987,5 —21487,5 -25.562,5 ~29»t2.5 




+8687,5 +9312,5 +14562,5 +19437,5 +28937,5 +28062,5 +318U^ 



actually necessary to calculate the stresses in each of the eight 
single lattice girders, forming the girder of Fig. 108, but the 
stresses already found for lattice girders with two or four 
triangulations can be used, according to the degree of 
accuracy required, to determine the required stresses by 
interpolation. 

The points of application and the values of the bending 
forces acting on the end verticals are given in Figs. 109 and 110. 
In the first figure the resolved parts vertically and horizontally 
of the stresses are given instead of the stresses themselves, and 
in the second figure only the bending forces on the vertical are 
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shown. The direct compression which also exists in these 
verticals can be found from Fig. 108. 

In Fig. 108 it was assumed that a dead load of 125 kilos, 
was placed on each lower joint and a dead load of 125 kilos., 
together with a b've load of 1250 kilos, on every upper joint. 
If instead of this, the dead load on the lower and upper joints 
had been taken as 1, and the live load as 0, the stress given 
in Fig. Ill would have been obtained. 

These numbers are what may be called the stresB-^umbers 
when the bridge has no moving 
load upon it. 

These numbers also apply to 
any similar trellis girder ynth 
eight triangulations if the span 
is eight times the height. If the 
dead load is p kilos, (or any 
other unit of weight) on each 
joint, the stress in kilos, can evi- 
dently be obtained by multi- 
plying the stress-numbers by p. 

Fig. 112 gives the stress- 
numbers obtained supposing the 
dead load to be and the live 
load on the upper as well as on 
the lower joints to be 1. To 
obtain the stress in kilos, of 
a geometrically similar girder 
having a live load of m kilos, on 

the top and bottom joints, the stress-numbers are to be multi- 
plied by m. 

The stress-numbers in Fig. Ill are simultaneous, whereas 
those in Fig. 112 do not occur at the same time, but give the 
greatest stresses due to partial loading. The functions of the 
diagonals can therefore be best investigated from Fig. Ill, 
and it will be observed that by multiplying the stress-numbers 
of this figure hj p + m, the stresses in the fully-loaded girder 
are obtained. 

Taking two vertical sections through this figure, one at the 
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Fio. 118. 



first top joint from the left and the other at the second top 
joint and applying the requisite horizontal and vertical forces 
to maintain equib'briumy Fig. 113 is obtained. It will be 
seen that in each section the vertical forces distribute them- 
selves equally between the points of crossing of the diagonals, 
and that the total difference of the vertical forces is equal to 
tiie total load on the bay. It will further be observed that the 
horizontal forces increase from the 
centre towards the booms, and are 
proportional to their distance from 
the centre. These laws would have 
been even more clearly expressed 
with a trellis girder of sixteen tri- 
angulations. 

The greater the number of tri- 
angulations, the greater will be the 
analogy between the functions of the 
diagonals and those of the solid web 
of a plate girder. 

The stress-numbers in Figs. Ill 
and 112 can be employed as follows 
to determine the stress in any other 
trellis girder with eight triangu- 
latioDS, geometrically similar^ and 
having a dead load of p kilos, and 
a live load of m kilos, on the 
upper as well as the lower joints : 

Multiply the stress-numbers in 
Fig. Ill hy p, and those in Fig. 112 
ly m. The sum of the numbers obtained unll give the stress 
required. 

Or representing by Z^ the stress produced by the dead 
load, by Z« the stress produced by the live load, and by Z the 
total stress : 

Z =^ pZp •{• m Zm. 

As an example take a trellis girder of 64 metres span and 8 
metres depth, the dead load being |? = 1500 kilos, and the 
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live load m = 2000 kilos, on each top and bottom joint; then 
for the sixteenth brace inclined upwards from right to left, 
the above equation becomes 

Z = 1500 X 0-707 + 2000 x 1*768 = + 4596 kUos. 

as the maximum stress or greatest tension, and 

Z = 1500 X 0-707 - 2000 x 1*061 = - 1061 kilos. 

as the minimum stress or greatest compression. 

In the same manner the following stresses are obtained for 
the remaining diagonals inclined upwards from right to left, 
beginning at the left end of the girder : 

+ 21036, + 19799, + 18562, + 17324, 
+ 16175, + 15027, + 13877, + 12727, 
+ 11667, + 10606, + 9546, + 8485, 

+ 751, + 6540. {! -5 {t J2: • 
/+ 3713, /+ 2828, 
I- 1944, I- 2828, 

and these stresses multiplied by — 1 will give the stresses in 
the diagonals inclined upwards from left to right. 

Similarly, it is found that the different parts of the booms 
are subject to the following stresses, commencing at the left 
end of the girder : 

11375, 37625, 62125, 84875, 105875, 

135125, 142625, 158375. 172375, 

184625, 195125. 203875, 210875, 

216125, 219625, 221375. 

These numbers taken with the positive sign give the stresses 
in kilos, in the lower boom and with the negative sign those in 
the upper boom. 

Again it p = 125 kilos, and m = 625 kilos, in the girder of 
16'" spaD, the stresses in the diagonals inclined upwards from 
right to left, beginning at the left end of the girder, are 

+ 4508, + 4243, + 3977, + 3712, 
+ 3475, + 3237, + 3000, + 2762, 



+ 2552, + 2342, + 2132, |"*" ^^^^' 

I— 66, 

r+ 1740, (+ 1558, (+ 1376, /+ 1193, 

I- 193, I- 320, I- 447, I- 574, 



(+ 1039, (+ 884, 
\« 729, I- 884, 



§ 14. — MULTIPLE LATTICE GIRDERS. 75 

and the stresses in the parts of the booms commencing from the 
left are 

2437-5, 8062-5, 13312-6, 18187-5, 

22687-5, 26812-5, 80562*5, 83937-5, 

86937-5, 89587-5, 41812-5, 43687'5, 

45187-5. 46312-5, 47062-2, 47437-5. 

It will appear by comparing these numbers with those 
given in Fig. 108 that the stresses are much altered when the 
live load is applied to the lower as well as to the upper joints 
instead of only to the upper joints. 
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FOUETH CHAPTER. 

§ 15. — Sickle-shaped (Bowstring) Koop op 208 Feet 
Span with a Single System op Diagonals. 

{Roof over Railway Station, Birmingham,) 

The unit of length in Fig. 114 is 16 feet, and the dimensions 
given must therefore be multiplied by 16 to obtain them in 
feet. Accordingly the span is 

2 X 6-5 X 16 = 208 feet, 

the height of the upper bow is 

(1 + 1-5) X 16 = 40 feet, 

and that of the lower bow 

1 X 16 = 16 feet,* 

and lastly the horizontal length of each bay is 

1 X 16 = 16 feet. 

The ordinates of the upper bow" are everywhere 2 • 5 times 
those of the lower bow. 

The load on the roof has been taken at 40 lbs. per foot 
super of horizontal area covered, including snow and wind- 
pressure. 

The distance apart of the principals being 24 feet, the area 
supported by each is 

208 X 24 = 4992 sq. feet, 

♦ In the actual roof at Birmingham, the height of the lower bow is 17 feet, 
but 16 feet has been adopted here to simplify the calculations. Otherwise the 
dimensions given are the same as those in the actual roof. The calculations have 
been made for a roof with single diagonals sloping upwards &om right to left ; 
but under the head of '* Derived Forms " will be found the stresses for a roof 
similar to the one at Birmingham, with crossed diagonal ties. 
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and the corresponding load 
is 

4992 X 40 = 199680 lbs. 

> 

The load on each of the 
thirteen bays is therefore 

1^^^«^= 15360 lbs.. 



Fig. 114. 



13 



or 




7 • 5 tons nearly (2000 lbs. 
to the ton). 

The weight of the prin- 
cipal itself deduced from 
the dimensions of its parts 
is very nearly 1*5 ton for 
each bav. 

Half the load on each 
end bay is taken up di- 
rectly by the abutments, 
and each of the twelve 
central joints has 1 ' 5 tons 
permanent and 7*5 tons 
variable * load to carry. 

CaJetdation of the Stresses 

X <md Z in the Upper 

and Lower Bows. 

Cutting off the part of 
the roof shown in Fig. 115 
by the section line a /3 and 
taking moments first about 
H and then about N, the 
following equations are ob- 
tained: 

= X4Xl-205 + Dx4 

— 1-5(1 + 2 + 3) 

-7-5(1 + 2 + 8) 
0=s -Z4X 1055 + DX3 

-1-5(1 + 2) 

-7-5(1 +2). 

^M 'Will be seen in the sequel, Prof. Bitter under- 
hf the load being variable that any joint or 
y be loaded and the rest unloaded. This, it 

" 23 not the usual English practice in the caa^ oi tooI^.— T^fc^'a. 
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SabetitutJDg for D its value : 

D = 1-5 CA + A + ... + tl) + 7-5 CA + A + •■■ + +». 

and arrangiug the equations according to the previous rule so 
that the effect of the variable load may be traced : 



+ i-5{(A+... + A)* + («-4-i) + (i*-«-2)+-(H«-3)! 

+ 7-5f(«.4-l) + (H.4-2) + (+|.4-3) 

0= -Z.x 1-056 
+ l-5{(*+-" + «)3 + («-3-l) + C«-3-2)J 
+ 7-5(^ + ... + «)3 
+ 7-5{(H.3-l) + {«.3-2)t 

The members containing the variable load, 7 ■ 5 tons, are all 
positive and therefore of the same sign as the members due to 
the permanent load 1 ' 5 ton. Hence the stressee X, and Z4 are 




greatest when the structure is fuUy loaded. Solving these 
equations : 

X,(inin.) = - 134-4 toni. 

Z, (mai.) = + 128'0 tons. 

It having thus been shown that the greatest stresses in the 
bows occur when the roof is fully loaded, it is better to 
substitute for D its corresponding value, 
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in the original equations, which then become 

= X4 X 1-205 + 54 X 4 - 9(1 + 2 + 3) 

= - Z, X 1-055 + 54 X 3 - 9(1 + 2). 

« 

In a similar manner the equations for the remaining parts of the bows are ob- 
tained as given below : 

= X, X 0-347 + 54 X 1 
Xj (min.) = - 155-6 tons 

= - Zi X 0-41 4- 54 X 1 
Zj (max.) = + 1.31-7 tons 

= Xj X 0-672 + 54x2-9xr 
X, (min.) = - 147-3 tons 

= - Z, X 0-415 + 54 X 1 
Z, (max.) = 4-180-2 tons 

= X, X 0-963 + 54x3-9 (1 + 2) 
Xj (min.) = — 140-2 tons 

= - Z, X 0-767 + 54x2-9x1 
Z, (max.) = + 129-1 tons 

= X5 X 1-382 + 54x5-9(1 + 2 + 3 + 4) 
X5 (min.) = - 130-2 tons 

= - Z« X 1-272 + 54x4-9 (1 + 2 + 3) 
Z5 (max.) = + 127-3 tons 

= Xe X 1-481 + 54x6-9 (1 + 2 + 8 + 4 + 5) 
Xe (min.) = - 127-6 tons 

= - Ze X 1-419 + 54 x5-9 (1 + 2 + 3 + 4) 
Ze (max.) = + 126*9 tons 

= X, X 1-491 + 54x7-9 (1+2 + 3 + 4 + 5 + 6) 
X, (min.) = — 126-7 tons 

= - Z, X 1-491 + 54x6-9 (1 + 2 + 3 + 4 + 6) 
Z, (max.) = + 126-7 

= X, X 1 • 41 + 54 X 8 - 9 (1 + 2 + . . . + 7) 
Xg (min.) = — 127-6 tons 

= - Zg X 1-489 + 64x7-9(1 + 2 + ... + 6) 
Zg (max.) = + 126-9 

= X, X 1 - 244 + 54 X 9 - 9 (1 + 2 + . . . + 8) 
Xg (min.) = — 130-2 tons 

= -ZgXl-414 + 54x8-9(l+2 + ... + 7) 
Zg (max.) = + 127-8 tons 

= X,o X 1-004 + 54 X 10 - 9 (1 + 2 + ... + 9) 
X,o (min.) = — 134-4 tons 

0= -Zio X 1-265 + 54x9-9(1 +2 + .. . + 8) 
Z,o (max.) = + 128-0 tons 
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= X„ X 0-706 + 54 X 11 - 9 (1 + 2 + ... + 10) 
Xii (min.) = - 140*2 tons 

= -Z, 



= Xj 



- Z„ X 1-046 + 54 X 10 - 9 (1 + 2 4- . . . + 0) 
Zn (max.) = + 129*1 tons 

XijX 0-367 + 54 X 12 -9(1 + 2 + ... + 11) 
Xi2 (min.) = - 147-3 tons 

= - Z„ X 0-76 + 54 X 11 - 9 (1 + 2 + . .. + 10) 
Z,2 (max.) = + 180-2 tons 

= X„ X 0-347 + 54 X 12 - 9 (1 + 2 + . . . + 11) 
Xi, (min.) = — 155-6 tons 

= - Z,8 X 0-41 + 54 X 12 - 9 (1 + 2 + .. . + 11) 
Z„ (max.) = + 181-7 tons. 

It appears from these results that the greatest stresses in 
the symmetrically placed parts of the bow are equal. Now as 
the only diflference between the corresponding bays on each 
side of the centre is in the direction of the diagonal, it follows 
that the greatest stresses in the bows are independent of the 
position of the diagonals. It therefore makes no difference in 
the results if the point round which moments are taken is at 
the right or left angle of the bay ; that is, whether the point lies 
in the diagonal or not. But this cannot be the case unless the 
stress in the diagonal is nothing. From this it follows that 
the diagonals have no stress in them when the roof is fully 
loaded. 

This property of bowstring roofs will be further discussed 
in the " Theory of bowstring trusses." 



CalcvIcUion of the Stress Y in the Diagonals, 

To determine the stress Y4 take moments about for the 
part of the roof given in Fig. 116. is the point of inter- 
section of X4 and Z4, and it is found by construction that its 
distance to the left of A is 2, and that the lever arm of T4 is 
4 • 68. Hence the equation, 

= Y, X 4-68 - D X 2 + 1-5 { (3 + 2) + (2 + 2) + (1 + 2) } 

+ 7 • 5 { (3 + 2) + (2 + 2) + (1 + 2) } . 
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sabfititiitiiig for D Us yalue 

and arranging the equation so as to be able to observe the 
effect of the yariable load, 

= Y4 X 4 • 68 + 1 • 5 { p + 2 (1 - «)] + [2 + 2 a - «)] 
+ [l + 2a-«)]-(A + A + -.. + A)2} 
+ 7-5{[3 + 2(l-.«)] + [2 + 2a-»)] + [l+2(l-«)]} 

-7-5(A + A + ... + A)x2, 
which simplifies to the following : 

= Y4 X 4-68 - 1-5 [(A + ... + A) 2 - (3 + 2 + 1)(1 + *)] 

-7-5(^+... + A)2 + 7-5(S + 2 + l)(l + A> 

On calculation it appears that the co-efficient of 1 * 5 is zero, 
thus confirming the result obtained aboye, by means of the 
greatest stresses in the booms, that a uniformly distributed 




load, such as the weight of the principal itself, produces no 
stress in the diagonals. The last equation can therefore be 
written in the simpler form : 

= Y4 X 4-68 - 7-6 (A + . . . A) 2 + 7-5 (8 + 2 + 1) (1 + A). 

Leaving out first the positive then the negative members 
containing 7*5 tons. 

Y /(max.) = + 11*1 tons; 
* \(mm.) = -11-1 tons. 
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This result again shows that a uniformly distributed load 
produced no stress in the diagonals, for the maximum and mini- 
mum values of Y4 are equal. 

The stresses in the remaining diagonals are obtained in a precisely similar 
manner. The equations given below have been written in the simplest form, that 
is, omitting the permanent load : 

= Y, X 0-92 - 7-5 (tJSt + .. . + «) 0;2 + 7-5 (l + ^) 

Y f (max.) = + 8*3 tons 

* \(min.) = — 8-3 tons 

= Y, X 2-52 - 7-5 (^ + .. . + i^) 0-75 
+ 7-5(2 + l)(l + ^) 

Y I (max.) = -f 9*5 tons 
' \ (min.) = — 9*5 tons 

= Y5 X 8-8 - 7-6 (A + . . . + A) 5 

+ 7-5(4 + 3 + 2+1) (1 + A) 

Y / (max.) = + 12*6 tons 
•\(min.) =-12-6 tons 

= Y. X 17-6 - 7-5 (iV + .-. + A) 15 

+ 7.5(5 + 4 + 8 + 2 + l)(l+«) 

Y ( (max.) = + 13*8 tons 

• \(min.) = - 13-8 tons. 

The point about which to take moments for the diagonal in the central bay lies \^ 
at infinity ; it is therefore necessary to foUow the mle given in the third se^og, ^ 
§ 9. The sine of the angle this diagonal makes with the horizontal is = 0*831. 

The equation to find Y, is therefore, 

= Y7X 0-831 X oo-7-5(A + ... + ^%)oo 

+ 7-5 (6 + 5 + 4 + 3 + 2 + 1) (1 + ^); 

or since the finite vanishes in comparison to the infinite, 

= Y7 X 0-831 X oo-7-5(^ + ... + ^)qo 

+ 7-5 (6 + 5 + 4 + 3 + 2 + 1) fy ; 

and dividing out by the common factor 00, 

= Y, X 0-881 - 7-5 (tIj + . . . + A) + 7-5 (6 + . . . + 1) Jj 

Y I (max.) = + 14*6 tons 
' \(min.) = -14-6 tons 

In the following equations the points about which moments are taken &11 to 
the right of the section line : 

= - Yg X 16-1 + 7-5 (Jjj + ... + ^i^) 28 

-7-5(7 + ... + 1) (II -1) 



y(: 



Y ( (max.) = + 15-0 tons 
* I (min.) = -15-0 tons 
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0«-Y,x71-|*7-5(A+.. + A)18 

-7-5(8 + . .. + 1)(K-1) 

Y f (max.) = + 14*6 tooa 
' \(min.) :s -14*6 tons 

= - Y,. X 3*68 + 7-5 (A + A + A) 15 

-7*5(9 + . .. + 1)(«-1) 

Y / (xnaz.)= + 14*1 toDB 
"I (mm.) = - UltonB 

0= -Y„ X 1 -82 + 7*5 (A + A) 13*75 

-7*5(10 + . .. + l)(i^-l) 

Y ( (max.) s + 13*0 toni 
" l(mm.) = -13*0tonfl 

= - Y„ X 0*65 + 7*5 X A X 182 

-7*5(ll + ... + l)(^-l) 



Y / (max.) = + 11 *6 tona 
" \(min.) = -11-6 tons. 



Cahulation of the Stresses V in the Verticais. 

To find Vi take moments for the part of the roof shown in 
Fig. 117, round the point of intenection of Xi and Z^. By 

iPiG. 117. FiO. 118. 





i>-M-~^ 



construction it is found that this point is at a horizontal distance 
of * 1 to the right of A. Hence the equation of moments is : 

0= - Vi xO-9 + D xoi, 
or substituting for D and arranging the equation, 

o = -v, x0*9 + l*5(A + A + --+«)0-l 

+ '7-5(A + A+-- + H)0-i. 

The co-efficient of 7 * 5 is positive, and therefore V i is greatest 
when the variable Jioad covers the root Solving the equation 

V, (max.) = + 6 tong. 

The Stress Vg is to be found from Fig. 118. The point a" 

G 2 
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intersection of X^ and Z3 is at a horizontal distance of '06 to 
the right of A and the equation of moments is 

0= -V, X 1-94 + DX 0-06 + 1-5 X 0*94 + 7*5 X 0*94, 

substituting for D and arranging the equation, 

o=-.V,xi-94 + i-5[GV + ... + ii)006 + (i-?^)] 

+ 7-5(A + ... + «)006 + 7-5(1-!!^. 

Here again the co-efficient of 7*5 is positive^ and the equation 
can therefore be solved as it stands^ whence, 

y,(max.) =4-6 tons. 

For the next vertical, V3, the point about which to take 
moments fetlls to the left of A, and the equation consequently 
alters its form to a slight extent. 

The equation of moments round in Fig. 119 is 

= - V, X 3-214 - D X 0-214 + 1*5G'214 + 2-214) 

+ 7-5(1-214 + 2-214), 

and substituting for D and arranging the equation 

= - V, X 3-214 - 1-5 [(A + . y + «)0-214 - (2 + 1) (l + 2^*)] 
-7-5(TJj+... + i4)0-214 + 7-5(2 + l)(l+^), * 

Fio. 119. 




In this case one of the members containing 7*5 is positive 
and the other negative. To determine V3 (max.) the negative 
member, and to find Va (min.), the positive member must be 
left out. The value of Vg, keeping both these members in the 
equation, will also be calculated ; this giveis the value of V3 
when the roof is fully loaded : the reason for doing this will 
rjbriber on. 
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The yalueB obtained are 

•\(miiL)=-lltoni. • -r«i«ii* 

Similarly the fbUowing eqnatioDB are obtained : 

0=-V4X4-91-l-5[(A + ... + A)0»l-(8 + 2 + l)(l+^)] 

-7-5(A + ... + A)0»l +7-5(3 + 2 + l)(l + t!i)J. 

y /(max.) = + lO-Stone. y ^ ^^^ 

*l(miiL)=-3-8toofc * 

0=-V,x7-6-l-5[(Ti» + ... + A)2-5-(4 + ... + l)(l + t^] 

-7«(i + ...+ A)2-6 + 7-6(4 + ... + l)(l + «^*)]. 

y /(max) = + 12-9100.. y. = +6tai8. 

l(mm.) =— 5*9 tons. 

0=-V,xl2-6-l-5[(Tig + ... + A)6-6-(5 + ... + l)(l+iJ)] 

- 7«(A + ... + i)6-6 + 7-5(5 + ...+ l)(l +!;/)]. 

y /(max.) = + 14-5tomi. y ^ ^ g^^ 

•\(min.)= -7-5 tons. * ^''"™- 

0=-V, x31-6-l-5[(A + ... + A)24-5-(6 + ... + l)(l + ^)] 

- 7-«(A + ... + A) 24-5 + 7-5(6 + ... + l)(l+^)]. 

y j(max.) = + 15-4 tone. y ^^^ ketone. 

M(miii.)= -8-4 tons. ' -roMHw. 

■ 

In the remaining bays the point about which moments are taken is to 
the right of the section line, and the signs of the equations are consequently 
changed. 

= V, X 60 + 1 • 5 [( A + . . . + tV) 68 ^ (7 + . . . + 1) (« - 1)] 
+ 7-5(Ti» + . . . +A) 68 - 7-5(7 + ... + !)(»- 1). 

y /(max.) = + 15-8tons. y ^ ^ g^ 

•\(min.)= -8-8 tons. ▼, -p u-. 

= V, X 13-5 + 1-5[(A + ... + A)22-5 - (8 + ... + 1)(^ - 1)] 
+ 7-5(A+... + A)22-5- 7-5(8 + ... + l)(!^^l). 

y |(max.) = + 15-6 tons. y. = + 6 tons. 

•\(min.)= -.8-6tons. * ^ 

= V,.x6-43+l-5[G», + A + A)16-*8-(9 + ...+ l)(^-l)] 
+ 7-5(A + A + A)l«-*3-. 7-5(9 + ... + l)(il^-l)]. 

" l(mm.) = — 7'8 tons. 
+ 7-5 (A + A) 14-8 _ 7-5 GO + . . . + 1) (i^ -1). 
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|(max ) = +13-5 tons. v„ = + 6 tons. 

"l(min.)= - 6-5 tons. " 

= V„ X 1-385 + 1-6 [A X 13-38$ - (U + ... + 1) (^ - l)] 
+ 7-5 X A X 13-385 - 7-5(11 + „, + l)i^ - l). 

It was reoommended in § 12 to assume that both the per- 
manent and yariahle load9 were applied to the same joints, and 
this assumption was made possible by the introduction of 
secondary verticaLs, whose object was to convey to the supposed 
loaded joints the part of the permanent load belonging to the 
other joints. In the present case it was supposed that the whole 
of the weight of the principal was applied to the top joints. 
Now in reality, this load is distributed between the upper 
and lower joints, but the upper joints have the greater propor- 
tion to bear, and only about one-third or 0*5 ton of the 
permanent load on each bay falls directly on each lower joint. 
The secondary vertical introduced to transmit this load to the 
upper joints is therefore a tie, and the tension in it is 0*5 ton, 
and tins stress must be added to the stresses in the verticals 
previously foui^d. 

The more accurate values of the stresses in the verticals are therefore 

V, (max.) = + 6-5 tons. 
Vj (max.) = + 6*5 tons. 

y /(max.) = +8-6tons. y _^ ^.^^ 

n(min.)=- 0-6 tons. v, ^ t- a a*uuB. 

y |(max.) = + 11.3 tons. y g.^ ^^ 

l(mm.) =, -- 3*3 tons. 

• V. |<r^-) = +^^:f *«>°«- V. ^ + 6-5toiw. 

l(nun.) = — 5*4 tons. 

V. (^"^-^ = +,^'lf *°°«- V. = + 6-5 tons. 

\(min.) =— 7-0 tons. 

V, (<r^-) = +,15"?*°"«- V, = + 6-5 tons. 

l(min,) = — 7-9 tons. 

V,(^"^> = +3*'?*°"- V, = + 6-5tons. 

'l(imii.) = — S-Stons. 

V, Kr^> = +16-1 tons. y ^ ^ g.gt„ 

°\(min.)= T- 8-1 tons. ' 

V„ {<f^'> = + l^-J;^"' v.. = + 6-5 tons. 

* l(min.) = - 7-3tons. * 
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Y /(max.) = + 14-0 tons, v - j_ «.»i*^«a 
^" Umin.) = - 6-0 tons. ^» = + 6-5 tons. 

V /(max.) = + 12-1 
^«\(mm.)=-4-lt 



tons, 
tons. 



y,. = =s 6'5tOXL3. 



(;? 



The whole of the results are given 
in Fig, 120. 

§ 16. — Debived Fobms. 

The above calculations show that 
the diagonals of a double bowstring 
roof possessing only one single system 
of diagonals are subject both to tension 
and compression. On examining the 
equation of moments for the stress in a 
diagonal it will be seen that the maxi- 
mum stress in it is reached when all the 
joints to the right, and the minimum J 
when all the joints to the left of it, are 7 
loaded. 

If the diagonals were inclined up- ^* 
wards from left to right, the reverse 7 
would obviously be the case, and the 
stresses that then obtain can easily be ^ 
found by looking at Fig. 120 as it - 
were from behind ; or, what amounts to 
the same thing, the stress in a diagonal 
inclined upwards from left to right can 
be found from that in the diagonal situ- 
ated in the symmetrically placed bay 
and inclined upwards from right to left. 

If in any bay the diagonal inclined 
to the left can only take up tension, a 
second diagonal of like properties in- 
clined to the right must be introduced, 
and it will come into. play only when 
the first one is slack, and vice versa. 
The stresses in these diagonals can be 
obtained from Fig. 120 ; the maximum 
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stress in the diagonal inclined to the left can be found directly, 
and the maximum stress in the diagonal inclined to the right 
will be the same as that in the diagonal of the symmetrically 
placed bay. 

Before the stresses in the verticals of a roof with crossed 
diagonals can be determined, it is necessary to ascertain which 
of the diagonals is in tension under the partial loading, for the 
section line must be parallel to the diagonal which is id tension 
in order to cut through only three bars. When the roof is fully 
loaded, the stress in all the diagonals is zero, and at the same 
time the stress in the lower boom is greatest. The tension in 

the verticals will then also be greatest. 
For besides the permanent load p 
^ (Fig. 121) the stresses Z and Z' are the 

, only forces that can produce tension 

K I /% in the vertical. The stresses T and 



/ \ 



Z^ ( — ^^ — j 1.2' Y' in the diagonals, when they exist, 

^' produce on the contrary compression, 

for the resolved parts vertically of 
the stresses in them act upwards. But with a full load Z 
and Z' are greatest, and T and Y' are nothing, and therefore 
the tension in the verticals is greatest under these circum- 
stances. 

The above appears even more clearly by observing the 
eflfect produced by imloading one of the joints when the full 
load is applied. Unloading a joint can be considered as the 
application of a vertical force acting upwards ; and since the 
diagonals are under no stress when the structure is not loaded 
at all, as well as when it is fully loaded, it follows that it is 
only necessary to investigate the effect of a vertical force acting 
upwards on the unloaded and weightless structure as represented 
in Fig. 122. The vertical force K produces the reactions D and 
W at the abutments A and B, and for simplicity only those 
diagonals have been shown which are brought into tension by 
this force. To find which of the diagonals in any bay is in 
tension, take a section through this bay, and form the equation 
of moments for the part (Fig. 123) which does not contain K, 

\d 0, the point of intersection of the directions of the 
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booms. It is then easy to see which of the] diagonals must be 
acting to maintain equilibrium. For instance, in the fourth 
bay it is the diagonal inclined to the rights for the equation of 
moments is (Fig. 123) 

= D<l-Yy or Y = +— . 

y 

_ ^^^ • 

The stress Y is therefore positivoy or the diagonal is in tension 

FiQ. 122. 




Fio. 123. 




(the equation for the other diagonal would give a negative stress 
or compression). 

As soon as it has been determined by this means which of 
the diagonals are in tension it can be decided by a similar 
process whether any particular vertical is in tension or compres- 
sion. Thus, for instance, for the third vertical (Fig. 124) 
the equation of moments is 

= D8 + Vt;. 

from which a negative value is obtained for V, showing that it 
is in compression. 

A different process must, however, be employed for the 
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yerticaly acted on directly by the force E, because the section 
line would cut through four bars. Now it is easy to see that K 
produces compression in every part of the lower bow, the 
equation of moments to find Z (Fig. 125) being 

0= -DJ-Z* or D= -^. 

Thus the parts of the bow acting on the foot of the vertical in 
question (Fig, 122) being in compression will produce com- 
pression in it. 



Pia. 124. 



Fig. 125. 




It is thus seen that unloading any joint diminishes the stress 
in all the verticals, from which it follows that the tension in the 
verticals will be greatest when all the joints are loaded. 

It now remains to be decided what joints should be un- 
loaded in order that the stress in any vertical may be a 
minimum. Take, for instance, the ninth vertical ; it is evident 
that unloading the eighth joint will diminish the stress in it, 

Fia 126. 




4 



and the same eflTect will likewise be produced by unloading the 
seventh, sixth, ifec, to first joint; and, what is an important 
point, the unloading of each of these joints will bring the same 
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system of diagonals into tension in the two bays adjacent to 
the ninth vertical (Fig. 126). Bat if the unloading were 
still farther eontinaed the compression in the ninth vertical 
would be diminished. For since in the two adjacent bays 
to this vertical the same set of diagonals is in tension (the 
system inclined to the left), the equation already found for 
Yf (min.) holds good, and this equation shows that the com- 
pression is diminished by unloading the ninth, tenth, eleventh, 
and twelfth joints. Hence the value of Yg (min.) found above 
is also true if the diagonals are crossed. There is, however, a 
second minimum value of Y9 ; for it can be shown in a similar 
manner to the above that the stress in Y9 is a miniTnum when 
the joints 10, 11, and 12 are unloaded and the remainder loaded 
(Fig. 127). Evidently in this case the ninth vertical is in the 
same condition as the fourth vertical in Fig. 120, and therefore 
the value of Y4 (min.) obtains. Hence to find the greatest 

Pia. 127. 
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compression in any vertical the values of the two minima must 
be compared and the one whose absolute value is greatest 
taken. 

As regards the stresses in the bows, they are greatest when 
the roof is fully loaded, and consequently when the stress 
in the diagonals is nothing ; the arrangement of the diagonals 
can therefore produce no alteration in the stresses in the 
bows. 

Thus without any new calculations the stresses already 
found can be inscribed in Fig. 128, showing a bowstring roof 
with crossed diagonal ties. 

By similar reasoning it is easy to prove that in the ease of 
crossed diagonal struts which are not capable of taking up 
tension (this is the case in wooden structures) only the maxima 
values of the stress in the verticals apply, and that in fact 
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oompreesioB cannot oocur in the Terticals owing to the com- 
pieesion in the diagonals. The stresaeB given in Fig. 129 
require, therefore, no further comm^it. 

It most however be observed, and this does not only apply 
to this caBe bat also to wherever crossed diagonals exist, that 
the stresses found above are only true if no artificial stresses 
exist in the bars. 8iich artificial streBses cannot occur in single 
diagonal systems, for in this case every bar can be reached by a 
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section line catting through only three bars. Thns if no 
exterior forces are acting on the system, the equation of 
momenta for any bar, whose stress is Y, about the point of 
intersection of the other two bars included in the section is 



But if two diagonals cross each other in a quadrilateral the 
section line must cut through four bars, and the stresses in the 
two dif^nals tend to turn the part cut off in opposite direc- 
tions round the point of intersection of the other two bars. 
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From Fig. 130 the equation of moments is 
which implies the condition 

but the absolute yalues of Y and Y' are indeterminate. 

Therefore, if by means of set screws or otherwise an 
artificial stress Y is set np in one diagonal, the stress in the 
other will immediately change, in the above proportion, to 
Y'. This will alter the stresses in the verticals and parts of 

FiQ. ISO. 



the bow in the same bay, and they can easily be found by the 
method of moments as soon as Y is known and Y' determined. 

The stresses given above are therefore only true if, when 
the stinctnre is unloaded, all the bars are without stress^ 
Then only one of the diagonals (either a tie or a strut) will be 
acting at any time, but if artificial stresses are introduced it 
might happen that both diagonals would be acting at the same 
time. 

§ 17. — Appabent Failures of the MiflTHOD of 

Moments. 

There are cases in the employment of this method, and some 
have occurred in the last example, in which it would appear 
that although a result is obtained it can only be approximate. 
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In every case tlie point abont which moments are taken is 
the intersection of two of the bars cut through by the section 
lina When these bars are nearly parallel the accurate deter- 
mination of this point and the measnrement of the leTer arms 
is connected with difficulties. In all probability two distinct 
computors would arrive at different results. 

This would sesm to be a great disadvantage of the method. 
Bat on farther oonaideration it will appear that it is possible on 
the contrary to derive some use &om tho circumstance. 

It is clear that limits to the error can be obtained by first 
intentionally giving the lines too great and secondly too stnall a 
convergence (Fig. 131), and calculating in each case the stress. 
Thus two values are obtained, and evidently the true value 




lies between them. By comparing these values with the 
intentionally committed errors it is possible to ascertain to what 
degree the stresses will be altered 1^ small errors in the 
carrying out of the work. 

For the micertainty apparent on the drawing is in 
reality a representation of what actually occurs by errors in 
the construction. As the workman deviates in (me direction 
or the other from the working drawings, so the stresses 
will af^roach one or the other limit. Therefore it is possible 
to ascertain the alterations produced in the stresses owing to 
inaccuracies in the carrying out of the design. 

A second objection, even less founded than the former, is 
that the method does not depend entirely on calculation, but 
must obtun tome of its data by graphic means. But calcula- 
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tkuis should only be made when they arrive quicker at the 
result than other methods. If, therefore, the graphic method 
is shorter than calculation it should be adopted, especially 
as there is less liability to error in measuring than in calcu- 
lating. 

§ 18. — ^ThEOBT of SiCKLE-fiHAPED TbUS8E& 

It will be noticed that in the preceding numerical example 
the stresses were obtained without knowing anything of the laws 
respecting the distribution of the stresses in the structura If, 
however, it were required to determine the form of the structure, 
it would be necessary to be acquainted with these laws. For 
this reason it is proposed to extend the ^ Theory of Parabolic 
Trusses," commenced in § 8. 

In that paragraph the equilibrium of a loaded chain was 
considered (Fig. 42). If this chain be imagined to rotate through 
two right angles about the horizontal axis A B, the vertical 

Pig. 132. 
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forces will be reversed in direction and Fig. 132 obtained. The 
chain can be considered as negatively loaded, and evidently the 
equation obtained for Fig. 42 remains true, namely : 






Similarly for another parabolic chain (Fig. 133) loaded with a 
positive load P per unit of length of the span, the equation 



HF = 



PP 



holds good, and evidently the load P can be so chosen that the 
horizontal thrust H will be the same as the horizontal pull H 
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in the former case. The requisite condition can be obtained 
by dividing one equation by the other, thus : 

/-£ 
FT' 

or in words : the loads per unit of length of the span must be 
as the heights of arc. 

If both these chains are placed on the same abutments 
(Fig. 134) the reaction will be entirely vertical, for the hori- 




Fio. 1S4. 




zontal thrust of one chain neutralizes the horizontal pull of the 
other. The vertical reaction at the abutment will therefore be 
equal to 

This reaction is equal to that produced by a straight girder of 
span 2 1 and with a uniformly distributed load of P — j). 

The lower chain can be loaded negatively by means of ties 
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pnllii^ upwards, the teniion in them b^g equal to p per'tmit 
of length of span. 

In the eame maimOT part of the positive load oa the npper 
chain can be prodnoed by means of ties polling doimwards. If 
this part of the load be equal to ^e negative load on the lowra 
chain, namely p per unit of length of the span, there willstiUbe 
a lead P — p on the upper chain, which will be deognated by 
h and which can be applied by external loads (Fig. 135) ; if the 




ties of the npper and lower chains be considered joined together, 
the load p can be omitted, for its effect is exactly reproduced 
by these vertical ties. A doable bowstring truss withont 
diagonals has thus been built np, carrying a load on the top 
equal to h per nnit of length of the span. 

The stresses in both bows as well as in the rertlcals can be 




calculated &om the magnitudes I,/, F, k. For simplici^ there 
is a vertical to every unit of length of the span (Fig. 136), and 
this is qoite legitimate, for it was shown in ^ 8 that the load 
could be concentrated at points, and so long as the kwl at 
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each point was equal to half the miifonn load on the adjoining 
intervals those points remained on the parabola. 
P and j) can be found from the equations ; 

| = |,andP-.i> = K. 



/ 1 

Putting^ = -and reducing, 



P = -^,P = *+ * 



n-l'- • n-l 

The load Jo produces therefore a tension in the verticals^ 

^ 7^ — 1 

In the preceding numerical example 

Hence the tension in the verticals (or the negative load on the 
lower bow) is in this case 

and the load on the upper bow is 

Thus, if the external load on each top joint is 7 '5 tons, the 
tension in each vertical will be f x 7 * 5 = 5 tons, and the upper 
bow is in the same condition as if loaded with f x 7*5 = 12*5 
tons at each joint. 

The load of 1 • 5 tons on each top joint due to the weight of 
the truss itself produces a tension in the verticals = § x 1 . 5 = 

1 ton, and the positive load on the upper bow is f x 1*5 = 

2 • 5 tons. 

Lastly, if 7 '5 + 1 '5 = 9 tons is the total load on each top 
joint, the negative load per unit of length of span on the lower 
bow is 6 tons, the positive load on the upper bow is 15 tons, and 
the tension in each vertical is 6 tons. 

If, however, part of the load is applied at the lower joints it 
must be conveyed by secondary verticals to the top joints, and 
the tension in these secondary verticals is to be added to that 
in the main verticals. For instance, in the preceding example 
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0*5 ton of the weight of the trass was considered as acting on 
the lower joints; 0*5 ton must therefore be added to the 6 tons 
tension found above, and this coincides exactly with the value 
obtained by the method of moments. The negative load 
on the lower bow remains the same as before, namely 6 tons, 
for the tension in the secondary verticals evidently does not 
affect it. 

The constant horizontal stress in the bows is : 



pg^6x(6»5)« 
^ 2f 2x1 ^ 



2/ 

which is tension in the lower bow and compression in the upper 
bow. This is the same value that was obtained by the method 
of moments (Z, = + 126-7 tons, and X, = - 126-7 tons). 

If — = 0, it follows that |) = and P = i; that is, if the lower 

bow becomes a horizontal straight line the loading of the upper 
bow produces no tension in the verticals. . 

Further, if - becomes negative j) also becomes negative ; that 

is, the loading of the upper bow produces compression in the 
verticals. For instance, if 

^-. 

In this case, therefore, one half of the load placed on the 
top is transferred to the bottom bow (Fig. 137). 

Fig. 137. 




Generally, the above equations, &c., are true for a negative 
as well as for a positive value of/ 

In all cases, therefore, when the load is uniformly distributed 

H 2 
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each point was equal to half the uniform load on the adjoining 
intervals those points remained on the parabola. 
P and p can be found from the equations ; 

Putting 4 = - a^^d reducing. 



n - 1' - • n - 1 

h 
The load h produces therefore a tension 7 in the verticals^ 

^ 7^ — 1 

In the preceding numerical example 

i = /= — = - • -5 

Hence the tension in the verticals (or the negative load on the 
lower bow) is in this case 

and the load on the upper bow is 

Thus, if the external load on each top joint is 7 *5 tons, the 
tension in each vertical will be f x 7 • 5 = 5 tons, and the upper 
bow is in the same condition as if loaded with f x 7*5 = 12*5 
tons at each joint. 

The load of 1 "5 tons on each top joint due to the weight of 
the truss itself produces a tension in the verticals = § x 1 . 5 = 

1 ton, and the positive load on the upper bow is f X 1*5 = 

2 • 5 tons. 

Lastly, if7'5 + l*5 = 9 tons is the total load on each top 
joint, the negative load per unit of length of span on the lower 
bow is 6 tons, the positive load on the upper bow is 15 tons, and 
the tension in each vertical is 6 tons. 

If, however, part of the load is applied at the lower joints it 
must be conveyed by secondary verticals to the top joints, and 
the tension in these secondary verticals is to be added to that 
in the main verticals. For instance, in the preceding example 
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0*5 ton of the weight of the trass was considered as acting on 
the lower joints ; * 5 ton must therefore be added to the 6 tons 
tension found above, and this coincides exactly with the value 
obtained by the method of moments. The negative load 
on the lower bow remains the same as before, namely 6 tons, 
for the tension in the secondary verticals evidently does not 
affect it. 

The constant horizontal stress in the bows is : 



pg^6x(6>5)« 
^ 2f 2x1 ^ 



2/ 

which is tension in the lower bow and compression in the upper 
bow. This is the same value that was obtained by the method 
of moments (Z, = +126-7 tons, and X, = - 126*7 tons). 

If — = 0, it follows that |} = OandP = k; that is, if the lower 

bow becomes a horizontal straight line the loading of the upper 
bow produces no tension in the verticals. . 

Further, if - becomes negative p also becomes negative ; that 

is, the loading of the upper bow produces compression in the 
verticals. For instance, if 

In this case, therefore, one half of the load placed on the 
top is transferred to the bottom bow (Fig. 137). 

Fig. 137. 




Generally, the above equations, &c., are true for a negative 
as well as for a positive value off. 

In all cases, therefore, when the load is uniformly distributed 

H 2 
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each point was equal to half the uniform load on the adjoining 
intervals those points remained on the parabola. 
F and p can be found from the equations ; 



/ 1 

Putting^ = -and reducing. 



1> = r,P = * + 



„«!'- • n-1 

h 
The load h produces therefore a tension =- in the verticals^ 

^ 7^ — 1 

In the preceding numerical example 

n"F 2-5 5**'*""2' 

Hence the tension in the verticals (or the negative load on the 
lower bow) is in this case 

^ = 4-47 = **' 
and the load on the upper bow is 

Thus, if the external load on each top joint is 7 '5 tons, the 
tension in each vertical will be f x 7 '5 = 5 tons, and the upper 
bow is in the same condition as if loaded with f x 7*5 = 12'5 
tons at each joint. 

The load of 1 "5 tons on each top joint due to the weight of 
the truss itself produces a tension in the verticals = | x 1 . 5 = 

1 ton, and the positive load on the upper bow is f x 1 "5 = 

2 • 5 tons. 

Lastly, if7'5 + l'5 = 9 tons is the total load on each top 
joint, the negative load per unit of length of span on the lower 
bow is 6 tons, the positive load on the upper bow is 15 tons, and 
the tension in each vertical is 6 tons. 

If, however, part of the load is applied at the lower joints it 
must be conveyed by secondary verticals to the top joints, and 
the tension in these secondary verticals is to be added to that 
in the main verticals. For instance, in the preceding example 
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0*5 ton of the weight of the trass was considered as acting on 
the lower joints ; * 5 ton must therefore be added to the 6 tons 
tension found above, and this coincides exactly with the value 
obtained by the method of moments. The negative load 
on the lower bow remains the same as before, namely 6 tons, 
for the tension in the secondary verticals evidently does not 
affect it. 

The constant horizontal stress in the bows is : 



„ pi* 6x(6-5)« ,„«^, 



2/ 

which is tension in the lower bow and compression in the upper 
bow. This is the same value that was obtained by the method 
of moments (Z, = + 126-7 tons, and X, = - 126*7 tons). 

If — = 0, it follows that |} = OandP = 4; that is, if the lower 

bow becomes a horizontal straight line the loading of the upper 
bow produces no tension in the verticals. . 

Further, if - becomes negative p also becomes negative ; that 

is, the loading of the upper bow produces compression in the 
verticals. For instance, if 

In this case, therefore, one half of the load placed on the 
top is transferred to the bottom bow (Fig. 137). 

Fig. 137. 




F 




Generally, the above equations, &c., are true for a negative 
as well as for a positive value off. 

In all cases, therefore, when the load is uniformly distributed 

H 2 
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each point was equal to half the uniform load on the adjoining 
intervals those points remained on the parabola. 
P and p can be found from the equations ; 

/ 1 

Putting 4 = - aiid reducing, 
iH n 



n-l'- ■ n-1 

h 
The load h produces therefore a tension in the verticals^ 

7^ — 1 

In the preceding numerical example 

Hence the tension in the verticals (or the negative load on the 
lower bow) is in this case 

and the load on the upper bow is 

Thus, if the external load on each top joint is 7 '5 tons, the 
tension in each vertical will be J x 7 • 5 = 5 tons, and the upper 
bow is in the same condition as if loaded with f x 7*5 = 12*5 
tons at each joint. 

The load of 1 • 5 tons on each top joint due to the weight of 
the truss itself produces a tension in the verticals = f x 1 . 5 = 

1 ton, and the positive load on the upper bow is 4 X 1 '5 = 

2 • 5 tons. 

Lastly, if7'5 + l*5 = 9 tons is the total load on each top 
joint, the negative load per unit of length of span on the lower 
bow is 6 tons, the positive load on the upper bow is 15 tons, and 
the tension in each vertical is 6 tons. 

If, however, part of the load is applied at the lower joints it 
must be conveyed by secondary verticals to the top joints, and 
the tension in these secondary verticals is to be added to that 
in the main verticals. For instance, in the preceding example 
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0'5 ton of the weight of the truss was considered as acting on 
the lower joints ; * 5 ton must therefore be added to the 6 tons 
tension found above, and this coincides exactly with the value 
obtained by the method of moments. The negative load 
on the lower bow remains the same as before, namely 6 tons, 
for the tension in the secondary verticals evidently does not 
affect it. 

The constant horizontal stress in the bows is : 



H+e^ =1=1^ = 126-7 1<». 



2/ 

which is tension in the lower bow and compression in the upper 
bow. This is the same value that was obtained by the method 
of moments (Z^ = +126-7 tons, and X7 =c - 126-7 tons). 

If — = 0, it follows that J? = and P = i; that is, if the lower 

bow becomes a horizontal straight line the loading of the upper 
bow produces no tension in the verticals. . 

Further, if - becomes negative p also becomes negative ; that 

is, the loading of the upper bow produces compression in the 
verticals. For instance, if 

^-. 

In this case, therefore, one half of the load placed on the 
top is transferred to the bottom bow (Fig. 137). 

Fig. 137. 




Generally, the above equations, &c., are true for a negative 
as well as for a positive value off. 

In all cases, therefore, when the load is uniformly distributed 

H 2 
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over the span the verticals alone are capable of maintaining 
equilibrium. It is only when the load is unevenly distributed 
that there is any tendency to deformation, and this is met by 
the introduction of diagonals. 

The law upon which the stresses in the diagonals of a double bowstring truss 
depend can also be found, and is appended here for those readers who are 
acquainted with the Calculus. 

The diagonals together with the yertioals make the truss perfectly rigid, and it 
therefore behaves towards external forces in the same manner as a simple beam 



Fig. 188. 



Q=Jcdz 







supported at both ends. Thus, if a load Q be placed on it at a horizontal dis- 
tance z, from the right abutment (Fig. 138) a reaction 

will be produced at the other abutment A. 

Take a vertical section M N through the truss 
to the left of the weight Q, dividing the struc- 
ture into two parts, one of which is shown in 
Fig. 139. To maintain equilibrium forces must 
be applied to this section. In order that the 
algebraic sum of the vertical forces may be zero, 
a vertical force Y must be applied equal to D, 
therefore 

The force V alone would, however, with D produce a couple, and it is therefore 
necessary for equilibrium to apply at the section a couple of equal moment. The 
horizontal forces h h form such a couple. If the section line M N is indefinitely 
near to one of the vertical braces, M and N are the only points at which a bar 
can be intersected, and the horizontal forces must therefore be applied at these 
points. The value of h can be found by taking moments about A, thus : 

= V(/-a?)-A.ML + A.NL. 
If, as before, the heights of the arc of the parabolas are F and / respectively, 
the equations to these curves are, 

F "" p y 

From which the following values for M L and J^ L are obtained : 
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ML = F-Y = P(1-J), 
,NL = /-»=/(! -J). 

Substituting these, as well as the value found above for V, in the equatiuu of 
moments ; 

= Q f,a - ») - af(i - J) + A/(i - ty 

whence 



2(F -/)(/ + or) 
And differentiating with respect to x^ 



dx 2(F -/)(/ + a?)3 

This differential equation gives the rate of increase of h for an increase of the 
abscissa x, thai is when the point M moves towards the left. 

The absolute value of h will evidentiy be greatest when the whole of the bow 

JXX 

from B to M is loaded with weights Q. Beplacing Qhj kdz and writing -7— 
for ~— according to the previous notation used for a distributed load : 



dK _ 

dx "" 2(F 






1?- A/ (/ + xy 

dx " "" 2(F -/)(/+ a;)* ^ 2 
dn kl 



dx 4(F-/) 

If the loading were continued to the left of the point M, this negative 

/2 TFT 

value of -=— would approach 0, and to prove this it is only necessary to ascertain 
dx 

as before the effect of a single load placed to the left of M, at a distance z from 

the abutment A. 

It is then found that all such loads make -p- positive, and therefore -;— is 

dx ^ dx 

greatest when every point from A to M is loaded. The equations thus obtained 

are: 

Q,lz dh Q,lz 



hzz 



2(F-/)(/-a:)' dx 2 (F -/)(/- a?)«' 



rfa? ~ 2 (F 



kl Q^xy 



2(F-/)(/-ar)2 
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Tha geneml eqn&tion for — 



4(P-/) 

ji theiefora be put in the form : 



4(F-/) 
kl 



4(P-/) 

These i«8Dlts oaji be employed in the following manner to determine the gtresaea 
in the diagonals. 

It will be Temembered that the seoHon line M N waa taken iadeflnitel; near to 
a yertioal. The point where the diagojial ia oat will therefore be at the inter- 
section with one of the boonu, for inrtance, the lower one (Fig. 140). The three 
forces H, T, H distribnte tiiemaelves as follows ; at the paint of inteiseotion M 
the force H ia applied t<^ether witi as much of the vertical force T as is necessary 
to produce a resultant in the direction of the bow ; at the point of intersection 



MJI 
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N with the diagonal a part of the horizratal forae H, and as nmch of the vertical 
force T as is necessary to give a refnltant in the direction of the diagonal ; and 
lastly at the point of intersection N with tha lower bow the remainder of H, and 
as mnch of the vertical ftooe Y as ia neceaaar; to produce a resultant in the 
direction of the lower bow. 

Had the seotionbeen taken at adiatanoecfs farther to the left, HandT would 
have bean replaced by 



H + 



dH 



dV + 



rfV , 
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If both seotions be taken simnltaneonBly (Fig. 141) and the forces acting on 
the part of the stmctore thus cut out be considered it will be observed that the 

excess -j— ,dx of the horizontal forces is the force that tends to move the upper 
ax 

bow to the right and the lower bow to the leffc. 

If the breadth of the piece cut out be taken equal to the small quantity x 

(instead of the indefinitely small quantity dx) -3— . x will still very nearly re- 

dx 

present the distorting force, or substituting for -=- th6 value found above it will 

ax 

be very nearly equal to 



kl 



4(F-/) 



.X 



when a maximum or a minimum respectively. 

This force distributes itself on the apices of the triangles formed by the 
diagonals and verticals, and acts towards the left or towards the right aoccnrding 
to the position of the load. 

Fia. 143. 



Fig. 142. 



\i(F-f)cos % 




LL^x 



^(F-fl 




If X is the length of one bay, the distorting force is appHed to one apex only 
and can be resolved into two components, one along the diagonal and IJie other 
along the vertical (Fig. 143). 

The component along the diagonal is 



Y (max. or min.) = d: 



kl 



4(F— /) cos a 



or since — = rf, the length of the diagonal, 



Y (max. or min.) = ± 



hi 



4(F-./) 



.rf. 



Therefore to find the greatest stress in any diagonal it is only necessary to 

hi 
multiply its length by ± ^^_ .^ • 

For instance in the case of the roof calculated in § 15, 



hi 



7-5 X 6-5 



4(F-/) 4(2-5 -1) 



= 8- ITS. 
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By meaBuring the lengths d,, <2, . . . d,, of the diagonals and multiplying by 
8' 125 the following table is obtained : 

d, = 1-018, Y, = 8-125 X 1-018 = 8-3 

d, = 1-163, Y, = 8-125x1163 = 9-5 

d, = 1-361, Y4 = 8125 X 1-361 = 11-1 

d^ = 1-55, Y, = 8-125 X 1-55 = 126 

de = l-7. Ye = 8125 X 1-7 = 13-8 

d, = 1-8, Y, = 8-125 X 1-8 = 14-6 

rfg = 1-835, Yg = 8125 X 1-835 = 14-9 

rf, = 1-815, Y, =8125x 1-815 = 14-7 

dio = 1-735, Y,o= 8125x1-735 = 141 

dj, = 1-605, Y„ = 8-125 X 1-605 = 13-0 

di, = 1-426, Yi, = 8-125 x 1426 = 116. 

Comparing these values with those given in Fig. 120 it will be seen that the 
differences are very small. 

The above law can be applied to the case of fish-bellied girders, by writing 

-/for/,- 

dB._ kl 

dx "" 4(F+/)' 
It is also true in the special cases when the lower or the upper bow become 
straight ; in the first case/ = and in the second F = 0, or — = p=, when the 

J XT I I 

lower bow is straight, and -3- = r-^ when the upper bow is straight. 

ax '*] 

For instance in the parabolic girder calculated in § 6, 

dx ^f 4x2 ' 

and measuring the lengths c?,, cf, . . . (f 7 of the diagonals : 

rf, = 2-5 Yj = 2500 X 2-5 = 6250 

(/, = 2-741 Y, = 2500 x 2*741 = 6850 

d^ = 2-828 Y4 = 2500 X 2-828 = 7070 

d^ = 2-741 Y5 = 2500 x 2*741 = 6850 

d^ = 2-5 Ye = 2500 x 2*5 = 6250 

d^ = 2-183 Y, = 2500 x 2-183 = 5460 

These stresses agree almost exactly with those given in Fig. 27. 

It is possible to investigate a similar law for the stresses in the verticals, but 
on account of their double function, first as braces and secondly as struts or ties 
to convey the load from one joint to another, this law is very complicated and 
consequently unsuited to practical purposes. Nor would the results agree with 
those obtained by the method of moments as well as in the case of the diagonals. 
For these general laws are based upon the supposition that the moving load 
progresses gradually, whereas when using the method of moments it is considered 
that the moving load advances by jumps from one joint to the next. It is there- 
fore better in all cases to ei^ploy the method of moments to calculate the stresses 
in the verticals. 
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FIFTH CHAPTEE. 

§ 19.— Cantilbyer Boof with Stay, Span 6 Metres. 

The load, including snow and wind, is assumed to be 200 
kilos, per square metre of horizontal area, covered. The dis- 
tance apart of the principals is 4 metres. The load on each 
principal is therefore 

6 X 4 X 200 = 4800 kilos. 

and the load on each of the 6 bays is 800 kilos. ; of the 7 
joints, the first and the last have 400 kilos, to support, and 

Fig. 144. 




the remaining five 800 kilos. (Fig. 144). The weight of the 
truss itself being small, the whole of this load may be taken 
as a variable load.* 

Calculation of the Stress H in the Horizontai Bars. 

The reactions W and P produced at the two points of 
support A and by a load Q are shown in Fig. 145. To 
find the stress H in the bar M N, due to this load, the 
equation of moments about the point 0, for the part of 

* As wiU be seen in the sequel, Prof. Bitter understands by the load being 
variable that any joint or joints may be loaded and the rest unloaded. This, it 
wiU be observed, is not the usual English practice in the case of roofs. — ^Tbavs. 
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the roof giyen in Fig. 146, would have to be formed* Bat the 
positkm of Q has been so chosen that the lesoltant of Q and P 
passes throogh O, and consequently H = o. It will also easily 
be seen that all loads to the left of Q produce negatiye stresses, 
and all loads to the right of Q positiye stresses, in the bar 
M N. Hence, when H is a minimnm, the part of the roof oyer 

Fig. 145. 



Oompracsioii. 
4 ^ X 




which *^ Compression " is written in Fig. 145 will be loaded, 
and the remainder unloaded ; and when H is a maximum, the 
loads will extend oyer the part marked ^ Tension." 



Via. 146. 



Fig. 147. 





The same result can be arrived at, howeyer, by forming the 
equation of moments, when all the joints are loaded, and arrang- 
ing this equation so that the effect of every load can be seen. 

When Q (distant 4 metres from the wall) is the only 
load on the roof, a stress P is produced in the rod B C, 
whose vertical component is f Q (Fig. 147) ; for the equation 
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of moments about A shows that the vertical component of P 
acts in the same manner as the reaction of the point of sup- 
port B would if A B were a girder resting on two supports, 
A and B. Since A B is to A C as 6 to 3, it follows that the 
horizontal component of P is always twice as great as the 
vertical component, and is in this case therefore equal to | Q. 
Thus, the equation of moments to iBud H3 is (Fig. 148) — 



or 



= -H, xl-Qx2 + iQx4-.*Qxl, 



H,xl=-Q{2-|.4 + i.|}, 



Fia. 148. 




The increment to the stress H3 produced by Q is there- 
fore composed of three parts. The first is the direct influence 
of the load, and the other 
two the indirect effect pro- 
duced by the reactions. 

If Q, however, were situ- 
ated to the right of the sec- 
tion line, the increment to 
the stress would be com- 
posed of two terms only, 

both the indirect effect of the reactions. For instance, the 
increment to the stress H3, produced by a load Q, 2 metres 
from the wall, is to be found from the equation 

0=-H,xl + 4Qx4-|Qx|, 

or 

H,x| = Q {4.4-1.4}. 

Thus the equation to find H3, when all the joints are loaded, is 

H,x| = 800(4.4-i.|) + 800(4.4-.4.|) 

+ 800 a . 4 - 1 . 4 - 1) - 800 (2 - 1 . 4 + 4 . 4) 
+ 800 (3 - 4 . 4 + 4 . 4) - 400 (4 - 1 . 4 + 2 . 4). 

Omitting the negative members from the right-hand side of 
the equation, 

H, (max.) = + 2000 kaos. ; 

and leaving out the positive members, 

H, (min.) = - ^000 \dVo%. 
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The following equations for the remaining horizontal bars are obtained in u 
similar manner ; 

fii X 1 = - 800 (1 - J . 6 + i . 1) - 800 (2 - 1 . 6 + 1 . 1) 

- 800 (3 - i . 6 + 1 . 1) - 800 (4 - 1 . 6 + ^ . 1) 

- 800 (5 - i . 6 + 1 . 1) - 400 (6 - 1 . 6 + 2 . 1) 

Hi (max.) = 0, Hj (min.) = - 4800 kilos. 

H, X I = 800 (i . 5 - i . .|) + 800 (i . 5 - I . * - 1) 

- 800 (2 - i . 5 + 1 . *) - 800 (3 - i . 5 + i . i) 

- 800 (4 - f . 5 + J . I) - 400 (5 - 1 . 5 + 2 . 1) 

H, (max.) = + 640 kUos., H, (min.) = - 3040 kilos. 

H, X i = 800 (i . 3 - 4 . i) + 800 (i . 3 - I . i) 

+ 800 (i . 3 - 1 ; i) + 800 (1 . 3 - 4 . 4 - 1) 

- 800 (2 - f . 3 + f . I) - 400 (3 - 1 . 3 + 2 . 1) 

H4 (max.) = + 3733 kUos., H4 (mm.) = — 1333 kilos. 

H, X i = 800 (i . 2 - i . i) + 8C0 (i . 2 - I . i) 
+ 800 a . 2 - 1 . « + 800 (1 . 2 - f . i) 
+ 800 (1 . 2 - 4 . 4 - 1) - 400 (2 - 1 . 2 + 2 . 4) 

H5 (max.) = + 5600 kilos., H^ (min.) = - 800 kilos. 

H. X J = 800 (J . 1 - 4 . i) + 800 (4 . 1 - i . i) 
+ 800 (4 . 1 - 1 . i) + 800 (i . 1 - I . i) 
+ 800 (f . 1 - 4 . J) ^ 400 (1 - 1 . 1 + 2 . i) 

He (max.) = + 8000 kilos., H« (min.) = — 800 kilos. 



For all the remaining bars the taming point lies in the line 
A B ; and since the resultant W, of any load Q and the ten- 
sion P produced by it in B 0, always passes through A, it 
follows that the greatest stress in all the remaining bars 
occurs when every joint is loaded. 

This total load of 4800 kilos, can be considered to act at the 
centre of A B, and the vertical component of P will then be 
J . 4800 = 2400 kilos. The horizontal component of P is twice 
as great, or 4800 kilos. Consequently, 

P = V2400« + 4800« = 5367 kilos., 

and this is the greatest tension in B C. From Figs. 149 and 
150 the lever-arm of the stress X3, with respect to the point 

M, is 

/• 

L M . cos o = 4 . . = 0'4932 metre. " 

V 62 + 12 
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The equation of moments to determine X3 is therefore (Fig. 
150) 

= X, X 0-4932 + 2400 x 3 - 800 (0 + 1 + 2 + |X 



or 



X, = - 7299 kUoB. 
Fig. 149. 



4§1>?L..> 




Similarly, 

= Xi X 0*822 + 2400 x5-800{l + 2 + 3 + 4 + |} 
X|= -'2433 Mloa. 

= X, X 0-6576 + 2400 X 4 - 800 { 1 + 2 + 3 + 4 } 
X, = - 4866 kiloB. 

= X4 X 0-3288 + 2400 X 2 - 800 (1 + |) 
X4 = - 9732 kilofl. 

= Xa X 0-1644 + 2400 x 1 - 400 x 1 
X, = - 12166 kiloB. 

= X, X 01644 + 2400 X 1 - 400 X 1 
Xe = - 12166 kilos. 

Fig. 150. 




To find the stresses in the diagonals, moments will have to 
be taken about the point B. The lever-arm of T3 (Fig. 150) 
with respect to this point is 

BM. am € = 3.--=?= = 1*664 metre. 
* The length of V, (Fig. 149) is evidently | metre.— T&ams. 
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Fig. 152. 



t? 



soo^ 



+ 



-1200 



—1800 



and the equation of moments 

= - Y, X 1-664 + 800 (1 + 2 + 3), 

or 

Y, = + 2884 kUos. 

Similarly, 

= - Yi X 3-536 + 800 (1 + 2 + 3 + 4 + 5) 
Yi = + 3394 kilofl. 

= - Yj X 2-561 + 800 (1 + 2 + 3 + 4) 
Y, = + 3124 kilos. 

= - Y4 X 0-89 + 800 (1 + 2) 
Y4 = + 2683 Mlos. 

= - Y5 X 0-316 + 800 X 1 
Y5 = + 2530 Mlos. 

The stress in the verticals is also to 
be found by taking moments about B. 
Thus^ for V3 the equation of moments is 
(Fig. 151) 

= V, X 4 + 800 (4 + 3 + 2 + 1), 
V, = - 2000 kilos. 



—2000 



Pig. 151. 



800 



800 




-2400 



:% 



-2400 



Similarly, 

= Vi X6 + 800 (f + 5 + 4 + 3 + 2+1) 
Vi = - 2400 kilos. 

= Vj X 5 + 800 (5 + 4 + 3 + 2 + 1) 
V2 = - 2400 kilos. 

= V4 X 3 + 800 (3 + 2 + 1) 
V4 = - 1600 kilos. 

= V5 X 2 + 800 (2 + 1) 
Vj = - 1200 kilos. 

= V, X 1 + 800 X 1 
V« = - 800 kilos. 
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The reaction W of the fixed point of support A can be 
found from its components Hi and Yi, and its greatest value 
is. 



W = VHi« + Vi« = V4800* + 2400» = 5867 kiloB. 

or numerically the same as the tension in B C. 

The stresses obtained are collected together in Fig. 152. 



§ 20. — Cantilbveb Boof without Stat. 

The dimensions and loading of the roof are shown in Fig. 
153, and are the same as those of the similar .roof given in 
Fig. 144. Instead, however, of the toe being supported by a 

Fig. 153. 




stay, as in the former case, the roof is tied into the wall at the 
point E. 

The lever-arm with respect to A of the stress X, in the 
bar tying the roof into the wall at E, is 



A E . cos a = 1 . 



= 0-9864. 



^^&-{-V 



And hence the equation of moments to determine X is 



or 



= X X 0-9864 -800 (1+2 + 3 + 4 + 5 + 1), 



X = + 14599 kilos. 
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Fig. 154. 
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To find Xl . . . Xe» the corre- 
sponding equations in the last para- 
graph can be employed, by putting 
P and its components = 0. Thus 
the following equations are ob- 
tained: — 












Xl X 

Xi = 

X, X 

x,= 

X, X 

x,= 

X4X 
x,= 

X5X 

X,x 

x.= 



0-822 - 800 (1 + 2 + 3 + 4 + 1) 
+ 12166 kUos. 

0-6576 -800 (1+2 + 3 + -*) 
+ 0732 kUoB. 

0-4932-800(1+2 + 1) 
+ 7299 kUos. 

0-8288-800(1+1) 
+ 4866 kUoB. 

0-1644-400 X 1 
+ 2433kao8. 

0-1644-400x1 
+ 2433 kiloB. 



The same applies to the stresses 
Hi • • . Hj, and the following equa- 
tions are deduced from the former 
ones by putting F and its compo- 
nents = 0. 



= 


-Hi 
Hi 


Xl 


-800 (1 + 2 + 3 + 4 + 5+1) 
14400 kUos. 


= 


-H, 


X* 


-800(1 + 2 + 3 + 4 + 1) 
12000 kUos. 


= 


-H, 
H, 


X* 


-800(1 + 2 + 3 + 1) 
9600 kUos. 


= 


-H, 
H4 


xi 


-800(1 + 2 + 1) 
7200 MI08. 


= 


-H. 
H. 


xi 


- 800 (1 + 1) 
4800 kilos. 


= 


-H. 
H. 


x* 


-400x1 
2400kilo8. 



The equations of moments to 
find the stresses Vi ... Ve and 
Yi . . . Tg must be formed with re- 
ference to the point B as in the 
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former case. In the preceding example the force P passed 
through B; it had, therefore, no influence on the stresses 
in the diagonals and verticals. Thus the stresses found for. the 
verticals and diagonals in the former example hold good in 
this. 

The reaction W can be found from its components Y| and 
Hi, thus : — 



W = /^ Vi« + Hi« = /^2400« + 14400« = 14599 Irilos. 

It is, therefore, numerically equal to the tension X. 

The stresses in the various bars are collected together in 
• Fig. 154. 
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SIXTH CHAPTER. 

§ 21. — Braced Arch of 24 Metres Span. 

The bridge is designed to carry a single line of railway, and 
is supported by two braced arches. The moving load on the 
bridge is taken at 4000 kilos, per metre run, of which, therefore, 
one-half comes on each braced arch, and the length of a bay 
being 3 metres, the moving load on each joint is 6000 kilos., 
or 6 tons (1000 kilos, to the ton). The dead load is estimated 
at 1400 kilos, per metre run, or 700 kilos, for each arch ; that 
is, 2100 kilos, on each joint, or approximately 2 tons. 

The two halves of the arch are in contact at the point S 
only (Fig. 155), and the connection is made by means of a 
single bolt, thus forming a hinge.* Hinged joints are also 
placed at the abutments A and Ai. 

Preparatory to finding the greatest stresses, the efiect of a 
single load placed on the weightless structure will be investi- 
gated. 

A load Q placed anywhere on the right half of the arch 
produces a reaction R at the hinge S (Fig. 156), between the 
two halves of the arch. For the left half, the direction of this 
force must pass through the point A, for otherwise rotation 
round this point would take place. This force produces at A 
a reaction R, acting in the direction A S ; this must be its 
direction, or else rotation would ensue round S, besides which 
action and reaction are equal and opposite. Let P be the 
intersection of the two forces R and Q, then it is easy to see, 

* It would be a more rational form of construction if the hinge were situated 
in the horizontal B Bj. But the above construction is more general, and in the 
case of wooden structures the rational form would be difficult of execution. For 
these reasons it has not been adopted here, but can easily be deduced by making 
SC = instead of 0-5. 
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by taking moments about this point, that the reaction D pro- 
duced at the hinge Ai must pass through P, in order that 
equilibrium may obtain. This reaction is also evidently equal 
in magnitude and opposite in direction to the resultant of 
B and Q. 

Thus, to find the direction of the reactions at the abut- 
ments due to a load Q placed on one half of the arch, the 
line joining the hinge at the abutment of the other half with 

Fio. 155. 




Fio. 156. 




the central hinge is produced to intersect the vertical through 
the load, and from this point a line is drawn to the hinge 
at the other abutment. The pressure at the central hinge 
on the unloaded half is always directed to the hinge at its 
abutment. (In the sequel the central hinge will be called 
** the hinge," and the other two hinges the '* abutments.") 

The magnitude of the hinge- reaction B can be found by 
resolving it into its horizontal and vertical components, itnd 
then forming two equations of moments, one for each half 

I 2 
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of the arch. Thus, if H and V are these components, the 
following equations are obtained from Fig. 156 : 

= V X 12 + H X 4 - Q X 3, 
= Vxl2-Hx4, 

whence 

V = I and H = ^g^. 

Thus having found the action of a single load Q on the 
whole arch, it remains to determine the stresses this load pro- 
duces on the various bars composing the structure. This is 
best done by taking a section through any three bars, as before, 
and writing the equation of moments for the part of the arch 
comprised between this section and the hinge. As in former 
cases, the moments are taken about the point of intersection of 
two of the bars cut through. Whether any particular load 
produces tension or compression in the bar under consideration, 
can easily be determined by noticiug in which direction the 
load tends to make the part of the arch rotate. In this manner 
the joints that must be loaded to produce tension in a bar, and 
those which must be loaded to produce compression, can easily 
be ascertained. The maximum stress is found by loading 
all the former, and the minimum stress by loading the latter 
only. 

[Note. — It is necessary to know the direction in which the vertical com- 
ponent V of the central hinge-reaction acts on each half of the arch. By ex- 
amining the various figures given, it will be evident that this can always be 
decided on by inspection, but it would, perhaps, be safer to assume some 
direction as the positive one; for instance, let V be positive when it acts up- 
wards against the left half of the arch (as .in Fig. 160), then a negative value 
of V would indicate the state of things in Fig. 157 or Fig. 167.] 



Calculation of the Stresses X in the Horizontai Bars. 

The equation of moments to find X will evidently, in every 

case, be taken about the foot of the diagonal (Fig. 158). A 

Mid on the left half of the arch produces a hinge-reaction in 
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the direction Ai S^ and the resultant of this reaction and the 
load tends to turn the part of the arch between the section 
line and the hinge from right to left — ^that is, in the same 
direction as X tends to make it rotate. For equilibrium, 
therefore, X must be negative. 

A load on the right half of the arch produces a hinge- 
reaction, which passes through the point round which moments 




Fio. 157. 
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are taken; such a load will, therefore, have no effect on the 
stress in X. Obviously, therefore, X is always in compression. 
Hence, to find the greatest compression or minimum stress in 
X, the whole of the left half of the arch must be considered 
loaded, and the other half can be loaded or not, the result in 
either case being the same. For simplicity, both halves will be 
considered loaded (Fig. 157). The equations to obtain the 
hinge-reaction are then 



= V X 12 + H X 4 - 4 X 12 - 8 (9 + 6 + 3), 
= Vxl2-Hx4 + 4xl2 + 8(9 + 6 + 3), 



whence 



V = o, 



H=:48. 



Consequently, the equation of moments to detemune Xi 
(Fig. 158), with ^spect to the point E, is 

= - X, X 3-5 - 48 X 8 + 8 (3 + 6) + 4 X 9, 



or 



X, (min.) = — 10-29 tona. 
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The following equations are obtained in the same manner : 



= 


-X,x2-5 
X, (min.) 


-48 


X 2 + 8 X 

19-2 tons 


3 + 4 


X 


6 


= 


-X, xl-5 
X, (min.) 


-48 


X 1 + 4 X 

24 tons 


3 






= 


-X, xO-5 
X, = 0. 


Fig. 


158. 
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Calculation of the Stresses Yin the Diagonals. 

The stress in the diagonal Y2 will be calculated to illustrate 
the method. The loads can be divided into three groups. 
Those in the first group make Y2 positive, those in the second 

Fig. 159. 




negative, and lastly, those in the third exert no influence ; and 
therefore, if acting alone, the stress in Yg would be zero. 

These groups are shown in Fig. 159, by the signs +, — , 
and 0. 

The loads on the third and fourth joints belong to the first 
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group, for the resultants of these loads and the hinge-reactions 
produced by them tend to turn the part of the arch between 
the section line a /8 and the hinge, from right to left. The 
stress Ya has the opposite tendency (Fig. 161), and is there- 
fore made positive by these loads. 

The load on the second joint is the only one belonging to 
the second group. This load does not act directly on the part 
of the arch under consideration, but by means of the hinge- 
reaction produced by it, which acts in the direction A, S, thus 
tending to produce rotation from left to right, or, in other 
words, making the stress Ya negative. 

The third group contains the loads on all the remaining 
joints ; for either they produce no hinge-reaction (1st and 9th), 
and have therefore no influence, or else they act indirectly 
through a hinge-reaction in the direction A S, passing through 
the point F, round which moments are taken, and consequently 
producing no stress in Yj. 

To determine Y, (max.), therefore, the 3rd and 4th joints 
are to be loaded, and the 2nd is to remain unloaded. (The 
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1 4 2I 2 , 2,, 1 



other joints may be loaded or not ; they will, however, be con- 
sidered as unloaded.) The hinge-reaction for this loading must 
now be found from the equations. (Fig. 160.) 

= -Vxl2 + Hx4-lxl2-2(9 + 6 + 3), 

= -Vxl2-Hx4 + l X 12 + 2 (9 + 6 + 3) + 6 (9 + 6), 



whence 



V = 3-75, 



H = 23-25 ; 
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and the equation of moments for the part shown in Fig. 161 
about F is therefore 



= Y, X 6-72 + 23-25 X 05 + 3-75 X 1-5-1 X 15 - 8 (45 + 7*5), 



or 



Y, (max.) = + 11*94 tons. 



To determine Ta (min.) the 3rd and 4th joints must be 
unloaded, and the second joint loaded (the remaining joints 

will be considered un- 
FiG. 161. loaded). The components 

of the hinge-reaction can 
be found from the equa- 
tions : 



U P 

t/H«2325 
V- 3.75 ' = -Vxl2 + Hx4-lXl2 

- 2 (9 + 6 + 3), 
= -Vxl2-Hx4 + lXl2 

+ 2 (9 + 6 + 3) + 6 X 3, 

V = 0-75, H= 14-25; 

whence, from Fig. 163, the equation of moments is 

= Y, X 6-72 + 0-75 x 1-5 + 14-25x0-5-1 X 1-5 - 2 (4-5 + 7*5), 

therefore, 

Y,(min.) = + 2*57 tons. 
FiQ. 162. 





and 



Similarly for the remaining three diagonals. 

Y, (max.). 
Ta^e every joint loaded, then 

V = 0, H = 48, 

= Y, X 10-25 + 48 X 0-5 - 4 X 1-5 - 8 (45 + 75 + 10-6), 

Y, (max.) = + 15*8 tons. 
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Y, (min.) need not be ocmsidered, as no distribution of the load prodnoes 
oompzesBion in this diagonaL 

T, (max.). 

The 4th joint only is to be loaded, then 

V = 2-25, H = 18-75, 

and 

= Y, X 8-35 + 2-25 X 15 + 18-75 X 05 - 1 x 1*5 - 8 X 4'5. 
Y, (max.) = + 7*38 tons, 

' Y, (min.). ^»- 1^- 

The 2nd and third joints only 
are to be loaded, then 

V = 2-25, H = 18-75, 
and 

= Y, X 3-35 + 2-25 X 15 
+ 18-75 X 0-5-1 X 1-5 
— 2 X 4-5. 
Y, (min.) = — 0*67 tons, 

Y4 (max.). 

Y4 (max.) need not be considered, as no distribution of the load produces 
tension in this diagonal. 

Y4 (min.). 

To obtain Y4 (min.) joints 2, S, and 4 are to be loaded, then 

V = 4-5, H = 25-5, 




f,/H-14,tt 



V-0, 75 



and 



= ¥4X0-738 + 4-5 X 1-5 + 25-5x0-5-1 X 15. 
Y4(min.) = -24-4 tons. 



Cdl&ulcUion of the Stresses Z in the Lower Bars. 

The stress in the bar Z3 will be calculated, to illustrate the 
method. In this case moments will be taken about the point 
J (Fig. 164). A vertical through G, the point of intersection 
of A J and Ai S, gives the position of the load which produces 
no stress in Z3, for the resultant B, of a load Q in this position 
and its hinge-reaction D, passes through the point J. Any 
load to the right of G will produce compression in Z3, for the 
resultant B then passes to the right of J, and the tendency 
is to turn the part of the arch under consideration (Fig. 166) 
from left to right ; Z3 has the same tendency, and must there- 
fore be n^ative to maintain equUibrium. Any load to the left 
of G, on the contrary, produces tension in Z3, for the resultant 
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B passes to the left of J. The vertical through O is therefore 
what may be termed the loading bowndary between the loads 
producing tension and those producing compression. 

Thus (Fig. 165) the components of the hinge-reaction when 
Z3 is a maximum are to be found from the equations 

= -Vxl2 + Hx4-lxl2-2(9 + 6 + 3), 
= -Vxl2-Hx4 + lxl2 + 2(9 + 6 + 3)+6(6 + 3), 

V = 2-25, H = 18-75; 

whence from Fig. 166 the equation of moments is 

= Z, X 2-87 - 2-25 X 6 + 18-75 x 05 + 1 x 6 + 2 x 3, 

Z, (max.) = ~ 3-32 tons. 



Fia 164. 



Tension. 



Oompression. 
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To determine Z, (min.) the hinge-reaction produced by the 
loading shown in Fig. 167 must be found from the equations 

= Vxl2 + Hx4-lxl2-2(9 + 6 + 3)-3xl2-6(9 + 6 + 3), 
= Vxl2-Hx4+lXl2 + 2(9 + 6 + 3)+3xl2 + 6x9, 

V*:2-25, H = 41-25; 
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aud the equation of moments for the part of the arch shown in 
Fig. 168, is therefore 

= Z, X 2-37 + 2-25 X 6 + 4125 X 0*5 + 4 x 6 + 8 X 3. 

Z, (min.) = — 34-6 tons. 

Similarly the stresses in the remaining bars Z oan be calculated as follows : 

z,. 

The loading boundary is at the Ist 
joint, therefore only the minimum stress 
need be considered. For this 

V = 0, H = 48, 

= Z, X 4-27 + 48 X 0-5 + 4 X 12 
+ 8 (9 + 6 + 3). 

Z, (min.) = — 50*6 tons. 

Z,. 

(Loading boundary between the 2nd and Srd joints.) 

For the maximum stress, 

V = 0-75, H = 14-25, 

= Z, X 3-32 - 0-75 X 9 + 1425 X 05 + 1 x 9 + 2 (6 + 3). 

Z, (max.) = — 8«25 tons. 




H-18,7« 




For the minimum stress, 

V = 0-75, H = 45-75, 

= Z, X 3-32 + 0-75 X 9 + 4575 X 0*5 
+ 4 X 9 + 8 (6 + 8). 

Z, (min.) = — 41-45 tons. 

Z,. 

(Loading boundary between the 2nd 
and 3rd joints.) 

For the maximum stress, 

V = 4-5, 



Fig. 168. 







H = 25-5, 



= Z4 X 1-423-4-5 X 8 + 25-5x0-5+1 X 3. 
Z4 (max.) = — 1-58 tons. 
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For the mininniTn strefis, 

V = 4'5, H = 34-5, 

= Z4 X 1-423 + 4-5x3 + 34-5 X 05 + 4 x 3. 

Z4 (min.) = — 300 tons. 



CaletdaHon of the Stresses U in the Vertical Bars. 

The bar U3 will be chosen to exemplify the method. 7 S is 
the section line, and ¥ is the point about which to take 
moments. As in the case of Y3 the loads divide themselves 
into three groups relatively to the kind of stress produced in 

Fig. 169. 




Us, and in Fig. 169 these groups are indicated by the signs 
+,— ,and 0. The stress in U3 reaches its maximum value 
when the second joint alone is loaded, and the hinge-reaction 
can then be obtained from Fig. 162. The values already found 
for its components are : 

V = 0-75, H= 14-25, 

and the equation of moments from Fig. 170 is : 

= -U,X 7*5 + 0-75 X 1-5+ 14-25 X 0-5-1 x 15 - 2(45 + 75). 

U, (max.) = — 2-3 tons. 

When U3 is a minimum the third and fourth joints are 
alone loaded, and the values of the components of the hinge- 
reaction already found from Fig. 160 are : 

V = 3-75, H = 23-25; 

and from Fig. 171 the equation of moments is : 

= -U, X 7-5 + 3-75 X 1-5 + 23-25 x 05 - 1 x 1*5 - 8 (45 + 7*5). 

U, (min.) = — 10-7 tons. 
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In a similar manner the remaining stiessea in the bars U can be found. 

u,. 

Ui (max.) need not be oonsidered, for tension oannot be produced in this bar 
by any distribution of the loads. 

Ui (min.) obtains when all the joints are loaded, then 



V = 0, 



H = 48, 



and 



= - Ui X 13-5 + 48 X 0-5 - 4 X 1-5 - 8 (45 + 7*5 + 10-5) - 4 X 13-5. 

Ui (min.) = — 16*0 tons. 

Here again U, (max.) need not be considered, and U, (min.) obtains when 
every joint is loaded, then 

V = 0, H = 48, 

and 

= - U, X 10-5 + 48 X 0-5 - 4 X 1-5 - 8 (4-5 + 7-5 + 10-5). 

U, (min.) = — 15*4 tons. 



Fio. 170. 



Fio. 171. 





U,. 

U4 (max.) occurs when the 2nd and 3rd joints are loaded, and the 4th un- 
loaded, then 

V = 2-25, H = 18-75, 

and 

0= -U4 X 4 5 + 2-25 X 1-5 + 18*75 X 05 - 1 x 1*5 - 2 X 45. 

U4 (max.) = + 0*5 tons. 

U, (min.) occurs when the 4th joint is loaded and the 2nd and 3rd unloaded, 

then 

V = 2-25 H = 18-75, 

and 

= - U4 X 4-5 + 2-25 X 1-5 + 18-75 x 05 - 1 x 15 - 8 X 4 5. 

U4 (min.) = — 5*5 tons. 
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The 5th vertioal is divided in two at the hinge, and since the head of this 
vertical is only connected with a horizontal bar, it follows that the only vertioal 
force that can come upon it is the load on the joint, which can never be more than 
4 tons for each half. Hence 

Uj (min.) = — 4 tons. 

The results obtained are collected together in Fig. 172. 



-10,29 



Fig. 172. 
-19,2 -24 




§ 22. — Braced Arch op 40 Metres Span. 
{Bridge over the Theiss at Szegedin,*) 

This bridge, supported by two braced arches, is designed 
for a single line of railway. The permanent load can be taken 
at 2400 kilos, and the moving load at 4000 kilos, per metre 
run, and one-haK of this is supported by each arch. 

The length of a bay being 2 metres, each joint has 
2400 kilos, permanent load and 4000 kilos, moving load to bear, 
or (taking 1000 kilos. = 1 ton) 2*4 tons permanent and 4 tons 
moving load. The two halves of the arch are connected 

together at the centre by a hinge, and hinges are also provided 
at the abutments. The form and dimensions of the structure 
are given in Fig. 173. 

* With the exception of some slight alterations in the dimensions and the 
addition of a central hinge, the figure represents the bridge over the Theiss. The 
object of the central hinge wiU appear in the " Theory of Braced Arches." That 
the diagonals in the central bays of the existing bridge have been expanded into 
a plate-web can hardly be considered a difference in the principle of the construc- 
tion. 
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(7aZcti2a<ton o/ the Stresses X in 
the HorizorUdl Bars. 

The bar X5 will be taken to 
illustrate the calculations. The 
first step is to determine which 
loads create tension in Xs and 
which compression, and to do 
this the point must be found 
where a load can be placed so as 
to produce no stress in Xs. The 
vertical through the intersection 
of A L and Ai S produced (Fig. 
174) gives this required loading 
boundary, for a load Q placed 
in this position produces a hinge- 
reaction D acting in tha direction 
Ai S (this reaction must pass 
through Ai to prevent rotation ^^^^ 
round that poiut), and these to- ^ 
gether give a resultant R which ^ I'^i 
must be directed to A, so that 
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the left half of the arch may not 
rotate round this point, but by 
construction the line GA passes 
through L, and as this is the 
point about which to take mo- 
ments to determine X^, it follows 
that the load Q can produce no 
stress in X^. The reaction B, 
due to a load to the right of Q 
passes below L and tends there- ^^^^^"^ 
fore to turn the part L S of the ^X 
arch from left to right, and X5 ^^^^ 
will be positive since it acts in ^^ 
the opposite direction. 
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On ihe contrary, every load ^.l 

situated to the left of Q will ^ *^'- 
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prodace a negative stress in Xt, for the resultant B m this case 
passes sboTe L, and therefore tends to produce rotation in the 
same diiectioD as Xg does. 

The vertical through C is therefore the required loading 
boondary, and the m^mnm stress obtains when all the joints 
to the light of it are loaded. 

Fra. 174. , 



CompretBion 






Teusioo. 




a 


X. d:^ 






^ 




r^ 




::^ 


L 18 






A 



For Xt this loading boundary is situated at a distance of 
16 metres &om the left abutment, coinciding therefore with the 
vertical bar Ug. To find X^ (mas.) therefore the joints 10, 
11, 12 — 21 mnst be loaded, and the remainder unloaded 



lja^4 4 



41 21 2 11 * 41 41 4 

' '^^^^* ^*H* H* ^* 4* ^ *„ j. ia,|t2,|*2,|4ajta; 





(Pig. 175), and the components of the hinge-reaction for this 
loading are obtained from the two following equations of 
moments : 

= Vx20 + Hx5-2-4(^ + 18 + 16 + ... + 4 + 2) 
-4 (^ + 18 + 16 +.., + 4 + 2) 



-Ux5 + 2i(iS + 
+ 4 (^ + 18) 
T = 7-2 and H = 9 



+ 16 + . ., + 4 + 2) 
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and tlie equation of moments for the part of the arch shown in 
Fig. 176 about L is therefore : 

= -X. xl'75-99-2x 1-25 + 7-2 X 10 

+ 2-4 (3^ + 8 + 6 + 4 + 3) + 1 (^ + 8) 

X. (max.) = + S4'29 toni. 
Fia. 176. 




To find Xi (min.) the hing&4«action most be determined 
from Fig. 177 thus : 

= -Vx20 + Hx5-2-4Cia + l8 + ... + 2} 

= -Vx20-Hx5 + 24(M + 18+... + 3) 

+ 4(14 + 12 + .. + 2) 

V = 5-6 H = 70 4; 



Fig. 177. 




Fia. 178. 

'1 'I '! 

*!' H« 2.j« ^' 2,u ijz 



^^5ISI^3=SES3.Mai 



and the equation of moments' is (Fig. 178) : 



X,(niin.) = -34-29 tons. 
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From this it appears that the numerical values of Xs (max«) 
and Xg (min.) are identical, whence it follows that Xg = 0, 
when the loads producing the maximum stress are on the 
bridge together with those producing the minimum stress, that 
is when the bridge is fully loaded (for the load on the 9th 
joint has no effect). This property is easily explained by the 
"Theory of parabolic girders," given in § 8, for in the pre- 
sent example the arch has the form of a parabola, and it has 
been shown that this is the curve of equilibrium (or linear 
arch) for a load uniformly distributed over the span. Directly 
therefore the bridge is fully loaded, neither the horizontal bars 
nor the diagonals are necessary to maintain equilibrium, the 
verticals, however, are required to transmit the loads to the 
linear arch (Fig. 179). 

Now the permanent load is uniformly distributed over the 
span, and produces therefore no stress in the horizontal bars or 
the diagonals. Thus in calculating the stresses in them, the 
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permanent load can be left out of consideration, and further it 
is only necessary to obtain either the maximum or minimum 
stress when the other can be found by changing the sign. 

The calculation for Xg could therefore have been given in 

the following form. 

0=-Vx20 + Hx5 

= -Vx20-H x5+4(14 + 12 + ... + 2> 

V = 5-6 H = 22-4 

= - X, X 1-75 - 5-6 X 10 - 22-4 X 1*25 + 4 (4 + 2) 

Xa = ±34-29 tons. 

And the foUowing calculations are made in a similar manner : 

(Loading boundary in 7th bay.) 

0=-Vx20 + Hx5 
0=-Vx20-Hx5 + 4(12 + 10 + ... + 2) 

V = 4-2 H = 16-8 

0= --Xj X 4-55 - 4-2 X 18- 16-8 X 4-05 + 4 (10 + 8+ ... + 2) 

X = ±5-20toTva. 
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X,. 

(Loading boundary in 8th bay.) 

0=-Vx20 + Hx5 
0=-Vx20-Hx5 + 4(14 + 12 + ... + 2) 

V = 5*6 H = 22-4 

0= -X, X3-7-5-6X 16-22-4 x 32 + 4 (10 + ... + 2) 

X, = ± 11-16 tons. 

X,. 

(Loading boundary in 8th bay.) 

V = 5-6 H = 22-4 

0= -X, X 2-95 -5-6 X 14 - 22*4 x 245 + 4 (8 + 6 + ... + 2) 

X, = ±18-00 tons. 

X,. 

(Loading boundary in 8th bay.) 

V = 5-6 H = 22-4 

= - X4 X 2-3 - 5-6 X 12 - 22-4 x 18 + 4 (6 + 4 + 2) 

X4 = ±25-88 tons. 

X.. 

(Loading boundary in 9th bay.) 

0=-Vx20 + Hx5 
0=-Vx20-Hx5 + 4(16 + 14 + ... + 2) 

V = 7-2 H = 28-8 

= - X, X 1-3 - 7-2 X 8 - 28-8 x 08 + 4 (4 + 2) 

X, = ±43-57 tons. 

X,. 

(Loading boundary in 9th bay.) 

V = 7-2 H = 28-8 

= - X, x 0-95 - 7-2 X 6 - 28-8 X 0-45 + 4x2 

X, = ±50-70 ton*. 

X,. 

(Loading boundary in 10th bay.) 

0=-Vx20 + Hx5 

0= - V X20-H x5 + 4(18 + 16 + ... + 2) 

V = 9 H = 36 

= - X, X 0-7 - 9 X 4 - 36 x 0-2 + 4 X 2 

X, = ± 50-29 ion«. 

X,. 

(Loading boundary in 10th t^iy.) 

V = 9 H - 3<J 
= - X, X 0-55 - 9 X 2 - 3^; X 005 

K 2 
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•10' 



There never can be any stress in this bar, for no horizontal force can act 
on its right extremity. Hence 

X,o = 0. 



Gakulaiion of the Stresses Y in the Diagonals. 

The diagonal marked Yg will serve to illustrate the calcula- 
tions. 

The point about which moments will be taken is M 
(Fig. 180), and the vertical through the intersection of A M 
and Ai S produced will give the loading boundary. For a 
load Q placed in this position gives with the hinge-reaction D 
a resultant E whose direction is E M A. If the load lies to 



Fig. 180. 



Tension. 



-^- 



Compression. 



a 








the right of E the resultant E, or if it is placed on the right 
half of the arch the hinge-reaction passes below M, and con- 
sequently tends to turn the part S a /8 from left to right, 
but Y5 has the same tendency, and must therefore be nega- 
tive. 

If on the contrary the load is to the left of E, the resultant 
E, or if the load is to the left of a /8, the hinge-reaction D 
passes above M, and in either case ¥5 is evidently positive. 

Thus if the part of the bridge lying to the right of the 
vertical through E be loaded, Yg will be a minimum ; and if 
the part to the left be loaded, Y5 will be a maximum. 

It has already been remarked when dealing with the 
stresses in the horizontal bars, that the permanent load produces 
no stress in the diagonals; it seems therefore unnecessary to 
carry the proof any further. Hence in the following calculations 
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the permanent load will be left out of consideration (Fig. 181). 
Also since the numerical values of the maxima and minima 
stresses are equal, only the maximum stress will be calculated 
in each case, the minimum stress being obtained by changing 
the sign. 

Fig. 181. 




Thus to determine Yg (max.) the equations to find the 
hinge-reaction are (Fig. 182) 

0=-Vx20 + Hx5 
0=-Vx20-Hx5 + 4(16 + 14 + ... + 2) 

V = 7-2 H = 28-8 

and from the same figure the equation of moments is 

= Y, X 5-51 - 7-2 X 3-64 + 28*8 X 05 



and 



- 4 (0-36 + 2-36 + 4-36 + 6-36) 
y4(inax.) = + 11-9 tons 

Yj (min.) = - 11-9 tons. 
Fig. 182. 



V=7/2 




In a similar manner the stresses in the remaining diagonals can be found as 
follows : 

Y,. 

(Loading boundary in 7th bay.) 

V = 4-2 H = 16-8 (seecalc. forX,) 
= Y, X 10-6 - 4-2 X 8-42 + 168 X 0-5 + 4 x 042 
- 4 (1-58 + 31)8 + 5-58 + 7-58 + 9-68) 

n tons. 
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Y,. 

(I/oading boundary in 8th bay.) 

V = 5'6 H = 22-4 (see calo. for X,) 
= Y, X 9-42 - 5-6 x 7-294 + 22*4 x 0*5 + 4 x 1*294 

- 4 (0-706 + 2-706 + 4*706 + 6*706 + 8*706) 

Y2 = ± 12*59 tons. 

Y,. 

(Loading boundary in 8th bay.) 

V = 5*6 H = 22*4 

= Y, X 8*16 - 5*6 X 6*13 + 22*4 x 0*5 + 4 X 0*13 

- 4 (1*87 + 3*87 + 5*87 + 7*87) 

Y5 = ± 12-3 tons. 

Y,. 

(Loading boundary in 9th bay.) 

V = 7*2 H = 28*8 (see calc. for Xe) 
= Y4 X 6*834 - 7*2 X 4*923 + 28*8 x 0*5 + 4 x 0*923 

- 4 (1077 + 3*077 + 5077 + 7*077) 
Y4 = ± 12-07 tons. 

Ye. 
(Loading boundary in 9th bay.) 

V = 7*2 H = 28*8 

= Ye X 4*24 - 7*2 X 2*223 + 28*8 X 0*5 

- 4 (1-777 + 3-777 + 5*777) 

Ye = ±11*07 tons. 

In the case of Y^ it is found that the point about which 
to take moments is situated in the central bay, and this, as 
will appear, makes the arrangement of the loading giving the 
greatest stresses differ from that of the previous cases (Fig. 183). 
There are, in fact, three groups of loads, two of these produce 
compression and the third tension. For as will be seen from 
the figure the line Ai S in this case passes below the point 
N, and consequently the hinge-reaction produced by a load on 
the left half of the arch also passes below N. Now a load 
situated to the left of the section line \ /a acts on the part 
of the arch S X fihj its hinge-reaction D, and tends therefore 
to turn this part round N from left to right, thua making Y7 
negative. 

Thus the section line \ fi is a second loading boundary ; 
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for, as in the former eases, a load placed between X fi and 7 p 
produces tension in Y^. 

Hence, to find the greatest stress in Y^, either the two com- 
pression groups can be considered loaded or else the tension 
group. 

Fig. 183. 
Compression. TtDsiou. Compression. 



4:— 






IV 




A " Ai 

In the latter case the equations to find the hinge-reaction 
are (Fig. 184), 

0=-Vx20 + Hx5 
= - V X 20 - H X 5 + 4 (18 + 16 + 14) 
V = 4-8 H = 19-2 

Fio. 184. 




Fig. 185. 



and the equation of moments from Fig. 185 is, 

= Y, X 3194 - 4-8 X 0-571 + 19*2 x 05 

- 4 (1-429 + 3-429 + 5-429) 
Y, = ± 10-73 tons. 

For Yg the loads also form 
three groups. The turning 
point is in this case situated inT, 
the right centre bay and the 
hinge-reaction D passes below 
F. The calculations are exactly 
similar to those for Y^ , and 




0,fc71 
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V-4^ 



0=-Vx20 + Hx5 
= - V x 20 - H X 5 + 4 (18 + 16) 
V = 3-4 H = 13-6 

= Yg X 2-51 + 3-4 X 1-6 + 13-6 x 05 - 4 (56 + 3-6) 

Yg = ± 9-8 tons. 
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For Y^y however, the position of the taming point is 0Qch 
that only two groups are formed (Fig. 187). Here the section 
line o- T is itseK the loading boundary, for every load to the left 
of o- T acts on the ^pkrt S o- t through its hinge-reaction D, which 



Fig. 186. 



TeDsion. 
~X ¥ 



GompresBion. 




A Ai 

evidently makes Y^ negative. But every load to the right of 
ar on the part Sct, produces with its hinge-reaction a 
resultant which tends to induce rotation from right to left, 
and all loads on the right half of the arch acting by means of 



Fig. 187. 



Tension. 




A A 

their hinge-reaction W have the same effect. Consequently all 
loads to the right of o- t make Y^ positive. 

The loading boundary is therefore situated in the 9th bay, 
and (see calculation for Xg) 

V = 7-2 H = 28-8 

Whence the equation of moments is 

= Y» X 2-47 + 7-2 x 533 + 288 X 0-5 

Y9 = ± 21-4 tons. 

Similarly it is foimd that the section line is the loading 
boundary for Y^o, therefore, 

0=-Vx20 + Hx5 

0=-Vx20-Hx5 + 4(18 + 16 + ... + 2) 

V = 9 H = 36 

= Yio X 5'324 + 9 X 20 + 36 X 0-5 
Y,o = d= 37-29 tons. 



§ 22. — BRACED ARCH. 137 



CaJmlation of the Stresses U in the Verticals. 

The effect of the permanent load on the vertical bars can 
be deduced from Fig. 179. If half the permanent load is 
applied to the top of the verticals and the other haK to the 
foot, the compression produced in each vertical will be 1*2 
tons (with the exception, however, of the first and last verticals 
which have only half the amount to sustain). To these stresses 
must now be added those produced by the moving load. 

The maximum and minimum stresses produced by the 
moving load must therefore be found. 

The vertical U5 will be taken to illustrate the method. 
The loading boundary can be foimd by the construction 
employed in Fig. 180, for in both cases M is the turning point. 

Compression. Fio. 188. Tension. 
< ! ^j<e ^ 



A load Q placed on the vertical through E, gives with its 
hinge-reaction D a resultant E which passes tkrough M, and 
hence Q can produce no stress in Us. The vertical through E 
is therefore the loading boundary, and all loads to the right 
produce tension, and all loads to the left compression. When 
TJe (min.) obtains the bridge will be loaded with the com- 
pression group, and then (see calculations for Y5) 

V = 7-2 H = 28-8 

Whence the equation of moments for the part of the arch 
shown in Fig. 189 is (denoting by % the stress due to the 
moving load alone), 

= - tts X 8-36 - 7-2 X 3-64 + 28'8 X 0*5 

- 4 (0-36 + 2-36 + 4-36 + 636 + 8*36) 
ttg (min.) = — 11 '84 tons. 

Us (max.) can be deduced from this without farther calcula- 
tion in the following manner : 
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If the moving load covers the whole bridge it is evident 
that the stress in each vertical is — 4 tons, and hence u^ 
(max.) together with u^ (min.) must be equal to — 4 tons, or 

t«5 (max.) = - 4 - (- 11-84) = + 784 tons. 

To obtain U5 (max.) and TJ5 (min.) — 1 • 2 tons must be added 
to the values just found, thus : 

U, (miiL) = - 11-84 - 1-2 = - 13-04 tons 
Ua(max.)=+ 7-84-1-2 = + 6-64 tons.* 

>' Fig. 189. 



ff-28/8 




The stresses in the remaining verticals can be found as follows 

= - Ui X 11-58 - 4-2 X 8-42 + 16-8 x 0-5 + 4 X 0-42 ! 

- 4 (1-58 + 3-58 + 5-58 + 7*58 + 9-58 + 11-58) 

tt, (min.) = - 15-82 u^ (max.) = + 11-82 

U, (min.) = - 17*02 tons 
Ui (max.) = + 10-62 tons. 

U,. 

= - ttj X 10-706 - 5-6 X 7-294 + 22-4 x 0-5 + 4 x 1-294 

- 4 (0-706 + 2-706 + 4-706 + 6-706 + 8-706 + 10-706) 

Mj (min.) = - 15-08 u^ (max.) = + 11 -08 

Uj (min.) = - 16-28 tons 
Us(max.) = + 9-88 tons. 



* These stresses could have been obtained quicker thus : To find Ua (min.) 
add to the vertical component of Yg (min.) — (4 + 1'2) tons, and to find U, 
(max.), add to the vertical component of Y, (max.) — 1*2 tons. As, however, 
this method cannot always be adopted, the longer one has been preferred. 

t Strictly speaking, the load on the Ist vertical is only half the load on the 
others, the remaining half being taken by the abutment. It has, however, been 
considered fully ioaded, as this would probably be the course pursued in practice. 
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U,. 

X 013 
0/ -t-3'5Y + O'OY -t- voY + 9*87) 
= - 14-2 «, (max.) = + 10-2 

U, (min.) = — 15'4 tons 
U, (max.) = + 9*0 tons. 
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u,. 

«, X 9-87 - 5-6 X 6-13 + 22-4x0-5 + 4 : 

- 4 (1-87 + 3-87 + 5-87 + 7*87 

«, (mfti.) = — 14-2 «, (max.) 



= - tt^ X 9-077 - 7-2 X 4-923 + 28*8 x 0-5 + 4 x 0*923 

- 4 (1-077 + 3-077 + 5*077 + 7*077 + 9-077) 

1*4 (min.) = — 13*1 u^ (max.) = + 9*1 

U4 (min.) = — 14*3 tons 
U4 (max.) = + 7*9 tons. 

u.. 

= - Ue X 7*777 - 7*2 x 2*223 + 28*8 X 0*5 

- 4 (1*777 + 3*777 +^5*777 + 7*777) 

Ue (min.) = - 10*03 u, (max.) = + 6*03 

Ue(min.) = -11*23 tons 
Ue (max.) = + 4*83 tons. 

In determiniDg the stress in Y7 it was found that the loads 
divided themselves into three groups. This is also true in 
the case of U^ with this difference, that the second loading 
boundary is placed one bay more to the left on account of the 
oblique direction of the section line <t> yjt (Fig. 190). 



Tension. 



Fig. 190. 
Compression. 
-^ >« 



Tension. 




When the loads producing compression are on the arch the 
equations to obtain the components of the hinge-reaction are, 

= -Vx20 + Hx5 

= - V X 20 - H X 5 + 4 (18 + 16 + 14 + 12) 

V = 6 H = 24 
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and the equation of moments for the part S ^ '^ is, 

= — «y X 7-429 — 6 X 0-571 + 24 x 0*5 

- 4 (1-429 + 3-429 + 5-429 + 7-429) 

tt, min.) = — 8-38 Uj (max.) = + 4'38 

U, (min.) = — 9-58 tons 
Vj (max.) = + 3-18 tons. 

U,. 

In this case also there are two loading boundaries, and 

= -Vx20 + Hx5 

= - V X 20 - H X 5 + 4 (18 + 16 + 14) 

V = 4-8 H = 19-2 

= — ttg X 7*6 + 4-8 X 1-6 + 19-2 x 05 

-4 (3-6 + 5-6 + 7-6) 
Ug (min.) = — 6'57 «« (max.) = + 2-57 

Ug (min.) = — 7-77 tons 
Ug (max.) = + 1-37 tons. 

As in the case of Yg the loads divide themselves again into 
two groups ; the loading boundary is however one bay more to 
the left (Fig. 191). 



Tension. 



Fig. 191. 



Compression. 




and 



To obtain the hinge-reaction, 

= -Vx20 + Hx5 

= -V X 20-H x5 + 4(14+12 + ... + 2) 
V = 5-6 H = 22-4 

= - ttg X 9-33 + 5*6 X 5-33 + 22-4 X 0*5 

Ug (min.) = — 8-4 Wg (max.) = + 4*4 

Ug (min.) = — 9-6 tons 

Ug (max.) = + 3'2 tons. 
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U 



10 



The loading boundary is in the 9th bay, and 



V = 7-2 H = 28-8 

= — Mio X 22 + 7-2 X 20 + 28-8 X 0*5 

M,o (min.) = — 11-2 u^^ (max.) = + 7*2 

Uio (min.) = — 12*4 tons 
Uio (max.) = + 6*0 tons. 

U„. 

The vertical in the C5entre is divided in two by the hinge, 
and as at the top it is only connected to a horizontal bar, the 
only stress that can exist in it is the compression produced by a 
load placed on the top. The greatest load for each hajf is 
0*6 ton permanent, and 2 tons moving load. Hence 

U„ (min.) = — 2*6 tons. 



Calculation of the Stresses Z in the Bow. 

To find the stress in the bar Z5 a section line is drawn 
through the 5th bay, and the equation of moments formed for 
the part of the arch lying between the section line and the 
hinge with reference to the point of intersection of the 
diagonal and horizontal bars (Fig. 192). 



Tension. 



Fig. 192. 



Compression. 



^--~ Jf 




The vertical through the point of intersection F of A O 
and Ai S is the loading boundary, for the resultant E of a load 
Q in this position and its hinge-reaction D passes through O. 
I'his loading boundary lies in the 6th bay. 

In this case the permanent load will have to be taken into 
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consideration ; every joint will therefore have a permanent load 
of 2 *4 tons, and those joints which have been called the loaded 
joints will carry 4 tons of moving load besides. The dis- 
tribution of the moving load producing the greatest tension is 
shown in Fig. 192, and the equations to find the hinge-reaction 
are, 

= -V X20 + H x5-2-4(^P + 18 + 16 + ... + 2) 
= - V X 20 - H X 5 + 2-4 ('P + 18 + 16 + ... + 2) 
+ 4(10 + 8 + ...*+ 2) 
V = 3 H = 60. 

Consequently, from Fig. 193, 

= Z4 X 2-218 - 3 X 12 + 60 X 0-5 + 2-4 (i* + 10 + . . . + 2) + 4 x 2 

Z4 (max.) = — 39-86 tons. 



Fig. 193. 




Again, to find Z5 (min.) (Fig. 192), 

= Vx20 + Hx5-6-4(?i> + 18 + ... + 2) 

0=Vx20-Hx5 + 2-4(^ + 18 + ... + 2) + 4(?;> + 18 + ... + 2) 

V = 3 H = 116 

and from Fig. 194 

= Z, X 2-218 + 3 X 12 + 116 X 0-5 + 24 (1^? + 10 + . . . + 2) 

+ 4(M + 10+... + 4) 
Z5 (min.) = - 142-70 tons. 

For the sake of comparison the stress in Zs, when the moving 
load covers the whole bridge, will also be calculated, thus, 



= 
= 

= 



V X 20 + H X 5 - 6-4 (^ + 18 + . . . + 2) 

V X 20 - H X 5 + 6-4 (»^ + 18 + . . . + 2) 

V = H = 128 
Z« X 2-218 + 128 X 0-5 + 6-4 (y» + 10 + . . . + 2) 
Z, = - 132-7 tons. 
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From the above calculations it appears that the compression 
in the bars forming the bow can be considerably greater with 
an uneven than with a uniformly distributed load. In this a 
parabolic arch-bridge differs from a parabolic girder-bridge, for 
it was shown that in the latter the greatest compression in the 
bow occurred when the bridge was fully loaded. 

It also appears that it id not absolutely necessary to calculate 
the maximum stress in the bow. For if the maximum and 
minimum stresses produced by the moving load be added 
together the result is the stress due to the moving load when it 
covers the bridge. And it is evident that this stress is always 
negative (for altering 6*4 to 4 in the last equation will not 
change the sign of Zg). Consequently the absolute value of 
the minimum stress produced by the moving load must be 
greater than that of the maximum stress, and the compression 




produced by the dead load still further increases the balance in 
favour of the minimum stress. And since a greater section of 
material is generally required to resist compression than the same 
amount of tension, the maxima stresses might be neglected. 

They will, however, be calculated, and for the following 
reason. If the arch be imagined turned upside down it 
becomes a suspension bridge, and the same calculations with 
reversed signs would apply, the minima stresses becoming 
the maxima stresses and vice versd. Now it is just possible, if 
the dead load were small in comparison to the moving load, 
that the minima stresses in the suspension bridge might 
become negative, and would then probably determine the 
section (the bars being long colunms). For such cases there- 
fore it is necessary to know what are the maxima stresses 
inZ. 
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The stresses in the remainmg bars Z can be calculated as follows : 

(The loading boundary coincides with the 1st vertical.) 

When the bridge is free of the moving load, 

= V X 20 + H X 5 - 2 • 4 ( «^Q + 1 8 + . . . + 2) 
= Vx20-Hx5 + 2-4(^+18 + ... + 2) 

V = H = 48 

= Zi X 4-968 + 48 X 0-5 + 2-4 (2^ + 18 + .. . + 2) 

Zi (max.) = — 53*14 tons. 

When the moving load covers the bridge, 

V = H = 128 

= Zi X 4-968 + 128 X 0-5 + 6-4 («e + 18 + . . . + 2) 
Zi (min.) = — 141-71 tona 

z«. 

(Loading boundary in the 2nd bay.) 

V = 0-2 H = 48-8 

= Zjj X 4-186 - 0-2 X 18 + 48-8 X 0*5 

+ 2-4(i^«H-16 + ...+2) 

Zg (max.) = — 51-41 tons. 

V = 0-2 H = 127-2 

= Z, X 4-186 + 0-2 X 18 + 127-2 x 0-5 

+ 6-4(15 + 16 + ... + 2) 

Zj (min.) = — 139-89 tons. 

Za. 

(Loading boimdary in the 4th bay.) 

V = l-2 H = 52-8 

= Z, X 3-464 - 1-2 X 16 + 52-8 x 0-5 

+ 2-4 (i5 + 14 + . .. + 2) + 4 X 2 

Zg (max.) = — 48-73 tons. 

V = l-2 H = 123-2 

= Z, X 3-464 + 1-2 X 16 + 123-2 x 0-5 

+ 2-4 (1^ + 14 + ... + 2) 
+ 4(1^ + 14 + . .. + 4) 

Zj (min.) = — 139-3 tons. 
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z,. 

(Loading boundary in the 5th bay.) 

V = 2 H = 56 

OsZ^X 2-805 -2 X 14 + 56 X 0-5 

+ 2-4 (^ + 12 + ... + 2) + 4x2 

Z4 (max.) = — 44*77 tons. 

V = 2 H = 120 

= Z, X 2-805 + 2 X 14 + 120 X 0*5 

+ 2-4(i±+12 + ... + 2) 
+ 4 (^ + 12 + . . . + 2) 

Z4 (min.) = — 140«3 tons. 

z.. 

(Loading boundary in the 7th bay.) 

V = 4-2 H = 64-8 

= Z, X 1-707 - 4-2 X 10 + 64-8 X 0*5 

+ 2'4(J^ + 8 + ... + 2) + 4x2 

Z« (max.) = — 34-21 tons. 

V = 4-2 H = 111-2 

= Ze X 1-707 + 4-2 X 10 + 111-2x0-5 

+ 2 • 4 (ip + . . . + 2) + 4 (^ + . . . + 4) 

Z. (min.) = — 146-2 tons. 

(Loading boundary in the 8th bay.) 

V = 5-6 H = 70-4 

= Z; x 1-28 — 5-6x8 + 70-4 x 0-5 

+ 2-4(1 + 6 + 4 + 2) + 4 x2 

Z; (max.) = — 28-74 tons. 

V = 5-6 H= 105-6 

= Z; X 1-28 + 5-6x8 + 105-6 x 0-5 

+ 2-4 (f + 6 + 4 + 2) + 4 (I + 6 + 4) 

Z; (min.) = — 149-9 tons. 

Z«. 

(Loading boundary in the 8th bay.) 

V = 5-6 H = 70-4 

= Zg X 0-943 -5-6x6 + 704 x 0-5 + 2-4 («- + 4'+ 2) 
Zg (max.) = — 24 • 6 tons. 

V = 5-6 H = 105-6 

= Zg X 0-943 + 5-6x6+ 105*6 x 0*5 

+ 2-4 (I + 4 + 2) + 4 («- + 4 + 2) 

Zg(min.) = — 152 -8 tons. 

L 
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Zg. 



= 



= 



(Loading boundary in the 9th bay.) 

V = 7-2 H = 76-8 

Zg X 0-698 -7-2x4 + 76-8 x 0-5 + 2*4 (| + 2) 
Z, (max.) = — 27*5 tons. 

V = 7-2 H = 99-2 

Z9 x 0-698 + 7-2x4 + 99-2 x 0-5 
+ 2-4(>. + 2) + 4(i + 2) 

Z9 (min.) = - 149*0 tons. 



Z 



10< 



A slight alteration occurs in the grouping of the loads in 
this case, for in no position does the moving load produce 
tension in Zio. This is shown in Fig. 195. The reason is that 
the prolongation of the line Ai S happens to coincide with the 
diagonal of the 10th bay, but every load to the left of the 
section line e q> acts indirectly on the part S e q> by means of its 
hinge-reaction D, which passes through the turning point P, 
and consequently produces no stress in Zio. 

Fig. 195. 
No effect Gumpressioa 




Thus to find Zio (max.) the bridge can be considered 
unloaded (or if one chooses, loaded up to the point P), and 
when Zio (fuiu.) obtains the moving load will cover the bridge 
(or else up to the section line € to only). Hence the following 
equations : 



V = o 



H = 48 



= Zio x 0-5498 + 48 X 0-5 + 2*4 x * 
Z,o (max.) = — 48-02 tool 



V = 



H = 128 



= Z,o X 0-5498 + 128 x 0-5 + 2-4 x | + 4 x | 
Zio (min.) = — 128-05 tons. 

TJie results obtaiiied are collected together in Fig. 196. 
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If the signs of all the stresses in Fig. 196 be changed, the 
stresses in the suspension bridge fonned by turning the arch 
upside down will be obtained, if the abutment hinges become 
the points of attachment. This suspension bridge is shown in 
Fig. 197. 

§ 23. — Stability op the Abutments op the Braced Arch. 

The stability of the abutments can be tested by the method 
of moments, and it also can be ascertained which distribution of 
the moving load acts the most injuriously in this respect. The 
force tending to overturn the abutments or piers is the hori- 
zontal component of the thrust of the arch. The vertical com- 
ponent of the same force, on the contrary, adds to the stability. 
Both components are greatest when the bridge is fully loaded, 
yet the excess of the moment of the horizontal component over 
that of the vertical component may reach its maximum with 
a partial load. 

To decide this point the first step is to find the position 
which a load must occapy on the bridge, so that it may have 
no overturning eflfect on the pier. The axis about which the 
pier tends to rotate is represented in Fig. 198 by the point F,* 
and for the load Q to have no overturning efiect the reac- 
tion produced by it at the abutment Ai must pass through F. 
Evidently the vertical drawn through the intersection of F Ai 
and A S produced gives the required position of the load Q, 
and it is also easily seen that the reaction for all loads to 
the right of Q will pass inside F, and for all loads to the left of 
Q outside F. The worst case for the pier is therefore when the 
bridge is loaded from the left abutment up to the vertical 
through I. The position of this vertical evidently defiends <m 

the ratio j- of the height of the pier (up to the hinge Aj) to its 

breadth* 

As an example suppose that 

* To allow for the efmffnami^jniij of ilie nmiemi ol wkieli Urn jfUrr U MM, 
moments should not he Uiiuttt ffrntA V but r/uod «o %%m tUMn^i i\m t»mif*i //f i)m 
pier. See Appendix^ — T 

1.2 
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FiQ. 196L 



Fio. 197. 





-17,02 



-\Q,<i^ 
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then for the arch calculated in the preceding paragraph the 
loading boundary IQ £Edls in the 18th bay. Fig. 199 repre- 
sents the most unfavourable arrangement of the load as regards 
the pier at Ai* From this figure the equations to obtain 
the hinge-reaction are : 

= -Vx20 + Hx5-2-4(*a + 18 + ...+ 2) 

-4(Y + 18+...+ 6) 

0= -V X20-H X 5 + 2-4(^1 + 18 +...+ 2) 

+ 4(«AJ-^18+...+ 6) 

V = 0-6 H = 125-6. 



Fio. 198. 







Fia. 199. 
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A, 

Let M represent the overturning moment of the whole 
bridge about the horizontal axis through F (Fig. 198), then : 

^= -0-6 (6 + 20) + 125-6 (A + 5) 

_ 2 • 4 r(?2il*) + (18 + 6) + (16 + 6) + . . . + (2 + i) + I] 
-4 [(?—) + (18 + 6) + (16 + 6) +... + (6 + 6)]. 
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§ 24 — ^Theory op Hinged-bridges. 

It is now proposed to consider from a more general point of 
view the principles of construction of these bridges. 

The stresses in any system of bars can be calculated by the 
method of moments as soon as the direction and magnitude of 
the reactions at the abutments are known. In girder-bridges 
the abutments are so arranged that they can only produce 
vertical reactions, and there can therefore be no uncertainty 
as to their magnitude. But in the case of arched or sus- 
pension bridges a horizontal reaction is added to the vertical 
reaction, and it is only when this former can be determined 
that the stresses can be calculated. 

This horizontal reaction is indeterminate unless the con- 
tinuity of the structure is interrupted at some point and a hinge 
introduced, as will be proved by the following. 

In the " Theory of parabolic girders " (§ 8) it was shown 
that the parabola is the curve of equilibrium of an inverted 
chain in the form of an arch, when the load is uniformly distri- 
buted over the span ; and in this case both the horizontal and 
vertical reactions are determinable. But the slightest alteration 
either in the distribution of the load or in the form of the curve, 
would make the chain collapse unless it is stiflTened by some 
means. This stiffening can be obtained in two different ways : 
either by transforming the flexible chain into a stiff bow which 
prevents deformation by its resistance to flexure, or else by 
means of a system of braces composed of horizontal, vertical, 
and diagonal bars, forming triangles with each other. In both 
cases the flexible arch will be transformed into a stiff structure, 
and the abutments will have to supply horizontal as well as 
vertical reactions. 

The magnitude of the vertical reactions can always be 
determined; this will appear by taking moments about the 
abutment B (Fig. 201 or Fig. 202), thus : 

= V-2/-Q.r, 

or 

St 

V = Q — . 
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But the horizontal reactions are indeterminate, for the only 
condition of equilibrinm to which they are subject is that the hori- 
zontal force acting at A shall be equal and opposite to that acting 
at B, and this condition can evidently be satisfied by an infinite 
number of Tallies. This condition can also be expressed as 



Fio. 201. 



Fio. 202. 






21 - 



A 





Q 

follows : the resultants D and W of the reactions at the abut- 
ments must, for equilibrium, meet the vertical through Q at 
the same point. The position of this point on the vertical is, 
however, indeterminate, and depends on the magnitude of H. 
The point P (Fig. 203) will lie above the horizontal through 
the abutments when the horizontal reactions act inwards, and 
below the horizontal (Fig. 204) when the horizontal reactions 
act outwards. The nearer P is to the horizontal the greater 



Fig. 203. 



Fig. 204. 
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the horizontal reactions, and when this distance vanishes these 
reactions become infinite. 

fNoTB. — In reality H is not indeterminate, as will be evident by the 
application of Canon Moseley's Principle of Least Resistance, which, as stated 
by Professor Bankine, is as follows : — 

"If the forces, which balance each other in or upon a given body or 

structure be distinguished into two systems, called respectively active and 

passive, which stand to each other in the relation of cause and effect, then will 
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the passive forces be the least which are capable of balancing the active 
forces, consistently with the physical condition of the body or stmctnre." 

Now in the present case the vertical passive forces are determinate, and 
the principle therefore applies only to H, the constant horizontal thrust 
in the arch. He must therefore have the least value consistent with 
stability]. 

. The actual magaitude of this horizontal reaction depends on 
the atoichments, on the resistance of the abutments, on the 
changes of temperature, and in fact on several causes which can 
hardly be allowed for by calculation.* Yet this is of the 
very greatest importance, for the structure could fail either by 
the horizontal reaction decreasing or increasing considerably. 

Suppose, for instance, that the braced arch just calculate 
were constructed without a hinge in the centre, and that by 
the abutments giving way slightly, the horizontal reactions 
vanished, the structure would then become an ordinary girder 

Fig. 205. 




(Fig. 205), and the stress in the bar Xjo for instance, could be 
found according to the previous method, by means of the equa- 
tion of moments : 



or 



= X,o X 0-5 + 6-4 [(,!jy + A + ... + W 20 

4- (H . 20 - 2) 4- (iS . 20 - 4) +... + («. 20 

Xi (min.) = — 1280 tons. 



-18)1 



In the braced arch it was found that Xio = ±50-7 tons. 

* Professor Rankine shows, both in his * Applied Mechanics' and in his 
• Civil Engineering/ bow braced arches mthout hinges are to be treated, allowing 
for the yielding of the abutments, temperature, &c.— Tbanb. 
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or 



Similarly for Zio : 

= Z„ X 0-5498 + 6-4 [(^ + A + . . . + U) 18 

+ (« . 18 - 2) + (M . 18 - 4) 4- ... 4- (IS . 18 - 16)], 

Z,, (max.) = + 1220 tons; 



whereas for the arch : 

Zi, (min.) = — 128 05 iona 

Thus, if the horizoDtal reactions vanish the stress in Ziq 
would be increased nearly ten times, and that in X^o more 
than twenty times. 

If, however, the abutments remain firm, and the arch expands 

Fig. 206. 




Fig. 207. 




by an increase of temperature, the horizontal reaction will be 
increased, and it is not diflScult to see that in some parts the 
stresses will become considerably greater. 

As soon, however, as a hinge is introduced, as at S (Fig. 
207), all the indeterminateness as to the magnitude of the 
horizontal reaction disappears, and likewise the danger caused 
thereby. It has already been shown that a load Q (Fig. 207) 
placed on one half of the arch calls forth a reaction at the 



I 
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abutment of the other half, which most of necessity pass through 
the central hinge. Consequently by producing B S the position 
of P can be fixed, and with it the horizontal reactions at the 
abutments. If the abutments give way slightly, the hinge will 
be slightly lowered, and it will rise a little when the arch 
lengthens with an increase of temperature, but in no case will 
the difference produced in the stresses be appreciable. 

It has already been pointed out in § 8, and again at the 
end of § 20, that there is no difference between the calculations 
for an arch, that is when the convexity of the bow is turned 
upwards, and those for a suspension bridge in which the 
convexity is tumeil downwards. Thus Fig. 208 is obtained 
from Fig. 207 by turning the arch upside down, and then 

Fig. 208. 




Fig. 209. 



Fig. 210. 




changing the direction of all the forces. It is also evident that 
all the remarks made relatively to the arch also apply to the 
suspension bridge. 

It is hardly necessary to observe that hinge-bridges can be 
constructed of a variety of forms. Two of these are represented 
in Figs. 209 and 210. Fig. 209 can be regarded as the para- 
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UAic ^nler of Fig. 39, the lower boom of whieh has been cat 
throii;(h in the centre, and the resistuice to teoakm of the boom 
nsplaced by the horizontal reactions at the abotnieiit& Fig. 210 
ij4 a nimilar form in which the resstance to tenrinn of the 
ahntmentiii is brought into requisition. Both alnieturuB can be 
calcnlaterl in the manner explained in § 21 and § 22. 
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SEVENTH CHAPTER. 

§ 25. — Variation in the Stresses due to Alterations 

IN the Span. 

In the preceding chapters the equations of moments, &e., have 
been given in extenso for each part of the stractorey for it is 
possible to employ these equations and the stresses obtained in 
many ways for structures that are geometrically similar to 
those that have been calculated, or as it may be expressed, for 
structures that differ only in their unit of length. 

Were it not that the loads alter according to the span, and 
especially that the proportion between the permanent and 
moving load changes, the equations and stresses found would 
be directly applicable whatever the span. For it makes no 
difference in the results whether the unit of length is a foot, 
or a metre, or a yard, since the equations of moments depend 
only on the proportion between the lever arms and not on their 
absolute length. 

If then, when the span increased, the permanent and the 
moving load -increased in the same ratio, it would only be 
necessary to multiply the stresses already found by this ratio 
to obtain the new stresses. But in general this cannot be 
done, for the permanent load as a rule augments much more 
rapidly as the span increases than the moving ]oad, and con- 
sequently an increase of span will affect the stresses in dif- 
ferent parts of a structure differently. The problem is therefore 
to find these new stresses from those already calculated, and to 
do so by as short a way as possible. 

The following notation will be used : p and m will represent 
the permanent and moving loadn on the Ntmcture that has 
already been calculated, and pi and mi tho p(3rmanent and 
moving loads on the new fitrueturo. 
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Now every stress can be divided into two parts, one pro- 
duced by the permanent and the other by the njoving load. If 
the stress already found be thus divided, and the first part be 

multiplied by — the second by — and the results added the re- 
quired stress will evidently be obtained. 

The various bars of a structure divide tliemselves into three 
groups, with respect to the eflfect of the permanent and moving 
loads upon them as follows : — 

The first group contains all those bars the stress in which 
depends entirely on the moving load. In this case the new 
stress is obtained by multiplying the old stress by the 

.. Wi 
ratio - • 
m 

The second group comprises those bars in which the stress 
is greatest when the structure is fully loaded. For them the 

new stress is equal to the old stress multiplied by-^-^^ — ; — ^ • 

t '^ '' p + m 

And the third group consists of all the remaining bars, that 

is those who obtain their greatest stress with a partial load. In 

this case the stress produced by the permanent load must be 

multiplied by - and that by the moving load by - ^ and the re- 
sults added together to obtain the new stress. 

The last group is the only one which ever requires new 
calculations, and as a rule these calculations are very simple. 
The stresses in the bars of the first and second groups can be 
obtained without difficulty from the stresses already found. As 
an illustration a few examples are appended — 

a. Paraholie Girder, 

Here the diagonals belong to the first, the horizontal bars to 
the second, and the verticals to the third group. 

Thus to find, from Fig. 27, the stresses in the diagonals of a 
similar girder, 48 metres span, with a permanent load of 8000 
kilos, and a moving load of 12,000 kilos, on each joint, the 
stress in each of the six diagonals must be multij^lied by 

"Booo"-^*' 
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and the new stresses are 

± ism^ ± 16100, ± 17000. ± leioo, ± i5oo^ ± isiao. 

The stress in the hori»>ntal bars must be multiplied by 

8000+12000 10 
1000+ 5000 ~ 3 

to find the new stress, which is 

~ 160,000 kHos. 

Similarly the stresses in the bow ore to be multiplied by ^ thus : 

+ 175000, + 167700, + 163000, + 160300. 

The stresses in the vertit^als must be divided into twvi parts 
as explained above. Now the permanent load produces a sti^MS 
of — 1000 kilos, in each vertical, and therefore the eflfect of the 
moving load can be found by adding — 1000 to the stn^ses 
given in Fig. 27 ; thus 

For the ilaxima Stresses, 

j-lOOOi /~1000\ /-1000\ /~1000\ rermaiientKmi 
\ 0/ i + 1560/ \ + 2500/ \ + 2800 / Moving k»d. 

And for the Minima Stresses, 

( - 1000 \ / - 1000 \ / - 1000 \ / - 1000 \ Permanent load. 
1-5000/ \-6560/ \-7500/ \ - 7800 / Moving k»d. 

and the new stresses are obtained from these by multiplying the 
first figures in brackets by 8 and the second by 2*4, thus 

For the Maxima Stresses, 

{-«»»} = -6000 {;^} = -<260 

And for the Minima Siresses, 

{ 1 1^ ,( = - 2'*oo {r,;^(2/ -'''"'"^' 
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Since the stresses in the remaining three verticals are 
repetitions of the above, it is unnecessary to calculate 
them. 

b. Braced GHrder with Parallel, Booms, 

Here the first group does not occur ; all the horizontal bars 
belong to the second group, and the diagonals and verticals to 
the third group. 

As an example, let it be required to deduce from Fig. 57 the 
stresses in a similar girder of 48 metres, and (as in the last 
example) with a permanent load of 8000 kilos, and a moving 
load of 12000 kilos, on each joint. 

The stresses in the horizontal bars are to be multiplied by 

8000 + 12000 _ 10 
1000 + 5000 " 3" 

to obtain the new stresses — thus, 

70000, 120000, 150000, 160000, 

which for the lower boom must be taken with a positive sign 
and for the upper boom with a negative sign. 

The stresses in the diagonals and verticals could be as 
quickly calculated by introducing into the equations of moments 
given at p. 39-43, the new values of the loads as by the present 
method of dividing the stresses into two parts. This latter 
course ^Ml, however, be adopted, for in so doing the stress pro- 
duced by the permanent load alone and by the moving load 
alone will be found, and thereby a better view of the functions 
of these braces will be obtained. As an example, take the 
diagonal and the vertical of the third bay. In § 10 it was found 
that 

and that 

= Y3 X 0-707 - 1000 [(X + f + ... + I) - (1 - .6) - (1 - DJ 

- 5000 (I + I + . . . + I) + 5000 [(1 - I) + (1 - I)]. 

To find the stress produced in this diagonal by the per- 
manent load alone, leave out the two members multiplied by 
5000 and solve the equation, thus obtaining + 2,120 kilos. 
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Then leave ont the permanent load, and the stteBses dne to the 
moTing load alone are found to be 

+ 18260 and -2650. 

The last two stresses are to be multiplied by 

12000_ 
5000 " ^'^ 

and the first by 

8000 
1000"^ 

and the results added together, thus : 

{!«} = + «'«* {i'r} = + »o««>- 

The stresses in the vertical Ya can be found by multiplying 
the above stresses by — — =, thus ; 

( - 12000) _ _ 00500 / - ^2000\ . _ 7500 
\ - 22500 /- ^^^^ \+ 4500/- ^^*^' 

c. Braced Arch a/nd Suspention Bridge. 

The diagonal and horizontal bars in this case belong to the 
first group, the verticals and the bars in the bow to the third 
group, the second group has no representatives. ^ 

As an example let it be required to find the stresses in a 
suspension bridge geometrically similar to that given in Fig. 
197, and having a span of 120 metres. 

The permanent load on each joint will be taken at 20 tons, 
and the moving load at 12 tons. The stresses in the horizontal 
bars (Fig. 197) are therefore to be multiplied by ^ = 3 to 
obtain the new stresses, thus : 

±15-6, ±83-48, ±5418, ±77-64, ±102-87, ±130-71, 
± 152-1, ± 150-87, ± 108-0, 0. 

Likewise the stresses in the diagonals are to be multiplied 
by 3, thug 

±88-76, ±37-77, ±36-9, ±86-21, ±35-7 ±83*21, 
±32-19, ±29-4, ±64-2 ±111-87. 

M 
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For the verticals the valaes of Ui, 1*2 already found (p. 124), 
and representing the effect of the moving load alone (taken with 
contrary signs for a suspension bridge) can be used. 

These values multiplied by the ratio ^ = 3 give for the 
maxima stresses, 

+ 47-46, + 45-24, + 42-6, + 393, + 35*52, + 30*09, 
+ 25-14, +19-71, +25-2, +336, +6; 

and for the minima stresses 

-35-46, -33-24, -30-6, -27-3, -23*52. -18-09, -13-14, 

— 7-71, -13*2, -21-6, 0. 

The stress in the verticals produced by the permanent load 
is (with the exception of that in the eleventh vertical, which 
has only one-half to bear) + 1*2 ton, and to obtain the 
stress in the larger bridge due to the permanent load alone, 
this must be multiplied by |:^ = 8 '33, and the new stress is 
l'2x8*33 = 10 tons, which must be added to the stresses 
due to the moving load, thus : 



+ 57*46 I +55-24 I +52*6 
-25*46 -23*24 -20*6 



+ 49*3 I +45*52 
-17-3 -13*52 



+ 29*71 
- 2*29 



+ 35*2 
- 3*2 



+ 43-6 
-11*6 



+ 11 
+ 5 



+ 40-09 I +35-14 
- 8*09 - 3-14 



The stresses in the chains can also be determined by split- 
ting up the stresses as above, for the stress produced by the 
permanent load alone, which is uniformly distributed over the 
horizontal span, can be easily found from the formula given 
in § 8, the chains being in the form of a parabola ; the stress 
due to the moving load alone can then be found by subtraction 
from the total stress. The result of thus splitting up the 
stresses given in Fig. 197 is the following, where the upper 
figures are due to the permanent, and the lower to the moving 
load. 



53*2 

88*5 



52*2 

87*7 



51*2 

88*1 



50*5 
89*8 



49-8 
92-9 



49' 
96' 



3 
9 



48*7 
101*2 



48*4 
104-4 



48-1 
100-9 



48 
80 



§ 25. — ^VARIATION IN STRESSES DUE TO ALTERATION IN SPAN. 1 63 

The first are to be multiplied hjj^^ 8*33, and the second 
byia=3, thus: 



448 I 434-5 I 427 
265 263 264 



421 I 415 I 410 I 406 I 403 I 401 I 400 
269 279 291 304 813 803 240 



and the new stresses are obtained by adding thes» together, 
thus: 

708 I 697*5 I 691 I 690 I 694 I 701 I 710 I 716 I 704 I 640 
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( 164 ) 



EIGHTH CHAPTER. 

§ 26. — Suspension Bbidge in Thbee Spans. Span oi* 
Central Opening, 120 Metbes. Span of eaoh Side 
Opening, 60 Metres. 

Suspension bridges do not, unless special arrangements are 
made, compare favourably with braced arches, as regards the 
amount of materials employed ; for in the latter the points of 
connection with the abutments are placed low down, and the 
horizontal thrust acts against the abutments in the direction in 
which they are strongest; whereas in the former, on the 
contrary, the points of attachment are placed high up, and 
the horizontal pull tends to turn the piers over in the direction 
in which they are weakest; consequently, the quantity of 
material in the piers will be much greater in one case than 
in the other. Whereas, therefore, with a braced arch a com- 
paratively small expenditure of material is required for the 
abutments, especially if natural ones of rock can be obtained, 
the quantity would be enormous with a suspension bridge, if 
it were wished to attach the chains to the piers, as shown at E 
and F (Fig. 211). 

Fig. 211. 




The comparison would, however, be less unfavourable to the 
suspension bridge if there were several spans, as shown in 
Fig. 211. The horizontal tensions neutralize each other at the 
central piers A and B, at least when the spans are equally 
loaded ; but there would be the same disadvantage at the land- 
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piers E and F.* In soch a 8troctni>e the hcriaonlal aini iIm^{iom1 
bars would be onder no stress when the bridge is niii6\rmly 
loaded, assoming the corres to be parabolas* 

There would be no alteration, as regaids this last pointy tf 
the ends E G and D F were cut off and the chaiiu) attaohf^l at 
the points G and J) to abutments. This arrangt^niont has the 
advantage of lowering the points of attachment of tho ohntuM 
ati^the^shore end, thereby increasing the stahih*ty of the ahut> 
ments. If, besides this, the points A and B atxy h\ing to At 
and Bi by means of vertical rods, tlie central plorn will be 
entirely relieved of all horizontal thrust, even when thn load is 
not uniformly distributed, for the reactions at A| luul Bt tntmt 
of necessity be entirely vertical (Fig. 212). The chains in the 

Fig. 212. 




parts C A and B D act as land-ties to the central openings and 
at the same time the material in them is emplojred to bridge 
over the side spans. 

(The connections at the points A, h, C, and V, thown hi 
Fig. 212, are only given by way of iUostratioik^ oiker md 
better means of arriving at the same resolt will be disemsse/l 
£Eurtiier on.) 

Such a bridge can, on the whol^, i^. reprf^sented by f he; ^r>f(^ 
bination of four rods .%hown in Fig, 213, Thf-^. rods *re rtoiw* 
nected together by sim^iOth hlng^ ; th^y are m^^fortM direritly 
by the fixed points C and I>, anrl by means of verCi^^ 1 rods at 
A and B. It is abo fmppos^ tbxt the rr/is are weightless. 

Now it is evident that the direct i<'>n ^f a for^i^ Mtt'm^ at each 
end of an nnloaded rod mnsf he that of the rod itself; for 
otherwise rotation would rmsne. Therefore * loaii ^ piRced 
at P eaa only prodniy^ a r^aetion K at C ai»ting' in the direc^ 
ticB AC; aodr siniilarly, a load Q, at P. «?an only give rim to 

* BwaibeohmnNni tlutt ift in iwfifkl tf^ plnee liMiii*dM »t S tfmi ^. Tb» 
WBrfigffMtty diminui^ Oia (jptmmy dt iiMtertel in the eiMl yign^Vvam, 
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a reaction in the same direction. But if a load Q be placed 
anywhere on the rod A G (Fig. 214), the reaction at G will be 
yerticaL For if in this case there were a horizontal thrust at 
C, an equal horizontal thrust would be required at A and S. 
But there can be no force acting at S ; for since both rods A S 
and B S are unloaded, this force would be required to have 

Fig. 213. 




Fig. 214. 




simultaneously the directions A S and B S. Thus, a load 
placed on the rod G A has n6 effect on the remaining three 
rodsASBD. 

When the rod G A, therefore, is alone loaded, it behaves like 
an ordinary beam supported at both ends, and when the rods 
A S, S B are loaded they are in the same condition as if their 
points of suspension A and B were fixed points. 

The stresses in the bridge shown in Fig. 213 can now be 
found. 



can 



a. Calculation of the Stresses in the Central Span A B. 

The stresses in the bars of each half of the central span A B 
, in accordance with the above, since A and B may be. 
regarded as fixed points, be found by the method employed to 
calculate those given in Fig. 197. The span is 120 metres, and, 
assuming that the form is geometrically similar and the loads 
the same, the stresses found for the suspension bridge in § 25 c, 
will be those required. 
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b. Caleulatian of the Stre8ses tn the Side Spam AC, 1^9. 21& 

It will be assumed that the parts A and B D of thtt brid|p> 
are, as regards their form and const ruetioUy gtHnuotrimlly 
similar to each half of the suspension bridge of § 22. and 



Fig. 215. 
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the same letters have been used to denote the correN|K>i)din|; 
parts. The loads will also be taken the sumo um thoiM) (jiven 
in § 25 c, namely, 20 tons permanent,* and 12 trinn nuivini; 
load on each joint. The method adopted for the cah;ulatioti« 
of the braced arch of § 22 will be followifd, and for iftt^;k \m it 
will be found which loads pro^luce tetmion and (umiiprttimUm 
respectively. To do th^ recourse niij^t U5 Wi U) ihti two 
laws given above, which are : 

1. A load on the central fjian rtaiuin'n a roM/niitm It at tb^ 
points A and C, whose directum is A C« 

2. A load on the side span A \irtA\u*m v^^rti^^ r^miiuHm 
at the points A and B. 



CaUubium of (he fUr^imn X inlhn lUjtw/nJUd Ham. 

The stress in X^ i« t// be f'^uryj J/y inkifttf a m^^vm afi^ hsjA 
then forming tbe ec|uatk/» ^A rtM/f$$^fftUf i^iii^rr ^/f U**? ynri w 
Eg. 216 or ibe part in Fi;c 2)7, %iitb /-rfr-f-^ys^ !/> Ib^ y/tui J. 
Any kmd 00 Fig, 21 C j;rodu''>5f a t^fU^aJ fA5a/4i'/** W ^, A, 
which tends to Uun Yi^ 2J7 ff^/f#) rJjjbi V/ Mt r^ud i. 

tint vwtfm fr^m iii^ vidi, *# •rjj, ^^^^mi^ 4^ ^^mt*»m*u^ 1t^ t^ im^O ^^aiV 
pulSL— Ti 
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X5 acts in the contrary direction, and is therefore positive. 
The loads on the part Gafi belong, therefore, to the tension 
gronp. 

A load placed on Fig. 217 produces a vertical reaction D at 
G, making X5 positive, as before ; consequently the loads on 
Aafi also belong to the tension gronp. 



Fig. 216. 



Fig. 217. 



fW 




A load on the principal span produces a reaction B at C, 
which tends to turn the part in Fig. 216 from right to left, 
thus making Xs negative ; therefore the loads on the principal 
span belong to the compression group. 

A load placed in any position on B D has no effect on A G, 
and the part B D is marked accordingly in Fig. 218. 



TENSION 



->^ 



Fig. 218. 
COMPRESSION 



NO EFFECT 




Since when the load is uniformly distributed over the 
whole bridge the stress in the horizontal bars is nothing, the 
permanent load can be omitted from the calculations; and, 
further, the maxima and minima values of the stress produced 
in the horizontal bars by the moving load are numerically 
equal ; therefore it is only necessary to find one of them. The 
eentml span must alone be loaded when X5 (min.) obtains, and 
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the consequent horizontal tension at S (Fig. 219) is given by 
the equation : 

= - H X 15 + 12 (--^ + 54 + 48 + ... + 12 + 6) 

H = 240. 




• 

The horizontal component of B must evidently be equal to 
Hy and since the ratio of the vertical to the horizontal com- 
ponent of K is as 15 : 60, or as 1 : 4 ; 



V = 60. 



Hence the equation of moments from Fig. 220 is 

= - X, X 5-25 + 240 X 3-75 - 60 x 30 
X, (min.) = — 171 •4.toii8. 

Fig. 220. 



H-240C 


;3 






. 6 


1 


V.60 




*^X5 



As a check, X5 (max.) can be computed by taking the side 
span A G alone loaded, and considering it as a girder, thus : 

= -X. X 5-26 + 12 [(t^ + ... + T%) 30 + (A . 30 - 6) 

+ ( A . 30 - 12) + ( A . 30 - 1 8) + ( A . 30 - 24)] 

Xg (max.) = + 171-4 tons, 

which agrees exactly. 

In a Bimilar maimer the following equations are obtained for the remaining 
horizontal bars : 

= - Xi X 13-65 + 240 X 1215 - 60 X 54 
X, si 23-7 tons 
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:= - Xf X ll'l + 240 X 9-6 - 60 X 48 
X, = :i: 51*9 tons 

= - X, X 8-85 + 240 X 7-35 - 60 X 42 

X| = :k 85-4 tons 
= - X^ X 6-9 + 240 X 5-4 - 60 X 36 

X« = :i: 125*2 tons 

= - X, X 3-9 + 240 X 2-4 - 60 X 24 
X. = :i: 221*5 tons 

= - X, X 2-85 + 240 X 1*35 - 60 x 18 

X, = d: 265*3 tons 
= -Xs X 21 + 240 X 0-6-60 X 12 

Xg = ± 274-3 tons 

= -X, X 1 65 + 240 X 0-15 -60 X 

X, = ± 196-4 tons 




= -X 



10 X 1-5 

X,o = 0. 



CalevJcUion of ihe Stresses Y in tlie Diagonals, 

As in the preceding case, and for the same reason, it is 
unnecessary to consider the permanent load, and it is only 
requisite to calculate either the maximum or the minimum 



Fio. 221. 



Fio. 222. 




value of the stress. The stress in Yg, for instance, can be found 
by means of the equation of moments formed either for the part 
shown in Fig. 221, or for that shown in Fig. 222, with respect to 

the point L. 

The reaction R at C, due to a load on the central span. 
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evidently makes Y, pontile. A load placed anyirhene on the 
part A a/3 produces a vertical reaction D at the point 0^ 
which makes Y^ negative. A load <m Ga/3 require a vertical 
•reaction W at A, which also makes Y« negative. Itenoe 
Fig. 223, showing the manner in which the stress in Y^ is 
affected by the various loads. 



COMPRESS/ON 
<• V 



Fio. 223. 
TENSION 



^ NOEFFSCr 




Thus to find Y5 (max.) the central span alone must bo 
loaded, and, as before (p. 169), 

H = 240 and V = 00; 

and from Fig. 224 the equation of moments is 

Oas Y, X 10-53 — 240 X 1*6 — eOx 1002 
Y, = ±Cl-4tonii. 



Fio. 224. 









ftt 

I 
I 




Bimilarij, fcr the nanaining dumprmaJfi 



= T, x3l«-240x 1-5 -f50 x 25-2iJ 

Tj = iSftOtMiB 

Os T,x 28 26-240 x 1-5-61) x 21 X8 
T^ =: i 50-2 tone 

0- Y, x2t-4«-W0 X l-.>-f;Ox 1800 
7j= i 30-8 tons 

0* Y, x20-5-il40 xl-5-6ax 14-77 
Y* ' db60-»ton» 
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s T« X 12-72 - 210 X 1-5 - eD X 6*07 
T« = ^ »-7 toM 

s T, X 9-58 - 240 X 1-5 - ea X 1-713 
T, = ^i8-3taML 

In the case of Y^ the taming-point is gituated to the left of 
Cf cr/nsequentl J the sign of the moment of the yeitical reaction 
uil) IB reversed, and thus the loads producing tension extend 
over the central span and ap to the section line 7 S, as shown 
in Fig. 225, In this case it is easier to calculate Yg (min.), 
and from Fig. 226, or else from Fig. 227, the following equation 
of moments is obtained : 

= -Y,x 7-53 -12(^15 + A) 64-8 
T, = :i: 31 tons. 



COMPRESSION 



Fio. 225. 
TENSION 



NO EFFECT 
X- > 

B 




Fig. 226. 




W-12B4) 



'riio turning-point for Y9 is situated so far to the left that 
tho moment of 11, the reaction due to the loads on the central 
Hjuui, also ohangi^a its sign, and consequently the loads on this 
sjuui prinluco compression in Y9 (Fig. 228). Here again it is 
i>asiost to calculate Yt (min.). Thus from Fig. 229 : 

= Y» X 7-41 - S40 X 1*5 + so X 16 + 12 (22 - A X 16) 

Y« = ^93*Stniuk 
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Lastly, for Tio all the loads on A produce tension, and Tio 
can therefore be obtained by considering the central span 
loaded, and as before (p. 171) : 

= Y„ X 15-97 - 240 X 1-5 + 60 X 60 
T„ = ^ 202-9 tons. 



Fig. 227. 



Fio. 229. 





^fC~^ 



£ 
^ 

o 
u 



TENSION 



FiQ. 228. 
COMPRESSION 



NO EFFECT 
X - > 




Caletdatum of the JStr esses U in the Vertieals. 

The stress in each vertical can be divided into two parts ; 
one part due to the permanent load, and the other to the 
moving load. The first is the same for all the verticals, and is 
equal to + 10 tons, if it is assumed that one-half of the total 
permanent load (20 toDs) is applied to the upper joints, and 
the other half to the lower joints. DoDoting the part of the 
stress due to the moving load by u, it is evident that 

tt (max.) + tt (min.) = f 12 tons, 

because when the moving load covers the bridge, it produces a 
tension of 12 tons in each vertical (being applied to the lower 
joints only). Thus, if u (min.) be calculated, u (max.) can be 
found from the equation 



tt (max.) = + 12 — tt (min.). 
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And finally, the total stress in the verticals can be fonnd by 
met\ns of the equations 

IT (max.) = tt (max.) + 10 
U (min.) = u (min.) +10. 

The turning-points for the verticals are the same as thos^e 
for the diagonals; the loading boundaries will therefore in 
general be the same, but the loads that produce tension in the 
diagonals will produce compression in the verticals, and viee 
versa. The bars U9 and Uio, however, possess a second loading 
boundary, which is determined by the section line itself, as 
was also found to be the case with the corresponding diagonals, 
but will be shifted one bay to the left, owing to the oblique 
direction of the section line. 



TENSION 

<r. K- 



FiQ. 230. 
COMPRESSION 



NO EFFECT 




Fig. 231. 




The groups of loads^for Us are shown in Fig. 230 ; and from 
Fig. 231 the equation of moments to find u^ (min.) is 

= - Ms X 25*08 - 240 X 1-5 - 60 X 10-92 
W3 (min.) = — 40*5 ; 

and substituting in the above equations 



«5 (max.) 
U5 (max.) 
XJ5 (min.) 



+ 12 - (- 40-5) = + 62-5 tons 
4-52-5 + 10= +62-5 tons 
-40-5 + 10 = -30-5 tons. 



§ 26. — SUSPENSION BRIDGE IN THREE SPANS. 175 

In the samo manner the stieBsee in the remaining verticals can be found, 
thns: 

= - u, X 84-74 - 240 X 1-5 - 60 X 2526 

Ui (min.) = — 54 ti, (max.) = + 66 

Uj (min.) = - 44 tons U, (max.) = + 76 tons 

= - «, X 3212 - 240 X 1-5 - 60 X 21-88 

«, (min.) = - 52-1 «, (max.) = + 64-1 

U, (min.) = -42-1 tons U, (max.) = + 74-1 toes 

= - u, X 29-61 - 240 X 1-5 - 60 X 18-39 

«, (min.) = — 49-5 u, (max.) = + 61-5 

U, (min.) = — 39-5 tons U, (max.) = +71*5 tons 

= - i«, X 27-23 - 240 X 1-5 - 60 X 1477 

i«4 (min.) = — 45*8 u^ (max.) = + 57*8 

U4(miu.)= - 35-8 tons U4 (max.) = + 67*8 tons 

= - tt. X 23-33 - 240 x 1-5 - 60 x 667 

tt. (min.) = - 32-6 «. (max.) = + 44-6 

U. (min.) = - 22-6 tons U. (max.) = + 54-6 tons 

= - tt, X 22-29 - 240 X 1-5 - 60 X 1*713 

tt, (min.) = - 20-8 u, (max.) = + 32*8 

U, (min.) = - 10-8 tons U, (max.) = + 42-8 tons. 

For the three following verticals it is best to find the valne of u (max.) 
thus: 

= - «. X 22-8 - 12 (t^u + ^% + A) 64-8 

t«, (max.) = + 20-5 Ug (min.) = — 8-5 
Ug (max.) = + 30-5 tons Ug (min.) = + 1-5 tons 

= - M,, X 28 — 240 X 1-5 + 60 X 16 

+ 12 [(22 -tI'jj . 16) + (28 - Vb . 16)] 
u» (max.) = + 31 -2 u, (min.) = — 19-2 

Vg (max.) = + 41 -2 tons U, (min.) = — 92 tons 

= - Mio X 66 - 240 X 1*5 + 60 X 60 + 12 (66 - ^5 . 60) 
ttjo (max.) = + 51-3 Wi^ (min.) = — 39-3 

Uio (max.) = + 61 -3 tons U,o (min.) = — 29-3 tons. 

Lastly, the only stress in the 11th vertical is that due to a load hung under- 
neath it. The greatest value this load can have is -^ tons moving load added to 

^ tons permanent load ; hence 

U„ (max.) = + 11 tons. 
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Gahulatum of the stresses Z in the chains. 

The sign of Z5 (Figs. 232 and 233) depends on the sign of 
the moments of the three forces, R, D, and W. From Fig. 
232 it appears that the moments of B (the reaction due to a 
load on the central span) and Z5 about O have different signs ; 
therefore a load on the central span makes Z5 positiye. 

When the part Aa)8 (Fig. 233) is loaded, the reaction 
D is produced at C, the sign of whose moment about O (Fig. 
232) is the same as that of Z^ or Z5 is negative. 



Fig. 232. 



Fig. 233. 



Wa 




Again, if C a )8 is loaded, the reaction W at A has (Fig. 
233) a moment about 0, whose sign is the same as that of Z5 ; 
therefore Zg is again negative. 

The greatest compression occurs, therefore, when the side 



COMPRESSION 



Fig. 234. 
TENSION 



NO EFFECT 




span is fully loaded, and the greatest tension when the central 
span is loaded, as shown in Fig. 234. 

The stress in Zg can be calculated in two different ways. 
The first is as follows : — When Zg (max.) obtains, the central 
span is fully loaded, and the side span has only the perma- 
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nent load upon it From Fig. 235 the equation of moments 
is 

O = %x6-654-Hxl-5-Yx36 + DxS6-2O(6+U + ... + a0), 

where H and Y aie the oomponents of the' reaction B» doe to 
the load on the central span. The corresponding Tables of H 
and y, due to the moving load alone, have already been foond 



Fra. 235. 



»f(VSHS) 



r 




^^^80 



to be 240 and 60 respectiyelj. To find thcTalnes now required, 
these must be multiplied by the ratio 



20 -h 12 _ s 
12 ~ 3 



Further, D is the yertical reaction at C, due to the permanait 
load on the side span. 

Substituting, the equation of moments becomes 



= Z, X 6-GM -6f0xl'5-ie0x36 + 20(^ + 

-20 (6+12 + .. . + 30) 

Z, (mtz.) = + 7M tons. 



. + A)36 



:=^i-^ 



H=40D 




Y.M»\tZ 



The yalue of Z» (min«) can be obtairiii^l fn/m Vi((, 290, If 
and Y are the compoDentf of ibe r««etiofi R^ Ana iff iim fmr* 

n 
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and 



manent load alone on the central span, and D is the yertical 
reaction produced by the total load on the side span. Henoe 

H = )^. 640 = 400 
V = « . 160 = 100 

= Z, X 6-654- 400 X 15 -100 x 36 + 32 (^ + ... + A)36 

-32(6+ 12 + ... + 30) 

Zg (min.) = + 285 tons. 

The second method is to split up the stress in Z5 in two 
parts, one ps ^^^ to the permanent load alone, and the other 
Zi due to the moving load alone. The value of p^ has already 
been obtained in § 25 (for when the bridge is covered with a 
uniform load, the side spans are precisely in the same con- 
dition as either of the halves of the main span). It was found 
that 

|Ja = + 415 tons. 

It is only necessary to calculate either s^ (max.) or £% (min.), 
for both together must be equal to the stress produced by the 
moving load when it covers the whole bridge; and this stress 
can easily be found by comparison with p^ — ^in fact^ by multi' 
plying Pi by the ratio ^ = ^; therefore 



or 



erg (max.) + z^ (min.) = | x 415 = + 249, 
*, (min.) = + 249 — z^ (max.). 



It is easiest to obtain 135 (max.), and it can be found from 
the equation of moments for the part of the side span shown 



Fig. 237. 




,H.240 



*V=60 



in Fig. 237 (the values of H and V will be those already foimd 
when the moving load covers the central span). Hence 

= ^5 X 6-654 - 240 x 1*5 - 60 x 36 
z^ (max.) = 379 tons, 
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or 

z^ (min.) = + 249 - 379 = r- 130 tona. 

Finally^ adding 'p^ and z^ together, 

Z, (max.) = 415 + 379 = + 794 tons 
Zj (min.) = 415 - 130 = + 285 tons. 

The same result id thus obtained by both methods ; the 
last, however, is the simpler, and will therefore be employed 
for the calculation of the stresses in the remaining bars Z ; 
thus : — 

0= ^, X 14-904-240 X 1-5-60 X 60 

z, (max.)= +265-5 

z, (min.) = + 265-5 - 265-5 = 

Z, (max.) = 443 + 2655 = + 7085 tons 

Z, (min.) =443 + = + 443 tons 

0= z, X 12-56-240 X 1-5-60 X 54 
^, (max.) = 286-5 
z, (min.) = 261 — 286-5 = — 255 
Z, (max.) = 434-5 + 2865 = + 721 tons 
Z, (min.) = 434-5 - 255 = + 409 tons 

= ^, X 10-39 - 240 X 1-5 - 60 X 48 
z, (max.) = 312 
z, (min.) = 256 - 312 = - 56 
Z, (max.) = 427 + 312 = + 739 tons 
Z, (min.) = 427 - 56 = + 371 tons 

= ^4 X 8-415 - 240 X 15 - 60 x 42 
z^ (max.) = 342 
z^ (min.) = 252 - 342 = - 90 
Z4 (max.) = 421 + 342 = + 763 tons 
Z4 (min.) = 421 - 90 = + 331 tons 

0= z, X 5121- 240 X 1-5-60 X 30 
z, (max.) = 422 

z. (min.) = 246 - 422 = - 176 > 
Z, (max.) = 410 + 422 = + 832 tons 
Z. (min.) = 410 - 176 = + 234 tons 

0= 2r, X 3-84-240 X 1-5-60 X 24 
z, (max.) = 469 

z, (min.) = 244 - 469 = - 225 
Z, (max.) = 406 + 469 = + 875 tons 
Z, (min.) = 406 - 225 = + 18J tons 

N 2 
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0= ar.X 2-83 -240 X 1-5-60 X 18 



Zg (max.) = 509 

rg (min.) = 242 - 509 = - 267 

Zg (max.) = 403 + 509 = + 912 loiis 

Zg (min.) = 403 — 267 = + 136 tons 

= «, X 2-094 — 240 X 1-5 — 60 X 12 
Zg (max.) = 516 

Zg (min.) = 241 - 516 = - 275 
Zg (max.) = 401 + 516 = + 917 tons 
Zg (min.) = 401 - 275 = + 126 tons 

0= Zi^X 1-649 - 240 X 1-5 - 60 X 6 
z^Q (max.) = 437 
z^^ (min.) = 240 - 437 = - 203 
Zjo (max.) = 400 + 437 = + 837 
Z,o (min.) = 400— 203 = + 197 



tons 
+ 197 tons 

The results of the above calculations are collected together 
in Fig. 238. And the stresses in the central span are given in 
Fig. 239, having been deduced from Fig. 197 and § 21. 



§ 27.— Stability of the Centeal Piees. 

It was assumed, in the preceding calculations, that the con- 
nections at the points of support were made as indicated in 
Fig. 212. For these calculations to be true, it is necessary that 
at the points A and B vertical forces only should act on the 
bridge, and it therefore follows that these points should be 
perfectly free to move in a horizontal direction. If such a 
mode of attachment be adopted, the stability of the central 
piers is a question that need not be considered (in so far as the 
vertical forces on the bridge are concerned). The manner of 
forming these connections shown in Fig. 212 is not, however, 
the only one by which this advantage may be gained, and it 
was only chosen as an illustration, and there are better ways of 
arriving at the same result. For instance, the points Ai and B^ 
can be placed below A and B, as shown in Fig. 240. 

Nor is it necessarjr that the chains of the adjacent spans 
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Fio. 289. 



.44 



1 



b^ 



67.S 



%. 



-30,5 



54,c 
-22" 






.42,s 









^.^^^ 


♦74 


,1 






-42 


ll ^x"^ 




*A 




^5^-^ 


*i 


\ 


J 


fex*^ 


kO 










♦\ 




^7lft 


•H 






-39.& ^X 








^^ 


00 


•*-\ 


y 


y^ 


•H 



+1 



+! 



'*tl 



/♦3ft6 



^ 



c^te/ 



^ 







25,4$ 



182 



BBmOXS AND B00F8. 



should be attached to the same pomt A. ; in fiust, it is better 
to place them apart the fall width of the pier, and attach 
them to the pointe a„ a,. Fig. 241. The span is thus slightly 
diminished. The freedom of these points to move horisontally 
can be obtained in a variety of ways. Thus, in Fig. 241 an 
unbraced paiaUelogram is fonned by the three bars Oi di, Oi &i, 




and Og b,, the fourth side being the head of the pier &, l^. 
(The stresses in these three bare are foond immediately &om 
the fonner calculations, and are inscribed in the fignre.) 

Or the chains can be attached to the axis of two friction 
rollers (Fig. 242), and the piers being carried np f<nni the 




roller path. Or again, the chains may be fastened to a plate 
placed upon rollers, the pier being carried up as in the (ormet 
case (Fig. 243). 

But if the arrangement shown in Fig. 244 were adopted, the 
stresses obtained in § 26 would no longer be tme, and the 
advantage of having no lateral thrust on the coitral piers would 
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also have to be given np. It is true that when the bridge is 
taUj loaded the reaction at the central piers would be Tertical, 
but this would not be tite case with a partial load. 
Fio. 2**, 




This will become apparent hj finding the reaction at the 
fixed point O, due to a single load Q (conaidering the stmotute 
to hare no weight). By „ 

proceeding as in §§ 22 and 
26, it will be fonnd that the 
force K. (Figs. 244 and 245) ^" 
acts in the direction a, P, * 
and the force E, in the 
direction Oj C. Theee two 
forces, together with the 
reaction at O, maintain the 
bent lever a, Oo,, in equili- 
brium, and their resultant K 
must therefore pass through 
O. The horizontal compo- 
nent A of K is the force that 
tends to OTertnm the pier, 
and will be greatest when 
all the loads producing the 
same effect as Q are on ■"■ 

the bridge. These loads oxtfind from a, to H, for u loiul Hituubid 
to the right of S has no irv(!rturiiiti(( ofliiet ou the pior in 
question, since it actn tlirougli itH )iiiiKi>ruiiclion a, H, tho hori- 
zontal component of which is t:i\iuii Ut II], 

In the preriouB example Um innviiiK l'ii«l from a, to H 
was = 120 tons, and when tliipt IihwI ia on tho bridgo it will be 
found that 

It, u iw Miul V, - W. 
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Now taking moments about O, 

Bat it was found, p. 169, that 

V. = iH,. 
Hence solving for Hj, 




but (Fig. 245) 

A = H, - Hi, 



.-. A = 2H, 




Putting for Hi its value (120 tons), and assuming, for example, 

that - = o > 
a 2 

2A = 28*2 tons, 

or 28 ' 2 tons is the maximum horizontal thrust of the central 

span of the bridge against either of the central piers. 

The horizontal thrust in the contrary direction, produced 

by loading a2 would be very nearly as great. 

b 
The force h diminishes together with -, and becomes 

b 
nothing when - = ; that is, when both arms of the bent 

lever unite and form a single strut. This is the construction 
of Fig. 241, and it or one of its modiiScations is to be preferred. 
The vertical pressure on the central piers is, when the bridge 
is fully loaded, equal to the load on the parts A S and A C 
together, and is therefore 

2 (32 X 10 + 32 X 10) = 1280 tons. 

[Note. — It is easily seen that this must be the case when it is considered that 

A O and A S, being equal, will balance about A when equally loaded. Or again, 

--In Fig. 235 it is shown that V, the vertical component of the puU pro- 
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dnoed at by AS when fiiUy loaded, is 160 tons. When AC ia ftilly loaded, 
the vertiGal reaction at is also 160 tons. The two vertioal foroee acting at 
are therefore equal and opposite, and hence neatralize each other. Thus the 
whole load on A and A S is supported at A.] 



§ 28. — Stability op the Shore Abutments. 

The reaction B at G, due to a load on the central span 
(Fig. 246), tends to overturn the abutment about its lower 
edge E, and also to make it slip along its bed F E. Every 



NO EFFECT 



Fio. 246. 
LOADS TENDING TO Oi/cRTURN P/ER 




load on the side span C A produces but a vertical pressure D 
at Cy which is neutral as regards overturning, and helps the 
abutment to resist sliding. 

The moment of the overturning force will thus be greatest 
when the central span is folly loaded, in which case the hori- 
zontal component of B is 

H (max.) =: H- 640 tons. 

The vertical component of B passes through E, and therefore 
(similarly to D) is neutral as regards overturning. Thus the 
condition of stability is that the moment of G (the weight of 
the abutment) about E is not less than the moment of the 
horizontal pull, 2 H, of the whole bridge about the same point. 
This is expressed by 



G^>2x640x^ 



[1] 



from which the least dimensions of the pier to resist over- 
turning can be found. 
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But it most also be ascertained that die pier will net slide. 

Both the componeDts of B act iojuriously in this respect, 
H directly, and B iodirectly in that it dimimf^ee the preaanie 
on the base, and thereby also the resistance to sliding. 

The reaction D, howe7er, increases the resistance to sliding. 
The danger of sliding will therefore be greatest when the 
central span is fnlly loaded and the aide span onloaded 
(moTing load), in which case D is equal to half the weight of 
the part A C (Fig. 247). For these conditicoiB of loading 



and these values mast be doubled to represent the effect of 
the bridge. 

Heuce, if / is the coefficient of Mction, 

/(G + 2D-2V)>2H, 
or 

/(G+2x 100- 2x 160>>2x6«, [2] 

ia order that the abutments may not slide. 







^W-.f(G*^D-J!l }\_ 



To prevent failure, the value of G must be taken at least 
as great as the greater of the values obtained from the two 
conditions expressed in [1] and [2]. 

The chain C A must be securely attached to the abutment 
pier, and this can be done by means of a chain built in the 
masonry (Fig. 247) and anchored at F. The direction of this 
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diain must not be horizontal at G ; for if such were the case, G 
would rise when the central span was loaded and the side span 
unloaded. In this case, Y = 160 tons and D = 100 tons, and 
the direction of the chain in the masonry must be such as to 
supply the vertical force necessary for equilibrium. Thus if a 
is the angle the chain makes with the horizontal at G, this 
angle must at least be as great as the angle made with the 
horizontal by the resultant of K and D (or of the three forces, 
H, y, and D) when the bridge is loaded as above. The 
tangent of this last angle is 

V - D 160-100 3 ^ ^^^ 

therefore 

tan a > 0*09375, 
or 

a > 5<» 22'. 

The greatest tension in the chain can be obtained by 
making its horizontal component equal to the maximum 
value of H, or 640 tons. 
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NINTH CHAPTER 

§ 29. — Ok the Calculation of the Stresses ik Domes. 

In all the preceding examples it conld be assnmed that 
every joint was equally loaded as well as regards the permanent 
as the moving load. If the weight of the straetnre itself were 
not quite uniformly distributed over the span, the difference 
in each case was small and did not affect to any appreciable 
extent the values of the stresses found. 

But in the case of domes, the error entailed by such an 
assumption would be too great ; for the ribs or principals radiate 
from the centre like the spokes of a wheel, and consequently the 
loads on them increase considerably from the centre towards the 
abutments. 

The surface of a dome can be considered as generated by the 
revolution of a properly shaped curve round the vertical axis, 
and if the ribs are equally spaced the portion of this surface 
contained between the vertical planes through two adjacent 
principals will represent the load on each principaL Further, 
if the bays formed by the bracing are equal, the loads on each 
joint will vary as the length of the arc of the circle (seen on 
plan) passing through the joint and contained between two 
adjacent ribs. But the length of these arcs is proportional to 
their distance from the vertical axis of the dome. Thus if 
j} is the load on the joint situated at the unit of distance from 
the axis, p p will be the load on a joint placed at a distance p 
from the axis. If, therefore, the load on any joint be known, 
the load on any other joint cau at once be found by simply 
measuring its horizontal distance from the vertical axis. 

Once the loads on the various joints are known, the stresses 
can be found, and conveniently so, by the method of moments, as 
will appear in the following example : — 

§ 30. — Dome of 100 metbes Span. 

The exterior surface of the dome is a hemisphere of 51 
metres radius, and contains 16,338 square metres. There are 
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eight ribSy each in the form of a quadrant of a circle^ and each 
rib supports 2042 square metres of the surface of the dome. 

The load per square metre of the surface of the dome is 
assumed to be 235 kilos. (consistiDg of the weight of the covering, 
together with that of the snow and wind pressure). Each rib 
has therefore 2042 x 235 = 480,000 kilos, nearly, or 480 tons 
(1000 kilos, to the ton) to carry. The whole of this load will 
be considered variable, not only on account of the snow and 
wind pressure, but also because it is possible that part of the 
covering might be removed for a time. The only permanent 
load is the weight of the rib itself, which is estimated at 60 tons. 
This load can be considered as equally distributed on the 
exterior joints. Each rib consists of two concentric booms, 
2 metres apart and connected together by triangular bracing, 
dividing the rib into fifteen bays of equal length (Figs. 248, 
249). The permanent lotid is therefore 4 tons on each exterior 
joint 

To find the distribution the variable load on the joints, the 
distance of these joints from the vertical axis must be measured. 
These distances are as follows : — 
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DWTAHCB— No. OF 


Jonrr. 






5-3 


10*6 


15-8 


20-7 


25-5 


80 


841 


37-9 
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4 
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7 


8 




44-2 


46-6 


48-5 


49-9 


50-7 


51 






10 


11 


12 


13 


14 


15 





41-8 



These numbers, as already seen, are proportional to the 
variable load on each joint. Therefore if the whole of the 
variable load on the rib, 480 tons, be divided by the sum 
of all these numbers, 512, the quotient multiplied by each 
number in soccession wiU give the variable load acting on the 
corresponding joint, thus : 

Load— No. of Jonrr. 

41-4 

10 



9-9 


14-8 


19-4 


23-9 


281 


32 


35-5 


38-7 


3 


3 


4 


5 


e 


7 


8 


9 






43-7 


45-5 


46-8 


47-6 










11 


13 


13 


14 
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A ring is attached to the feet of the ribs, bo that the walk 
sapportiDg the dome may have no horizontal thmst to bear, 
and the ribs are exactly in the same condition a^ if their lower 
extremittea were attached to fixed points. 




AIbo, in order that the stresses may be independent of the 
Tariations of temperature or of alterations in the tension of the 
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ring, it will be assumed that the tops of the ribs are conneoted 
together by a hinge.* Hinges are also placed at A and B, 

The arrangement adopted is thus similar to that of the 
braced arch of § 22, and the reasoning will consequently also be 
shnilar. 

The process to find the hinge-reaction at S will, for instance, 
be the same. It will thus be found that when the dome is fully 
loaded, or when it is quite unloaded, the vertical component of 
this hinge-reaction is zero, and the reaction is therefore hori- 
zontal. The magnitude of this horizontal force H can be found 
by equating its moment about A to the moment of all the loads 
about the same point The lever arms of the loads can be 
obtained by subtracting their distances from the centre given 
above from 50, the half radius, thus : 



Leyeb Abms — No. or Jourr. 
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8-7 

• 



Thus when the ribs are unloaded, H is found from the 
equation 



OT 



H X 50 = 4 (iS 4- 44-7 + »'4 + , ,, + 1 '5 + 0* 1 - 07) = iOUi, 



B^ni^Unm. 



U^ however, the full v&riaU/e loud is applied, tJM^ ^usUoki 
beocnneB 

Hx50 = 4(lfi + 44-7-f 3^ 4^. .H^i 04-0 i -0-7; 
+ 5x44-7 + V'9x3^l 4- ...4-40 0/< i 
+ 46-8 X 01 •47«xO 7. 

The last pioducts in tbe ^uaikixi 4ir^ Um^ UMjui^wiM of tbe 

* To meet fine ij^oj^ie^km HuA wii^ U nii«Md, tM tL« miuiUbr </ iiio^ 
OBomaDg eaidi o&er wA H would Kmn^ tkm ^^fUnU^MiMm UuinmMi, tfaictttiijtfici 
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several variable loads about A, and as they will ocenr freqoently 
in the sequel, they are tabulated here : 



223-5 


890 


506-2 
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585-6 
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508-8 
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429-6 



8 



or 



The substitution of these values in the equation gives 

H X 50 = 1056 + 223-5 + ... + 4-7 - 33-3 = 5595, 

t 

H = 111*9 tons. 



Cahulaiion of the Stresses X in the Outer Boom. 

The part of the outer boom situated between joints 5 and 
6 will be taken to illustrate the calculations (Fig. 250); M 

Pio. 250. 









N 










is the turning point, and the loading boundary is therefore 
found by producing A M and B S to meet at E ; then the vertical 
thTOUgh E is the required boundary (compare § 22). This 
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Tertical is at a distance of 13 metres from the axis, and fidls 
between the second and third joints, the effect of the yarioui 
loads is therefore as shown in Fig. 250. 

The stress in X will be a maximum when the joints 8, 4, 
5, . . . 14* are unloaded and the remainder loaded. 

But the same result is obtained by considering every joint 
loaded, and applying to joints 3, 4, 5, . . . 14 vertical upward 
forces equal to their respective variable loads. 

To find the components of the hinge-reaction under these 
conditions, the equations of moments of each rib about its point 
of support for a full load are to be used, deducting, however, 
from the equation for the left rib the* moments of the twelve 
unloading forces, thus : 

For the right rib, 

= Hx50 + Vx50- 5595 

For the left rib, 

0=-Hx50 + yx50 + 5595 -506-568-586 
4*7 + 83*8 

H = 72-7 V = 89-2. 

Then from Fig. 251 the eqoatioD of moments to obtain 
X (max.) is : 

= - X X 2 - 72-7 X 8-9 + 392 X 26'7 

+ ^(^ + 21-4 + 161 + 10-9 + 6 4- 12\ 

4- 5 X 21-4 4- 9-9 X I6'l 

X (moL) =r + 470-9 i/MtM. 




-^j 



^^-2&^ 



r 






4^ 
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X (min.) obtains when the joints 3, 4, 5, ... 14 alone ate 
loaded, and in this case the components of the hinge-reactioii 
can be found from the following equations of moments : 

= Hx50-Vx50- 1056 

0=-Hx50-yx50 + 1056 + 506 + 568 
+ 586 + ... + 4-7-33-3 

H=:60'3 V = 39-2; 

and from Fig. 252 the equation of moments to find X (min.) is: 

= - X X 2 - 60-3 X 8-9 - 39-2 x 26-7 

+ 4 (*-^ + 21-4 + 161 + 10-9 + 6 + 12) 

+ 14-8 x 10-9 + 19-4 X 6 + 23-9 X 1*2 
X (min.) = — 500-6 tons. 




K^3.l.» 



CaJculcUian of the Stresses Z in the Lower Boom. 

As an example, the stress in the part of the lower boom cut 
through by the section line C a (Fig. 250) will be found. The 
point 6 is the turning point, and the vertical through F, the. 
intersection of A 6 and B S (Fig. 253), is therefore the loading 
boundary. This vertical is at a distance of 17 * 3 metres feom 
the axis, and is situated between the third and fourth joints. 
When, therefore, the stress in Z is a maximum, the joints 
4, 5 ... 14 are alone loaded, and the equations to find the hinge- 
reaction are : 

= Hx50-Vx50- 1056 

= — Hx50 — Vx 50 + 1056 + 568 + 586 + ... + 4-7 — 33-3 

H = 55-3 V = 34-2; 



§90. 



or 100 



«^M« 



1«5 



and tiio equation to find Z (max.) is ftom Fig. iM: 

= Z X 2 - 55-8 X 8*74 - S4*S x 30 

+ 4 (^ -f ii*7 -f 19*4 + 14*a + » 9 ^ 4*6) 
+ 19-4 X 9-3 + »'9x 4*5 
Z (max.) s -f 436 5 Uma. 



FXa 25a 
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^ i4 



Fir.. ^S'f. 
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mben Z (min.) nhtAixM^ the joints K 5 14 miiRt b4 niv 

loaded, and tio detiermiiie tlm binfje^iv^aetioa th#» nrumi#»ntfl 4iu) 
to ^ loada on di6M jcmtii mnst he derfii#!t>>d frnm th^ 'y)nati#>n 
of mamentB of die left rib, (^nnmderpA Ailly loaikd, thiM : 
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therefore the equation of momentB to find Z (min.) obtained 
from Fig. 255 is : 

= Z X 2 - 77-7 X 8-74 + 34-2 x 30 

+ 4 (?^ + 24-7 + 19-4 + 14-2 + 9-3 + 4-5) 
+ 5 x 24-7 + 9;9 x 19'4 + 148 x 14-2 

Z(min.)= - 610-5 tons. 
Fig. 255. 
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Caleulation of the Stresses Y in the Diagondh. 

Of the two diagonals placed between the joints 9 and 10, 
the one connected to joint 10 will be chosen to illustrate the 
method of calculation. 

It will be seen that the case that occurred in § 9 is repeated 
here, namely, that the point about which moments are taken 
is infinitely distant. The direction of the straight line con- 
taining this point is that of the tangent to the circle (centre C) 
at the point where the diagonal is cut (Fig. 256). The radius 
at this point makes an angle of 58^° with the vertical axis, and 
the tangent therefore also makes an angle of 58^° with the hori- 
zontal. The only difierence between this case and that of § 9 
is, that in the latter case, the turning point was in the hori- 
zontal, and in the present it is in the direction of the tangent. 

The simplest way is to resolve eveiy force acting on S ^ 
into two components, one parallel to the tangent, and the 
other to the normal at the point where the diagonal is cut; 
evidently the moments of all the former components is zero. 

Let the normal component of Y be denoted by N, then all 
the loads that make N positive will also make Y positive. 
Therefore the forces that are acting in. the same direction as N 
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nuke T Degatire, and thon that are' acting in the opposite 
directkn make Y pontive. 

The loadtng boondaiy will thus be eeen to be the Tntioal 
thiongh tho iBtenectkm of B 8, with a line thToo^ A drawn 
parallel to the tangent Foi the direction of the resultant of a 
load i^aced in the vertical thioagh J and its biBge-reaction, is 
J A, uid the twnltant has therefore no oompcHient parallel to the 




nonnaL All the loads to the right of tbe bonndary make N 
n^atiTe, and those to the left as far as tbe section line make N 
poeitiTe. The loads on tbe other side of the teHitm line, how- 
ever, again make N negative, for thev act indirectly im thn 
portion S j3 by means of their hioge-reactions. The loads thero- 
tcae divide themselves into thre« groops, as sbtjwn in Fig. STrfi, 
By constmction, it ia foond that the distant iit the rfifti'snl 
throngh J from the axis is 12 audrtnf, and that tho hmii'mff 
boondary &Ils between the tetMiod and tliifd jr/int, TliiM tho 
force N. and tberdore also Y, is a ntaxJmnra wh«n iimjinuUi 
3, 4, 5, 6, 7, 8, 9 are Iwhd. With this hwVfUff Um <>f|NSti<rtW 
to find the compraKDts of th6 bing'f reacti'Xi »f« ; 
0=sHxSO-rxS>- MM 

ti sat V - «v. 
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To find N9 the resolved parts parallel to N of all the forces 
acting on the porticm of the rib shown in Fig. 257 must be 
equated to zero, thus : 

= K + 56*1 ooB 8U<' + 858m 81}" -4x95 sia SIJ^" 
-(14-8 + 19-4 + 23-9 + 28-1 + 82 + 85-5 + 88-7) sin 81}*^. 

Solving this equation : 

K<max.) = 54*8 tons; 

and since T makes an angle of 52^ 85' with N, 



T (max.) = 



54-3 



cos 52° 35 



• = +89-3 tons. 



Fig. 257. 




. H=564^ 
V=35\ 



To determine T (min.) the joints 3, 4, 5, 6, 7, 8, 9, are to 
be unloaded, and in this case the equations to find the hinge- 
reaction become 

= Hx50 + Vx50- 5595 

O=-Hx50 + Vx 50 + 5595-506 -568 -586 -562 -509 -430-337 

H = 77 V = 35. 



or. 
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Hence, Fig. 258, the equation to find N is : 

= N + 77 oos 31p - 85 sill 81}'' - 4 X 9*5 ibi Slf 

- (5 + 9-9) dn 81|^: 



N(miB.)=: -]9*7toika; 



and the corresponding value of Y is : 

-19-7 



Y (min.) = 



008 52^35 



;= - 88*5 tuui. 
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Fig. 258. 




i-j-jjLlL 



V ;j.o 



These three examples show sufiici'^utly tli^ mod<^ of ^^ak^u- 
lating the stress in tlie various tars^ aii^l tiu^ ^^alcuhdioiis Ujr 
the remaining bars will not be giv^^ii; as il^fy would o<m;ui>/ too 
much space. 

CcJeuUdion of (lie Hlre$$ in lU JUn/j. 

In a case like the pr<^s^xH^ wlii'fi^ ihi; i^uiul/er </f /iUisttittaiJ, 
the ring connecting th^jr l^/wer ^^tirifiuiiuM wilJ Im? a poJ)'g<^, 
and from Fig. 259 the {ollo^iu^ is tlii; 4yjuati<.Hi V^ iiud tii^ 
stress 6 in the sides of this ytjly^^/u : 



JllV 
JJxO Si»*// 



- i44^ i Wiiift 
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If, however, the number of ribs is very large, the horizontal 
thrast acting on the ring can be considered as uniformly dis- 
tributed over its total length. Let p be this normal thrust 
against the inside of the ring per unit of length, then, from 
Fig. 260, if ^ is a very small angle : 



or. 



H=iiy» 



S=pr. 




Fio. 260. 







J^:. 
>••"" 



In the preceding example : 



and therefore, 



H 111;9 o -Q. 

^ = •"; - 51 X 0-7854 - ^'^^ * 



S = 2*794 X 51 = 142*5 tons. 



. 1 



The difference in this case is so small that it does not matter 
which method of calculation is adopted. 
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§ 31. — Gehesatinq Cubve, fob a Dome, requibikq the 

Least Quantitt of Matebial. 

In the preceding example it was required to calculate the 
stresses in a giyen dome. To simplify the calculations the form 
was taken as that of a hemisphere, or the generating curre was 
the quadrant of a circle. If, however, the form of the generating 
curre necessitating the least quantity of material in the rihs 
were required, the form of the linear arch (or curve of equi- 
librium) to carry the unequally distributed loads would have to 
be found. The principal boom would be made to this curve, 
a hinge connecting each half would be placed at its vertex. To 
meet the effect of partial loading a secondary boom, connected 
to the principal boom by means of diagonals, should be provided. 
Evidently the secondary boom and the diagonals would have 
no stress in them when the whole load was on the structure, 
and also the arithmetical values of the maxima and Tnininm. 
stresses in them would be equal (precisely as in the horizontal 
and diagonal bars of the braced areh of § 22). 

There is no difficulty in finding the required curve if the 
dome be sufficiently flat, and the number of ribs sufficiently 
great, for the portions of the surface contained between two 
adjacent ribs to be considered, without too great an error, as 
plane triangles, and if the load can be assumed as uniformly 
distributed over the area of this triangle. In this case the centre 
of gravity of the triangle S P can be taken as the point of appli- 
cation of the resultant load on the part covered by this triangle 
(Figs. 261, 262, 263). 

Let K therefore be the load per unit of horizontal surface ' 

2ir 
and n the number of ribs (consequently - - the very small 

angle contained by the horizontal pwyutiion of two a^lja/'ent 

ribs), then x . — . ^ is the area of the triangle H V, and, taking 

momente aboot P (Fig. 268;, 
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This equation is also necessarily true for the triangle SA, 
hence putting 

X = I and y = f 



■^ n 3 



[2] 



Dividing equation 1 by equation 2, 






This is the equation to the cubical parabola, and if this 
form be given to the ribs, the stress in the secondary boom 
and the diagonals will be zero when the dome is fully loaded. 

Figs. 261, 262, and 263. 




In the above investigation it has been assumed that the 
weight of the rib itself is very small, or at any rate distributed 
in the same manner as the other loads. It would, however, be 
more accurate to consider this load as uniformly distributed 
along the horizontal projection of the rib, and if p is this 
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uniform load per unit of length of the span, the above equations 
become 

[lA] 



KVX* DX* 

^ 3« ^ 2 






y 
f 



^ + 



8pn 

2lCT 



.x» 



^•4 



Spn 



2icir 



. I* 



[2a] 



[3a] 



If the height of the dome and the number of ribs were such 
that the above assumption could not be made without sensible 
error, the required curve would have to be found by following 
the principles laid down for the determination of linear arches. 



§ 32. — Dome Formed of Articulated Eibs 

AND EiNGS.* 

The skeleton of the dome given in Figs. 264 and 265 shows 
half a regular eighteen-sided polygon in elevation, and a 
regular octagon on plan. It is assumed that the various bars 




are connected together by free joints. These joints lie in the 
surface of a hemisphere of 10 metres radius, and the surface of 

♦ See 'Berliner Zeitechrift fur Bauwesen,' 1866, "The Coiwtruotion of 
PcHned Boofo," by W. Schwedler. 



^^m 
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which is equal to 29rr' = 2 X 3-1416 x W:= 628*32 square 
metres. If therefore the load on the dome he p = 200 kilos, 
per square metre, the sum of the loads on all the joints 

= G =1? . 2»r* = 200 X 628-32 = 125664 kiloB. 

It can be assumed, without any great error, that the sum of 
the loads on all the joints in any one of the horizontal rings 
(Fig. 265) is proportional to the radius of the circle circum- 

Fig. 265. 




scribing the corresponding octagon (with the exception, however, 
of the lowest ring, which has only half the load to bear). The 
radii of these five circles are : 



r, = 



r» = 



r, = 



r. = 



r, = 



r Bin 10° 
r Bin 30° 
r Bin 50° 
r Bin 70° 
r sin 90° 



10 X 0- 17365 
10 X 0-5 
10 X 0-76604 
10 X 0-93969 
10x1 



1-7365 metre 
5-0 
7-6604 
9-3969 
10- 



»» 



»> 



>» 



)) 



Now, X the load on a ring whose radius is unity, can be 
found from the following equation : 

10 a; 
1 -7365 0? + 5 a; + 7-6604 x + 9*3969 a? + ~ = 125664 ; 
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whence : 

« = 4864*8 kiloe. 

Thus the loads on the varioas rings are : 

arr, = 4364-3 X 1-7865 = 7578*6 Iriloe.* 
arr, = 4864-3 X 5-0 = 21821-5 
xr^ = 4364-3 X 7-6604 = 8d432-3 
xr^ = 4864-3 X 93969 = 410109 
arr. 4864-8 X 1 



»» 
»» 



= 21821-5 



>» 



and as each ring contains eight joints, these loads must be 
divided by 8 to obtain the load on one joint ; t thus : 



Q.= !^= 947kiloe. 

Q. = ^^ = 4179 „ 

41010-9 ^,„^ 
Q« = — g— =5126 „ 

21821-5 ^„^„ 
Q5 = — g— = 2728 „ 



where Qi, Qs . . . Qs denote the loads on the five joints of a rib. 



CalmUaium of the Stresses produced hy the Full Load. 

Imagine that two sections are taken through the dome by 
means of vertical planes, as shown in Figs. 266 and 267, and that 
equilibrium is maintained by forces applied to the end of, and in 
the direction of, each bar that has been cut through. 

The upper ring exerts a horizontal pull Ri on the rib, 

* It IB evident that if a lantern or any other load were placed on the top, the 
load on the top ring would have to be increased accordingly. 

t If the number of ribs had been 16 instead of 8, these loads would have to 
be divided by 16, and so on ; otherwise the calculations are the same. A small 
number of ribs has been chosen to obtain distinct figures. 
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which is the resultant of the stresses Xi in the bars of this 
ring. This is expressed by the equation 



in which 



2 Xi sin c = Bi or Xi = 



c = 22-5°. 






28inc ' 




FiO. 2G7, 




The same occurs at each joint, and the stresses in the ring 
and their resultant are connected by a similar equation. 
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Further, let the part A B of the rib be cut through, and 
equilibrium maintained by an applied force Di (Fig. 268), and 
let this force be replaced by its horizontal and vertical com- 
ponents ; then, by equating the algebraic sum of the horizontal 
forces, and also that of the vertical forces, to zero, 

V| = 947 kilos, and Bi = - H| ; 



now, from the figure. 



tana, = ^, 






and since ai = 20^, the following values are obtained : 



H,= 



947 
tan a 



= + 2602 kilos. 



947 



^* ^ iSn 20° 

Bi = - 2602 kUos. 

-- __ 2602 



= + 2770 kUos. 



2 sin 22-5° 



= - 3400 kUos. 



Fig. 269. 



Fig. 268. 

947 



047 





yn. 



-* — > //, 



The same process applied to the part of the structure 
shown in Fig. 269, gives : 



v.: 


= 947 + 2728 = + 3675 kilos. 


H, 


"7;:?^= *^?no=+ 4380 kilos, 
tan a, tan 40° 


D, 


Sin a, sin 40° 


R. 


= 2602 - H, = - 1778 kilos. 


X* 


177ft 


*^« 


2 sin 22-5° '" 
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And similarly for Fig. 270 : 

Fio. 270, 




V.= 



H,= 



D,= 



B,= 



X.= 



M7 + 2728 + 4179 
+ 78MkU(M. 

V, _ 7854 
tana, ten 80° 
+ 4585kUoB. 
V, _ 7854 
Bin a, ain a, 
+ 9089kiloa. 
2602 + 1778 - H, 
-155kiloB. 

-155 



2 sin 22*5'' 
= -203kiloB. 

And, lastly, from Fig. 
271: 



V4 
H4 

D4 
R4 
X4 



947 + 2728 + 4179 + 5126 = + 12980 kUoe. 

V^ = i?^ = +22891dl0B. 
tan 04 tan 80° 

JL. = J!^ = + 13180 kU08. 
sin a^ Bin 80° 

2602 + 1778 + 155 - H4 = + 2246 kUoB. 

=--^—7; = + 2935 kilos. 

2 Bin 22-5° ^ ^^ '>^^' 



Fig. 271. 




5126 

I 
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V4, the resolved part vertically of the stress in the bar E P, 
is produced by the vertical reaction of the point of support; 
and H4, the resolved part horizontally, is due to the tension in 
the bottom ring. Hence 



B« = H4 = + 2289 kUos. 
2289 



X.= 



2 sin 22-5'' 



= + 2991 kUos. 



Minima Stresses in the Bings. 

The whole load on the dome will be considered variable ; 
at the same time, however, the loads must always be sym- 
metrical with the vertical axis, or the structure would collapse. 
If the load on the top ring be removed, it is easy to see 
that the stress in that ring becomes zero; and likewise that 
when the load on the second 

J ., . . Fig. 272. 

nng IS removed, the stress m 
that ring also becomes zero; 
and so on for the remaining 
rings. From this it is evident 
that the load on any one ring 
has no influence whatever on 
the stresses in the rings above 
it, or, in other words, produces 
no stress in them ; but the load 
on any ring produces tension 
in all the rings below it. Con- 
sequently, the minimum stress 
or greatest compression will 
occur in any ring when it alone 
is loaded. In Fig. 272 the 
third ring is represented as loaded, and B3 is the resultant of 
the stresses in that ring. For equilibrium, the resultant of E3 
and Q3 must lie in the direction of the part of rib just below 
the jomt C. Hence 




R, (min.) = — 



Q. 



tan 



4179 
tan 60° 



= - 2413 kilos. 
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and similarly for the sdcond and fourth rings : 

B, (min.) = - -^ = - -?^ = - 3251 kiloB. 
'^ ' tana, tan 40° 

B, (min.) = - -^ = - -^i|^ = - 904 kilos, 
tan 04 tan 80° 

The minima stresses in the rings are therefore 

22*51 

241 S 

X. rmin.) = ^ = - 3163 kUos. 

» ^ ^ 2 sin 22 • 5° 

904 
^* ^°^^°-^ = - 2 sin 22-5° = " ^^^^ ^^• 

The first and fifth rings are not considered, for in the fifth 
compression can never occur, and the top ring is always in 
compression ; the ralue already obtained (Xi = — 3400 kilos.) 
is therefore the minimum stress required. 



Maxima Stresses in the Rings. 

Prom what has been already said, it is evident that the 
maximum stress or greatest tension occurs in any ring when 
all the rings above it are loaded, itself unloaded, and the 
rings below it either loaded or unloaded. Thus in Fig. 273 the 
resultant Eg of the tensions in the ring at C reaches its maxi- 
mum value when the two upper rings are loaded, and can be 
found from the equation (Fig. 274) 

V V 

R3 = H2 — H3 = 7 7 ; 

tan Oj tan 03 

but 

V2 = V, = 947 + 2728 = 3675, 

hence 



\ 



and therefore 



3675 3675 ««.o , ., 

^3 = tSS10-o-t^S^o = +2258k,los.; 



2258 
X3 (max.) = + 211^^:55 = + 2950 kilos. 
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To find the maximum' gtress in the second ring, the top 
ring alone mnsC be loaded, and consequently, 



V, = V, = 947, 



/. B,= 



947 



X, (max.) = — 



947 
tan 20® "" tan 40° 

1473 



= +1473, 



2 sin 22-5° 



=: + 1925 kiloa. 



Fio. 273. 




Fig. 274. 




Lastly, to determine X4 (max.) the three upper rings should 
alone be loaded, and the equations are — 

V4 = V, = 947 + 2728 + 4179 = 7854, 



B,= 



7854 



7854 



X4 (max.) = 4. 



tan 60° tan 80° 
8150 



= + 8150, 



2 sin 22-5° 



= + 4116 kilofl. 



In the above calculations it has always been considered 
that the load on any ring was equally distributed amongst the 
joints, or, in other words, that the loading was symmetrical 

p 2 
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with the axis of the dome. The joints being free, any depar- 
ture from this symmetrical loading would immediately bring 
the structure down. To enable the dome to resist unequal 
loading, either the covering must possess sufficient stifiiiess to 
prevent any deformation, or else the free joints must be replaced 
by fixed joints, and both the ribs and rings strengthened, so that 
they may prevent deformation by their resistance to bending. 
The determination of the bending stresses thus called into play 
cannot, however, be accomplished by elementary means. 
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. TENTH CHAPTER. 

§ 33. — GoNTiNuons Gibdeb Bbidge& 

It was seen, in treating of braced arches, that by intro- 
ducing hinges the stresses in the yarious bars could be kept 
between easily controllable limits, and also that the dangers 
arising from a slight giving way of the abutments, or by 
changes of temperature, could be totally avoided. But hinges 
can also be employed with advantage in girder bridges (those 
that require only vertical reactions at the abutments or piers) 
when the span is great, and there are two or more openings in 
succession to be bridged over. 

It is found that in such cases a great saving of material is 
effected by using a continuous girder, instead of several span- 
ning each opening separately. But in these structures, as in 
braced arches without hinges, there is the danger of a very 
slight alteration in the position of the supports producing very 
great differences in the stresses ; in braced arches the danger 
lies in the horizontal displacement of the abutments, but in the 
present case a vertical displacement becomes critical. There- 
fore the same reasons that were given with reference to braced 
arches in § 24 would point to the advisability of breaking 
the continuity of the girder by means of hinges, and thus 
making the stresses in the structure independent of small 
vertical displacements of the points of 8up[)ort. In the case of 
braced arches, the crown and the abutments were found t*) \h3 
the best places for the hinges; but with girder bridges thf) 
best positions are on each side of the central piers, ho that the 
portions of the girder over the piers may act as supports to 
the other parts (Fig. 275). 

The part of the girder rf5«ting on either of the piers is to Ikj 
regarded as supported at two i>oiijtH ; and in order that thcjro 
may be no chance of overturning with a partial Um\, the dis- 
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tance of these two points, or the breadth of the pier, rnnst not 
be less than a certain dimension which will now be found. The 
worst distribution of the load, as regards the left pier portion, 
is that shown in Fig. 276, in which only the parts B C and 
C E are loaded, and the remainder of the bridge unloaded 
(moving load). 

Fia 276. 

I 1, I J 



j ' j>.>lHB c ^ H 



Fio. 276. 



F 




The equation of moments about the point B is then 

^ (J> + q) xz + ip + q) z .^^ px(z + by ^ piz + b) (1^) , 

where p is the permanent, and q the moving, load per unit 
of length. Solving this equation, and putting n for the 

ratio - J 

P 

6> - (a; + ^) + /(x + zy + 2nz (a? + 0. 

Now, since the ratio n generally increases as the span 
diminishes, it follows that very small spans would require pro- 
portionately very wide piers. To obviate this, the part of the 
girder over the pier can be anchored down to the masonry 
by tension rods. With a partial load, a tension, K, is pro- 
duced in these rods, the moment of which about B ( = K 6) 
helps to maintain equilibrium. The equation of moments 
then becomes 

r/ ^fijs arrangement be adopt^d,\io^feN^T,^^\i^\^V^<i^t]hfi 
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pier must be such as to prevent oyerturning. This condition is 
expressed by (Fig. 277) 



Q g+i'^C^ + ^J^^ 



Cz + by 



(j> + q)z\x + ^. 



Fig. 277. 



r 



T 



4 * 



If, however, Q becomes greater than is thought advisable, 
the distance h of the two points A B can be increased by 
using double piers. 

The central and abutment portions being simply supported 
at the ends can be constructed either as para- 
bolic girders (described in the second chapter), 
or as braced girders with parallel booms (de- 
scribed in the third chapter). The portions 
over the piers could also be given this latter 
form ; but a variety of the parabolic form may 
also be adopted. This variety can be deduced as 
follows : — ^ 

When two or more equal and symmetrical chains (either 
hanging or arch-shaped), having the same load per unit of 
length of the span, are so placed next each other that the 
second abutment of the first chain is the first abutment of the 
second chain, and the second abutment of the second chain is 

Fig. 278. 



t 




AB 



the first abutment of the third chain, and so on, the horizontal 
tensions or thrusts balance each other at the common abutments, 
and the reactions are entirely vertical, so that these abutments 
might be replaced by tension rods. Instead of a single rod, 
two separated by a horizontal bar, A B, might be used, as 
already seen in § 27 (Figs. 278 and 279). 
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If the part L A B M be separated from the two parts £ L 
and M N, the horizontal forces required for equilibrium can 
be obtained by joining K L, M N, and L M by means of horizontal 
tie-rods. The vertical forces required for the part L A B M are 
equal, and opposite to those required for the parts K L and 
M Ny and equilibrium will therefore be maintained if the latter 
parts be placed on the former in their original position. 

The stresses in the chain have not been altered by the 
introduction of the horizontal tie-rods, and consequently a bridge 
constructed as shown in Fig. 280 will, when the load is uni- 

FiG. 280. 




formly distributed, require no diagonals. Further, since the 
reasoning for an arch chain applies also'^to a hanging chain, 
what has been said above wiU apply to the structure shown in 
Fig. 281, the tie-rod becoming a compression bar. 



Fig. 281. 




The stresses in the chains can be found from the formula 
given in § 8. The laws given at page 33 are also applicable 
namely, that the resolved part vertically of the stress at any 
point is equal to the load on the bridge between that point 
and the centre, and that the resolved part horizqptally of the 
stress is constant. It is only an alteration in the height of the 
arc that changes this horizontal stress. 

Evidently the height of arc of the three ordinary parabolic 
girders in Figs. 280 and 281 can be altered without affecting 
the portions of the bridge over the piers, for only the vertical 
reactions are transmitted to these latter ; the horizontal stress 
in the parabolic girders will, however, be altered. The hori- 
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zontal stress in the pier portions depends solely on the height 
of arc of the parabolas of which they are formed. 

The parabolic girders of Figs. 280 and 281 can be trans- 
posed without making any difference in the other parts. Thus 

Fig. 282. 




a structure of the form shown in Fig. 282 is obtained, which 
can be adopted with advantage if head room under the bridge 
is of importance. It is hardly necessary to remark that the 



Fig. 283. 




parabolic girders can also be replaced by braced girders with 
parallel booms, and that this will not affect the pier portions 
(Fig. 283). 



I 34. — Continuous Gibdeb Bbidge in Thbee Spans. Cen- 
TBAL Opening, 160 Metbes; Side Openings, 130 Metbes. 

The weight of the bridge (Fig. 284) is estimated at 8000 
kilos, per metre run, and each girder has half of this to 
, carry. The length of each bay being 10 metres, each joint has 
40,000 kilos., or, reckoning 1000 kilos, to the ton, 40 tons dead 
load to bear. The moving load is taken at 4000 kilos, per metre 
run, which is equivalent to 20 tons moving load per joint. 

The three parabolic girders placed between the piers 
(Fig. 284) have each a span of 100 metres and a height of 
12 '5 metres, and the stresses in them can be found as explained 
in the second chapter (Fig. 39). It will therefore only be 



218 



BRIDGES ASD BOOVB. 



necessary to show how to hnd the stresses in the parts lestiiig 
on the piers. 

The pressure D pn>luced at C by the girder CE will be 
greatest when the girder is fully loaded, and least when it is 
unloaded. In the first case : 



-. (40 4- 20) 10 ^_ 

l> = ' 5 = 300ton»; 



and, in the second case : 



D = *l^° = 200tan. 



Fig. 284. 



r,.JQ.,.^..50_^30i^i^0 



50...^ 





Either one or the other of these values will have to be 
substituted for D, according as it tends to increase or decrease 
the stress in any bar, and according as the maximum or the 
minimum stress in that bar is to be determined. 

Thus, to find Xi draw a section line a/3 (Figs. 285 and 286) 
and form the equation of moments with reference to the point 
B, thus : 

0=-X, X n-266 4-Dx 30 + 40(10 + 20 + ^)4-20(10 + 20+ ?^). 

From this equation it appears that D, as well as the loads on 
the points F, G, C, make Xj positive. To find Xj (max.), there- 



Fig. 286. 
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fore, the girder C E and the joints F, G, C must be loaded, and 
by substituting the greatest value of D the equation becomes : 

= - X, X 11-266 + 800 X 80 + 60(10 + 20 + ^) 
X, (max.) = + 1038-6 tons. 

To determine Yi moments must be taken about P (Fig. 286). 
It is not necessary to consider the permanent load, for, as 
alre€uiy remarked in § 33, a 
uniformly distributed load 
produces no stress in the 
diagonals. Further, it is 
only necessary to calcu- 
late either Yj (max.) or Yi 
(min.), as both yalues are 
numerically equal but of 
contrary sign, since the 
moving load when covering 
the bridge is uniformly distributed. But to show that the 
method is quite independent of such previous knowledge, the 
calculations both for Yj (max.) and Yi (min.) will be made, taking 
the permanent load in each case into consideration. 

The equation of moments is : 

= - Y, X 15-862 + D X 4 + 40(1 - 6 - 16) + 10 X 4 - 20(6 + 16). 

To obtain Yj (max.) the greatest value of D must be sub- 
stituted, and the negative terms due to the moving load 
omitted, thus : 

0= - Yj X 15-852 + 300 x4 + 40(|-6- 16) + 10 x 4; 

or, 

Y, (max.) = + 27-76 tons. 

And to find Yi (min.), D must be given its least value and the 
positive terms due to the moving load must be left out, thus : 

= - Y, X 16-852 + 200 X 4 + 40 (4 - 6 - 16) - 20(6 + 16) 

Yj (min.) = — 27-76 tons. 

The stress in the bar Zi can be found from the following 
equation of moments, formed with reference to the point F : 

= Zi X 7-692 + D X 20 + 40C*f + 10) + 20 (^ + 10); 



f 
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from this equation it appears that all the loads produce com- 
pressioiiy therefore putting D = 300 

= Z, X 7-692 + 300 X 20 + 40(3^ + 10) + 20 (^ + 10); 

or, 

Z| (min.) = - 936 tons. 

Vi is found by taking moments about (Fig. 287). Half the 
dead load will be considered as applied to the lower joints, and 
the other half to the upper joints ; the equation of moments is : 

= Vj X 18-4615 + D X 1-5385 + 40 (1:^-8-4615 - 1^) 



1-fi385 



+ 20 X -^ - 20(8-4615 + 18-4615); 




Vi is therefore greatest when 
D is least, and the joint C un- 
loaded. Consequently : 

= Vj X 18-4615 + 200 X 1 '5385 

+ 40 (L^.- 8-4615 -1?:|^*) 

-20(8-4615 + 18-4615) 
V| (max.) = + 49-2 tons; 

'20 and Vi is least when D is 
greatest and the joint C alone 



is loaded, hence : 

= V| X 18-4615 + 300 x 1-5385 + 40 Q:^ - 8-4615 ^ 1^) 



+ 20 X 



1-6385 



Vi(mm.)= +10-8 tons. 

(The stresses produced by the moving load alone are : 

+ 29-2 and —9-2, 

which, added to the stress due to the dead load alone, or + 20, 
gives the values found above). 

For the remaining bars the foUowing equations and results are obtained : 

= - Xj X 7-1 + 300 X 20 + (40 + 20)(| + lO) 
X2 (max.) = + 1014 tons 

= - Y2 X 6- 138 + (200 +100) 1-5385 + 40 Q^ - 8-4615) • 

+ 20 x^-^-20 X 8-4615 



Y.{X}==t 27-57 tons 



} iL—^BBSBSxrcm^ ^sxmsi nsMsr ;\ t^taiMt ^vv^ ^-^ 



• : 







Z, X S'536 + aw X 10 + » \ 10 



The calcalations to find the strtvimNi in \\\f> \\k^ym\i m\\ \\\ 
the two verticals immediately uIh)YO tho plt^ri VMI\Y i^llttMlv 
from the above, on account of tho rtMiotiim of Hm* jilol', ThU 
reaction W (Fig. 288) is the jm^HHim^ tho IUimI |iiiIii|i It m^mHm 
against the structure. 

To determine W, C D ciin l)o cwumldnrnd am ti iMVMf Im^VIM|^ 
its fulcrum at the other point of NU|)|M)ri A. \i In mvMmmI< timl 
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The equation of moments for Yo (min.) is therefore : 

= V, x26 + 782x26 + 300x4 + 30x4-60(6 + 16) 

V, (min.) = — 782 tons. 

The same loading makes Tq a maximum. For since Xq 
and Zo are parallel, the equation of moments reduces to the 

Fig. 289. 




130 



condition that the sum of the vertical forces should vanish. 
Hence v, the resolved part vertically of Y© (max.), is equal to the 
diflTerence between W and the loads on the part of the structure 



Fig. 290. 




shown in Fig. 290, and this difference is greatest when this 
part is fully loaded; for the reaction produced at B by any 
such load is greater than the load itself. Consequently 

= u - 782 + 20 + 60 + 60 + 30 + 300 
V = 312 tons ; 

and since the diagonal makes an angle of 45° with the 
vertical : 

'V 



Yo (max.) = 



cos 45° 



= 312 V2=+ 441-2 tons. 
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As already observed, Tq = when the bridge is fully loaded, 
hence the numerical yalue of Yo (min.) must be equal to that 
of To (max.). Therefore : 



V /max.\ __ 



:t 441 -2 tons. 



As to the stress in the vertical Uo, it is evident that the 
only vertical force acting upon it at the top, besides the per- 
manent load of 20 tons, is the vertical component of the stress 
in the top boom, and this component is evidently greatest with 
a full load. Consequently : 

- Uo = 20 + (60 + 60 + 30 + 300) 
Uo (min.) = — 470 tons. 

(The maximum stresses in both the verticals over the pier 
are negative, and it is therefore not necessary to consider them. 
By reversing, however, the loading in Fig. 288, it is easily 
found that Uo (max.) = - 320 tons.) 

The stresses in Xq and Zo are, as in the case of the other 
horizontal bars, equal to the horizontal stress in the fundamental 
parabolic chain. Consequently : 

Xo (max.) = + 936 tons 
Zo (min.) = - 936 tons. 

The value of this horizontal stress depends, as already 
remarked, on the height of the arc of the parabola E K L F, 
Fig. 281, to which the part CD belongs. In the present 
case the vertex of the parabola is 8*0128 metres below the 
horizontal K L (Fig. 281), and the height of arc is there- 
fore: 

/ = 12-6 + 8-0128 = 20-5128 metres. 

The corresponding span is : 

2 2 = 160 metres. 

The stress in the horizontal bars can therefore be obtained 
from the formula (see p. 32) : 

„ (p + 9)^ _ (4 + 2)80« 

^ = -Tf—' 2 X 20-5128 = ^^^ *^°«- 



224 



BBIDGES AND BOOFS. 



(The stress in the horizontal bars of the central parabolic 

girder is only : 

(4 + 2) X 50« 



2 X 12-5 



= 600 tons.) 



The results obtained by the above calculations are collected 
together in Fig. 291. By changing the signs of the stresses 
given in this figure, those for a similar girder turned upside 
down are obtained. The points A and B will^ however, still be 



Fig. 291. 
A' +936 B, 




the points of support. But in this case Ai, Bi will generally 
be chosen as points of support, and the stresses in the two 
verticals over the pier will consequently be altered. These new 
stresses can either be determined directly, or else by em- 
ploying secondary verticals, a method which has been used 



D 



Fig. 292. 
+936 -f93fi A +936 B 4936 ,^36 4936 ^ ^^ 




before (see § 12). The stresses thus obtained are given in 
Fig. 292. 

From Figs. 291 and 292 several derived forms can be 
obtained, as was done in previous cases (see §§7, 11, and 16), 
but only the alterations that can be made in the construction 
of the central bay over the pier will be considered. 

If, for instance, there are two diagonals in the central bay, 
both of which are capable of resisting either tension or com- 
pression (Fig. 293), the stresses in each diagonal will be exactly 



§ S4. — ODNTINUOUB GIRDBB BBIDQS IN TERES SPANa 225 

oiie*half of the stress fbund aboTo for the diagonal^ and the 
stresses in the two yertioals will each be the arithmetical mean 
of those already obtained (it is easy to satisfy oneself of this by 
imagining two sach girders, with halved stresses, placed one 
behind the other, one with the central diagonal inclbed to 
the right, and the other with this diagonal inclined to the left). 

Fio. ^ 



Fio. 298. 
JJBS 




fOaS _ 401S 




^^511 ^ 




•ilJW 



If, however, both diagonals csn only take up tension ox oao 
only resist compressioii, the stresses given in Figs. 2lHmd 296 
respectively will be those required. The Inability of tlie dia- 
gonak to resist tension is expressr^ jo Fig. 295 by double 
lines. 

In a similar manner the structures shown in Figs. i59<}, 21*7^ 
and 298 can be derived horn Vi^ 21^2. 

In all the preceding caU^ulaii<>ns i\ii$ load ou ilui j<;inis 
over the piers has, for aimplitf^ity, Umi ialutn iluj MMii«i sit ow 
the other joints, though aorMiraieiy s{>iMii<iiit{ ihu Umi *m ihimn 
joints is slightly greater on aeouuiit i4 Um; lAur iM^i^, a litUn 
wider than a bay. 

V 
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This width is necessary to prevent the pier girders over- 
turning when subject to the action of a partial load. By sub- 
stituting in the formula of § 83, viz. 



the values 



b>'-(x + z)+\/(x + zy + 2nz^m + ^y 



» = 50, * = 30, » = }«, 



it is found that, 



&> 11*38 metres. 



The width of the pier assumed above, namely 12*5 metres, is 
therefore a little in excess (all the more so as the permanent 
load of the central girders is a little less than that of the 
pier girders, although in the calculations it has been taken as 
equal). 

Continuous Girder with Parallel Booms, 

The whole of the continuous girder may be constructed 
with parallel booms as shown in Fig. 299, or else only 
parts resting on the piers may be so designed. The stresses in 

Fig. 299. 



^N^K^s^/1^1/1Ai4/1y^N^J^^^^^^/1/1/1/1/|/W^ 



% 



D A 



B C 



£ 



these latter can be obtained by an exactly similar process 
to that followed above, and these stresses are given in Figs. 
300, 301, 302, 303, and 304. To form some idea of the rela- 



Fio. 300. 




Jb '264 



'936 ^ -936 %^036 



-26^ c 



tive quantities of material required by the two designs, the 
span and height of the girders are the same as in the former 
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example. It must also be obserred that all the figures r^(^ te 
girders carrying the line of railway on their lower boomis and 
also that the hinges connect the lower boomt. Furtheiv in 

Fio. SOI. 



n -¥264 -*-^7g •*'^^^ ^ *^^^ ^ '^^^^ A ^^*^ A ^^^^ r 




Fio. 802. 




'=wr 



F& 303. 




JF 19. cNrV« 



"^SSS 



^^333 ^ '»:ui 




-m - -^ — ?- -m 



Hg. 302 both the diagonab of the eentrid bay are <»paMe 
rentmg either tenaon or compresmon ; in 7\%, 30$ they ei 
coly leoil tmsimiy aad IB 



§ 35.^— To nwrxBwnrs tbk ScimrTTHrow or nw Wiior>« 
feA» BKOTnmia Tire LsAfrr QpAirrmr of JfAnmiAT,. 

By comparing the ii t iiii we ii givf*n in Fig. 291 it sppeam, flrst, 
that tiie atreflsea in liiediagortaliv and verti/»l« ar^; ^miall /VMnparwI 
with those in 1^ booma ; and iwv>ndly, that the 3twsww in the 
cofedpartof the bow do not differ materially ftwn ^a#* other or 
ti»8tiessi& tfie borisirmtai boom. Now, as the ^nantityof 

0-1 
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material can be taken as nearly proportional to the sttess, it 
follows that by fiEur the largest quantity is contained in the 
booms, and that it is nearly equally distributed between them. 
These remarks also apply to the parabolic central girder, as will 
at once appear by reference to § 6. 

Therefore it cannot be far from the truth to assert that the 
quantity of material in the bridge is proportional to that con- 
tained in the horizontal boom. 

The above problem resolves itself therefore into the follow- 
ing: To find what subdivision of the span gives the least 
quantity of material in the horizontal boom. 

To solve this problem it is first necessary to find the most 
advantageous position of the hinges in the central span, and 
also the most advantageous position of the hinges in both the 
side spans. 

a. Svhdiviaion of the Central Span. 

Let the parts C E (Fig. 306) and C A (Fig. 307) be cut out 
of Fig. 305 and equilibrium maintained by applying the forces 
H and Hi respectively, which are the stresses in the booms. 
Taking moments about S for C E and about Ai for C A. 

B..h=px .x-px .- [1] 

H,.A=par(/-a;)+i>(/-ar)('-:^) [2] 

Now the sectional area of the booms can be found by divid- 
ing the stress in them by S, the safe stress of the material per 
unit of area. Therefore if F is the sectional area of the boom 
C E, and Fi that of C A, 

and by substituting the values of H and Hi from equations 1 
and 2, 

2AS L^J 

_ p(P^x^ 
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By mnltiplyiiig these sectional areas by the length of the oor* 
lespondiiig boom the quantity of material in CE and CA 
respeotiYely is obtained^ thus. 



-ir.-Pf! 



M = F«=: 



2A8 



M.=F.(/-» = ^<^-f/-*> ; 



and the amount of material in A E is 



(M + M0 = 2^(^-/«*-/*« + 2*»), 



and (M + Mi) is to be a minimum. 



[5] 

m 



[7] 



Fig. 805. 




Fig. 807. 



Fig. 800. 



If in this equation x really represents the value that makes 
(M + Ml) a minimum, it is evident that the addition of a very 
small quantity ± A to a; (or, in other words, replacing x by 
[^ ± A] ) must have the effect of increasing (M + Mi). But 
this can only be the case if the first of the three terms add(4 
to the expression in bracket by changing a; to a; ± A, namely, 

^ A( - /s - 2/jr + 6d;^ + A'(Oar - Oi: 2 A*, 

is equal to zero. For otherwise, by judiciously choosing A 
the first*term^(which would then be large in c;omparison to the 
other two) ootdd be made negative ; and curiM^queutly (M + Mi) 
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wonld be diminished. , Therefore the t^ndition for a minimum 
is that 

-P-2/a; + 6«« = 0;» [8] 

whence the following values for y and — = — are obtained: 

7 = ^"^y^ = 0-6076 P] 

'-^ = 0'8924 ; [10] 

or the lengths AC and CE must be approximately in the 
ratio 0-4 : 0-6, or 2 : 3. 

By substituting the value of x from equation 8 in equation 
7, the quantity of material in the horizontal boom from A to 
E is obtained : 

M + M, = 0-47184^. [11] 

h. Stihdtvimn of the Side Spam. 

The quantity of material J in the horizontal boom DF 
(Fig. 305) can be found by substituting z for x in equation 5, 
thus: 

And Ji, the amount of material in B D, can be obtained from 
' equation 6 by writing li for I and z for x. 



or replacing hhya-^z 

2AS 



•'i oTo • [13] 



The quantity of material in the horizontal boom from B to 
G is therefore 

2 J + Jj = gfgC^* - 4a2;2r + 4a;8« + 2z^). [14] 



* Or, in other words, the first differential coefficient of the expression in 
brackets of equation 7 must be equated to zero. 
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If ± A is written for », the terms in brackets are increased 
by the expression 

± A( - 4a* + 8a« + so + A*(4a -h 6 «) ± 2 A*: 

and as before the value of z that makes 2 J -f Ji a minimum 
can be found from the equation 

-4a« + 8a* + 6«« = 0; [15] 

whence the following values for z and a — 2 s are obtained : 

* = Ja(-l + V2^) = 0-8874a [16] 

a -2* = 0-2252 a; [17] 

from which 

' = !! = 0-6324 [18] 



is obtained. 

By substituting in equation 14 the value found for z in 
equation 16, the least quantity of material in the boom from 
B to 6 is found to be 

2J + J, = 0-16706^^. [19] 



0. Proportion of the. Central Span to the Side Spans. 

X z 
The preceding numerical values for j and y are quite in- 

dependent of the span of their respective openings, and there- 
fore also of the ratio 

a 

27 = "' 

according to which the whole span is divided into three spans, 

a, 2 /, a. 

The converse, however, is not true, and in fact the most 
advantageous division of the whole span depends on the sub- 
division of the single spans. 

It will be considered that the single spans have been sub- 
divided in the most economical manner in accordance with 
equations 9 and 18. 
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In this case the quantity of material required for half the 
whole span L is found by adding equations 11 and 19 tc^ether, 
thus : 

M + M, + 2J + Ji = 2^ (0-47184 /» + 0'16706a»;; 

or writing L — a for I, 



_ P 



M + M,+ 2J + J, = -^(0-47184 (L - a») + 0-16706a»). 

« A O 



[20] 



As before by changing a into a ± A it will be found that if 
the quantity of material is to be a minimum the condition 

- 3 X 0-47184 (L - a)« + 3 X 0* 16706 a^ = [21] 

must obtain. Whence 

a /O^ 



•47184 



16706 



= 1-6806; 



a 



or writing I instead of (L — a) and n instead of ^ 

n = 0-8403. 



[22] 



Applying the results obtained in equations 9, 18, and 22 
to the previous numerical example, it will be found that the 
whole span, 420 metres, is subdivided as shown in Fig. 308. 



IQM^. M?i BT^ 



Fia. 308. 
95,2 



Bl% .£??i. 



AQ^Q^. 




It will be observed that the span of the central parabolic 
girder is rather smaller than that of the two side ones. This 
would slightly increase the expense of execution, and owing 
also to the unsymmetrical arrangement and to the unequal 
loading of the hinges, the diagonals in the bays immediately 
above the central piers would be in a state of stress even with a 
distributed load, thereby slightly adding to the quantity of 
material. 
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When it is ooDsidered also that the calculations in the aboTe 
investigation are only approximate, it seems better to choose the 
simpler ratios 

_1M £.?? i-^ 

making the girders symmetrical with respect to the central 
piers. 

Equations 1 and 2 also give the greatest stress in the 
booms of a girder with parallel booms. It is true that in such 
girders the stress in the booms decreases from the centre to the 
points of support, but this is more or less compensated by the 
dimensions of the diagonals and verticals increasing towards 
the abutments. 

It can therefore be assumed that the quantity of metal in 
such girders is nearly the same as that in parabolic girders — 
an assumption which will be found justified by comparing 
Fig. 27 with Pig. 57, and Fig. 291 with Fig. 800. The premises 
are therefore approximately the same as in the case of parabolic 
girders, and consequently equations 9, 18, and 22 may be con- 
sidered as approximately true for girders with parallel booma 
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ELEVENTH CHAPTER 
§ 36. — ^Detebhxhatioh of the TuBNma Points and Leveb 

AbUS BT GALOULATIOir. 

Although a drawing to scale of the stractnre under considera- 
tion can generally be made, upon which the turning points can 
be found by construction, and the lever arms, with ample ac- 
curacy, by measurement, yet cases may occur where it is necessary 
to obtain these data by calculation and without the help of a 
drawing. In the following it will be shown that this is by no 
means difficult, and that when the structure is composed of 
straight bars the required results can be obtained simply by the 
comparison of two similar triangles. The examples have been 
chosen from the various structures already considered, and will 
therefore render the former calculations more complete. 

Boofof^S. 

To find the lever arm x of the stress X in Fig, 10, the simi- 
larity of the two triangles DM0 and ADO can be employed 
thus (Fig. 309) : 



X 



AD 



Fio. 309. 




DC AC 

and putting 

CD = 20, AD = 50, 



AC = ^50^ + 20*, 

as given in Fig. 8. 

= 18-6. 



20x50 



X = 



a/ 50« + 20* 

The lever arm y of the stress Y can be ascertained by 
comparing the two similar right-angled triangles ALD and 
E F D, obtaining the equation 

y _ ^. 

AD ED' 
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or sahstitating 



ADs 



50, EF = 15, ED = V 12-5' + 15% 
50x15 



- 1 



Vl2-5« + 15« 



=:88*4. 



PoroWtb Girder (§ 6). 

To ascertain the stresses Ya and] Y3 the position of the 
taming point S (Fig. 26) had to be determined. This can be 
done from the equation 



d; + 2x x + Sx 



= tan 0, 



obtained from Fig. 310 by comparing the similar right-angled 
triangles SDEand SFG. 



Fig. 310. 



S 




Now, according to Fig. 21, 

X = 2 metres, u = 1*5 metre, v = 1*875 metre. 



Therefore 



/3ti — 2tJ\ . 



metres. 



Again, from the similarity of the two right-angled triangles 
SDH and G D F, the following equation is obtained : 

y _ p . 

SD GD' 
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from which, by sabstitating 

8D = a7 + 2xss8 metres, 
and 

G D = V »• + A« = V 1 • 875« + 2*. 

8x1-875 ._ ^ 
y = — = 5*47 metres. 

Lastly, to find the lever ann D J = a (for the moment of 
the stress Z3 about D), the following equation ij9 deduced from 
Fig. 310, 

z = ticosa = t*5-- = 1'5-- — ■ = 1-474 metre. 
^^ ^8» + l-5* 

Sickle-shaped Truss (§ 15). 
The equation for x found above can also be put in the form 

2r-|.2x = • 

This equation can be adapted to another parabola whose 
ordinates are n times those of the former, by writing r^t; for v 

V 

and nu for u. The ratio - in the denominator of the above 

u 

equation becomes — , or remains unchanged. Consequently 

the intersection of the chord E G, with the horizontal through the 
points of support is independent of the height of the arc of the 
parabola. 

From this it follows that in the sickle-shaped truss of 
Fig. 311 the intersection of the chords H N and M J lies in the 
horizontal through the points of support. The position of O 
can therefore be found, as in the preceding case, from the 
equation 



u 



a? + 3x a? + 4x 

Or substituting from Fig. 114 the values 

X = 1, t« = 0-710, V ?= 0-852, 

. = »-'^^» 3 = 2. 

0-85? - 0-710 
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The position of the point L can be det'Ormined by means 
of the similar triangles N B L and M Q L, thus : 



— = — ; — , or - = — ; 



but from Fig, 114, z = l' 065, therefore 

0*852 



w = 



1775-. 0-852 
Fig. 311. 



= 0-9231. 




QJ^isS:^::. 



To obtain the lever arm y (for the stress Y4 in Fig. 116) the 
similarity of the two right-angled triangles OFL and MQL 
gives the equation 



y 



in which 
and 



OL ML 
OL = 2 + 4 + 0-9231 = 6-9231, 

M L = V 0-852* + 0-923ia = 1-256. 

The value of y thus found is 

6-9231 X 0-852 ^ „ 

^ = — r256 — = ^'^- 

The position of O being known, the lever arm t (for the 
stress Z4) can be found by comparing the similar right-angled 
triangles J G N and J E 0, thus : 



t 

z 



OR 
OJ' 
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and fiinoe OR = 5, and J = \/5» -h 071*, 

I^ however, the position of were not known it would be 
better to find t firom the equation 

The lever arm s (for the stress X4) can be obtained from 
the equation 

• _QQ 

in which 

r = 1-278, 0Q = 6, and 0H= V6«+2-iy, 

whence 

6 X 1-278 
$ = _ = 1'205. 

V6« + 2-18« 

But if the position of were not known this lever arm 
could be more easily obtained from the equation 



r NH 

To calculate the stress Ys, it is necessary to know the 
point of intersection of the two parabolic chords NF and M J. 
From Fig. 312, 

N T = f> tan a=: Z'^' p tan c, 

or 



f> = 



tana — tan c 



Here 



MQ-JB 
« = 1*065 and tan 6 = — ^^ , 



or, according to Fig. 114, 



. 852 - 710 ^ , .„ 
tanc = = = 0-142, 

also 

. N B — c S ^ ^— «- 
tan a ;= = = 0*4725; 
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theiefoie 



1 065 
^ " 0-4725 - 0-142 



= 3-22. 



The horizontal distance of U from Ais therefore 

0- = 8*22 - 8 = 0-22. 
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.1. 



Braced Arch (§ 22). 

The position of the loading boundary at C (Pig. 174) can be 
determined from Fig. 313 by the equations 



or 



N = (/+«) tan € = (/ — d;) tan a, 



X 



^ /tan a — tan €\ 
~ \tan a + tan e/ * 



Fio. 313. 




Putting (from Fig. 174), 

/ = 20. 



and 



**^* = 7 = A = ^-^' 



LK 3-75 ^ «_- 
*»^« = AK = -i0- = ^*^^' 

_ nn / 0'375-0-25 \_^ 
''~^*'U-375 + 0-25J"*- 
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The loading bonndary through F (Fig. 192) can be fonnd 
from the same equation by substituting for tan a a= ^ = 

• 6875, thus : 

The intersection of the chords of the parabola with the hori- 
zontal upper loom can be determined by the method adopted for 
parabolic trusses (page 236). Thus the position of the point M 
in Figs. 180 and 182 can be found from the equation (Fig. 814), 

, or to = 



w to + X 



» — « 



Fio. 814. 




EG «^ 



but from Fig. 173, 



therefore, 



and 



X = 2, ti=l-76, t> = 2'3, 

2 X 1-75 

10 — = 6*36L 

2-3 -1-75 ^ 

AR = w + 6x = 16-36. 



The position of the loading boundary through E can now 

MR 
be obtained by putting tan a = -^-^ = ^ = 0-336 in the 

previous equation, thus : 

^ 20/0-336 -025V ^ 
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§ 37. — ^Appuoatiok of thb Method of Moments to ■ find 

THE FOBM A StBUOTUBE SHOULD HAVE IN OBDEB THAT IT 
ICAT FULFIL GIVEN CONDITIONS. 

In all the preceding examples the form of the stmcture was 
given, and the method of moments was employed to find the 
stresses prodnced in the various bars by the application of 
known loads. It will now be shown how the same method may 
be employed to determine the form a structure should have in 
order that it may fulfil certain given conditions. 

The form and dimensions of the parabolic girder cal- 
culated in § 6 were given, and in determining the stresses it 
was found that when the bridge was fully loaded the stress 
in all the diagonals vanished, a property which was explained 
and found to belong to all pcurabolic girders in the subse* 
quent "theory of parabolic girders," § 8. The [operation could, 
however, be reversed, and it might be required to ascertain 
what form must be given to a girder in order that it may possess 
the above property. If for instance the span, the number of 
bays, and the depth of the girder are given, from which (Fig. 
315) the points A, E, B, and likewise the positions of the loads 



Fig. 315. 




on the upper boom are determined, the only unknowns, if the 
girder be symmetrical, are the heights Ai, Aa* *3- 

hi can be found by forming the equation of moments for the 
part of the girder shown in Fig. 316, the turning-point being Oi, 
the intersection of the directions of the stresses X and Z. Now 
by the conditions this point must have such a position that 
T = 0. Hence the equation 

= - Dar, + Q } (a?, + A) + (ar, + 2 A) + (a?i + 3 A) 1 . 

B 
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»=?• 



sabetitntiiig and solying for o^ 

ar, = 12 X. 

The height hi can now be oalcolated from the equation 

hi _ X| + 8x _ 15 
* "», + 4X"16' 

In a similar manner the following equation is obtained from 
Pig. 317 : 

= - D«, + Q {(«, + x)4-(a?s + 2X){ . 

Fia. 816. 




7Q 

And again putting D = -^ and solving for oJa, 

ar, = 2X; 

whence A2 c^^ be found from the equation, 

A, or. + 2x 4 
Ai X2 + 3K 5 ' 

or replacing hi by its value in terms of A, 
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Lastly, to detennine A, (Fig. 318), 



0= -Dar,+ Q(ar, + AX « *Q*t = Q(*t + 



A) 



Fia. 818. 



A,""*, + 2X~ 12 
*« = A *i = A*- 



As an exan^le put A = 2 metres, as in 
Fig. 21, then A, = 1*875 metre, A, = 1*5 
metre and A, = 0*875 metre, or the dimen- 
sions given in Fig. 21. If further, X = 2 
metres ; «i = 24 metres, x, = 4 metres, and 

X, = 0*8 metie; tiins assigning to Oj, O^ and O, the same positions that were 
obtained graphically in § 6, and by calculation in § 37. 




§ 38. — GiBDEB IN WHICH THE MINIMUM StBESS IN THE 

Diagonals is Zebo. (Schwedler's Girder.) 

If the Bymmetrical parabolic girder of Fig. 35 be compared 
with the symmetrical girder with parallel booms of Fig. 69, it 
will be obserred that in the first the maximum and the minimum 
stress in each diagonal are numerically equal but of opposite 
signs, whereas in the second, if the diagonals are inclined up- 
wards from the centre towards the ends, the maximum stress has 
the largest numerical value, and the minimum stress is positive in 
all the bays except in those near the centre (and in fact the mini- 
mum stress in these latter diagonals would also become positive 
if the permanent load were sufiSciently large in comparison to 
the moviag load). It might therefore be expected that there 
exists an iutermediate form of girder in which the miTn'Tniim 
stress in all the diagonals is nothing. • 

This form of girder will now be found ; it will be assumed 
that the number of bays is eight (as in § 37), the depth of 
the girder at the centre = h, the length of a bay = \, and the 
span = 8 \. If the girder be symmetrical hi, &2, A3 are the 
only dimensions required to determine its form (Fig. 319). 

To find hi the girder must be so loaded that the stress Y is 
a minimum. This condition of loading is given in Fig. 319. 
Taking moments for the part of the girder shown in Fig. 320 

B ^ 
9 
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about the point Oi, the intersection of the diiectioii of the straneB 
X and Zy and patting Y = o, 



but 



= - D », + (p + m) { (», + A) + (ar, + a X) + (»/ + S X) | ; 



substitating and solving for fl^i 



,_24(p + m)X 



Xt = 



2p — 8 m 

Now hi can be found from the equation 



A "«! + 4x' 



or replacing Xi by its value 



hi _ 80p-t> 15m 
A ~82p + I2m 

Fia 319. 



Fia. 820. 



Ot 



ar. 






m 



Pa] 





In the second bay (counted from the centre) the stress in the 
diagonal will be a minimum when the girder is loaded, as shown 
in Fig. 321, and 

D = ;i> + m(; + |). 
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Taking moments about Os for the part of the girder shown 
in Fig. 322, and remembering that the stress in the diagonal 
is zero, 

= - Dr, + (l> + m) {(or, + X) + (*, + 2x)| ; 

whence 

_ 8(p-l-m)X 



x« = 



4|» — « 











Fio. 821. 
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Fig. 822. 
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but ^2 can be found from the equation 

A, _ ar, + 2 X 
A, ~ ar, + 3 X * 

or substituting for o^, 

A,_ 16jpH-6m 
A, ~20p + 5m' 

Similarly a;, and &3 can be obtained as follows (Figs. 323 and 
324) : 

= - Dar, + (p + m){x^ + X) 

_ 8 (p + m) X 
20p-m 
A3 ^ a?3 + X _ 28p + 7m 
A, aj,+ 2x"'48p + 6m' '-'^^J 

By means of the foregoing equations the effect of altering the proportion 
between the permanent and moving loads can be studied. 



0:3 = 



[3] 
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Thus if m = the girder is parabolic, as is shown by the following resnlts : 

a;| = 12A, <p, = 2a, ar, = 0'4a. 

Ai_15 A,_4 A|__7 
^ A~16* Ai~5' A," 12' 
which are the valaes obtained in the last example, § 87. 

xl^ .•» . Fig. 823. 





Suppose 
then 



m 1 



X ■" '^' X "■ 7' X ""39' 



and 



Aj_75 5j_38 A«_21 
A ~76' Aj "45' A, "34" 
Thns, if, for example, A = 1, 

These heights can be plotted above the horizontal A B, as in Fig. 325, or one- 
half can be plotted above and the other half beneath, as shown in Fig. 826. In 

Fig. 325. 




Fig. 326. 




both cases tension alone will occur in the diagonals. (If, however, the dia- 
gonals were inclmed the other way, as in Fig. 327, they would always be in com- 
pression, and the maximum stress would be nothing.) 

Again, if -- = ^ it will be found that a?. = oo, and -* = 1, and when ->^- » 
p o 'A p 3 
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ff, beoGmeB negaiiyey and A, >iL In this last case the depth of the giider in 
the oentie would be less tluun it is in the acycHning bays. For other obvious 
reasons it would not be adTisaUe to oanstmot the girder thus; the 'vw^i ti im ff 
cannot therefine be complied with in this case. 

Fio. 827. 




m 4 Ai 90 

Further, let - = - , then ftom equation 1a, ~ = ^ bnt, instead of this^ 

~ = 1 would be taken. The equations for A, and A, are still applicable. For 
h 

from equation 2a, ^^ = --; , or A, = 0*9A; and from equation Sa, r = o • whence 

A| 10 Ay o 

A, = |xO-9A,orA, = 0-6A. 
o 

Thus if the girder be 8 metres deep and the span 64 metres, the permanent 

load p = 12, oOo kilos., and the moving load m = 16,000 kObs., the dimenskms 

Fia. 328. 




Fig. 329. 



-22400U 



-224000 




* -\Vl%%% 



-186670 



•fl86C70 

Fio. 830. 

-210000 



i-2ionoo 



-224000 



-224000 




f 187600 



+210000 



+210000 > 



obtained would be those given in Fig. 828. The stresses can be found in toe 
manner described in the Second CJhapter, and are given in Fig. 329. If the 
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level of the lails ia above instead of below, the girder would be of the fonn ahowm 
in Fig. 330. 

The stresBee in the verticalB given for both girders are oompnted on the aaenm^ 
tion that the whole of the permanent load is concentrated at the jdnts oaxrying 
the track. If, however, it is supposed that half the permanent load is applied to 
the tipper joints, and the other half to the lower ones (in accordance with § 12), 
~ 6000 kilos, most be added to the stress in all the verticals of Fig. 329, and the 
stresses in these verticals, &om the centre outwards, will become: 

-»2000,{;1^2»J.{-1°2S«. +22000. 

In Fig. 330, however, + 6000 kilos, must be added to the stresses in the 
verticals, thus : 

-22000, -42000, -48670, -43000. 

When — = 4, it appears that x, = oo (equation 2), and when — >^ 4, x^ U 

y r 

negative, and A^ > ^i . In this case, therefore, it will be necessary to make A, 

as well as h^ equal to h, and the four central bays will be rectangular. I^ for 

instance, p = 1000 kilos., m = 5000 kilos., and A = A = 2 metres (as in the girder 

calculated in § 6), it will be found that or, = 6'4 metres, and A, = 1*615 metre. 

Fig. 331 therefore represents the form of the girder and Fig. 332 gives the stresses 

in it, those in the four central bays coinciding with those given in Fig. 61. 

Fig. 331. 
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Fig. 332. 
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+ 36000 



Lastly, if m >• 20p, org is negative (equation 3), and A, >• Aj. As it cannot 
be considered advisable to make the depth of the girder diminish towards the 
centre, in this case the above conditions cannot be fulfilled in any bay. 
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§ 39. — GntDSB HAYING THE MAXIMUM StBESS IN ITS 

Diagonals equal. 

The problem discussed in § 88, namely, that the minimum 
stress in all the diagonals should be zero, is only a special case 
of. the following : To determine the form of a girder in which 
the maximum stress in the diagonals is equal to some given 
quantity. 

Since by turning the girder upside down all the stresses 
change their sign — and consequently the maximum stress 
becomes the minimum, and vice versa — it is of no consequence 
whether the maximum or the minimum stresses be assumed 
equal to a given quantity. But as the minima stresses are 
usually negative, it is perhaps as well to make the assumption 
with regard to the maxima stresses. This will now be done, 
and it will be supposed that the girder is symmetrical, that 
there are eight bays, and that the maximum stress in the 
diagonals is equal to Y. 

Fig. 333. 




The stress in the diagonal 
of the second bay will be a 
maximum when the girder is 
loaded, as shown in Fig. 333, 
and the equation of moments 
(Fig. 334) is 

Or by substituting for i/ its value : 



Fio. 334. 




Ksma 



y = (j? + 2 X) sin a, 
= y (a; + 2 A)Bm o - Do; +/?(a? + X). 
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(This equation could also have been arrived at by resolving 
y into its horizontal and Tettical component, when the moment 
of the horizontal component would hare vanished.) 

Now, 

D = 1P + (i + » + » + ♦ + * + 1) "• = 8-8p + 2-625m; 

therefiue substituting and solving for a, 

5 = P + ^^'i"" [1] 

0), can be determined in the same manner from Fig; 336 (the 
five joints to the right of the sectioii line- being loaded) thus : 

= Y(r, + SA>am«,-D,«,+p((;r, + A) + <«, + 2x)i 
D, = 8-5p4-l'875in. 










n. 
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And lastly, to find «, (Fig. 336) (the four joints to the right of 
the section line being loaded) : 

D, = 3'5j) + l'25m. 
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The form of the girder can be obtained firom these three 
eqnationB in the following manner. Some value being assumed 
for «, sin a can be found from the equation 



a = 



and then a is known from equation 1, whence «i (Fig. 834) can 
be determined from the equation 

M Of + X •■ ■* 

Xi can now be found from equation 2 by substituting 

gin «! = - =!! > 

and therefore 23 can be obtained from (Fig. 385) 

*i », + 2x *■■' 

Likewise X2 can be obtained from equation 8 by substi- 
tuting 

8ma, = -— ^=r, 
V «,• + X« 

and A can then be found from the following equation (Fig. 
336): 

«2 07, + 8 X *■ ■* 

As an example, suppose that in the girder of § 6 it was wished to dimfaiai^ 
the greatest compression in the diagonals, thereby increasing the greatest tension. 
For instance, let it be assomed that the maximnm stress in every diagonal should 
be 8000 kilos., then in the above equations, m = 5000, p = 1000, and Y = + 8000. 
Assuming that z — i (taking the length of a bay as unity), the following values 
are obtained by following the steps indicated above ; sin a = 0*447, x = 0*677, 
*i = 0*798, sin oi = 0*625, a?i = 3*06, «r, = 0*958, sin a, = 0*693, », = 23*28, 
h — 0*996. The form of the girder obtained is shown.ln Fig. 337, and the stresses 
in the various bars are given in Fig. 338. 

As another example, let Y = 0,.the above equations then give the form of a 
girder the diagonals of which are always in compression, and if at the same time 

- = X , it will be found that 
P 2 



and 



X 16 

x'ei* 


Xi 16 
X "13' 


x^ 16 
X=3-' 


«, 138 

« " 77 ' 


z^ 55 
5^""42' 


h 28 
«,"25 
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By multiplying thoso three last equations together, 

A_W 55 138_W 
i"" 25*42' 77 ""36* 



From this equation z can he found as soon as some Talne is given to A. If, ftr 
instance, A = 1 : 



z = 



85 

92' 



138 85 
'* "" 77 ' 92 



15 25 ^^ --^. 

22» '« = 28 (^-^W-) 



Pig. 837. 




Fig. 339. 



+48970 




In the girders shown in Fig. 327 and Fig. 339 the diagonals are always in 
compression. If these girders were reversed the diagonals would always he in 
tension. It appears, therefore, that there are two solutions to the prohlemof 
§ 38, and that the form of the girder obtained depends on the direction in 
which the diagonals are inclined. If the direction be that shown in Fig. 327, 
the conditions can only be complied with, it was seen, to a certain extent when 

the ratio - lies between - and 20, and not at all when -> 20. But with the direo- 
p o p 

tion of the diagonals chosen in this § a girder can always be designed meeting 
the imposed conditions. Even in the extreme case, when — = oo or p = 0, the 
aboYG eguations give results that can be practically applied. Then a;, , o^ , j?,, 
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all become nro, and the tnus takes the triangular fonn shown hi Fig. 940. 

li^ on the oontiary, ^ = ooorm = 0,the limiting form is the paraboUo girder. 

It is oibyions that it makes no diifeienoe whether the ordinatee be plotted above 
or below the horiiontal thioogh the abutments, or whether a part be placed 

Fio. 8i0. 




Fio. 341. 




Fio. 342. 




Fio. 848. 
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Fig. 344. 
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above and the remainder below. The diagonalB in the girder thus obtained will 
always be in compreselon, and if it be reversed the diagonals vnll alvrays be in 
tension. 
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Again, let Y = 0,p = 1000 kiloB^ m = 5000 klloB^ and A = X = 1, thai by 
solving equations 1 to 6 the girder giyen in Fig. 841 is obtained, and of vdiieh 
Fig. 342 is a variation. By comparing this girder with that of Fig. 3S8, in which 
the maxima stresses in the diagonals are equal, with the Scfawedler's girder of 
Fig. 332, and with the parabolic girder of Fig. 89, the influence the fonit of flie 
girder has on the stresses will become apparent. 

The stresses in the girder of Fig. 841 are given in Fig. 348, and by multiplying 
these stresses by — 1, those for the girder of Fig. 844 are obtained, in which the 
diagonals are always in tension. In either case it is assumed that both the 
moving and permanent loads are applied to the joints situated in the horizontal 
boom. If half the permanent load is concentrated on the upper joints and the 
remainder on the lower joints, — 500 must be added to the stresses in the verticals 
of Fig. 843 and + 500 to those of Fig. 344. 



If in Fig. 333 the loads were applied to the upper extremity of the verticals 
instead of to the lower, the values of T sin a and T sin Oj , which appear in equa- 
tions 1 and 2, taken negatively, would each be the stress in the vertical to the right 
of the corresponding diagonal. The above equations can therefore be employed 
to determine the form of a girder in which the greatest compression in the ver- 
ticals is equal to some given quantity, by making the vertically resolved part of 
Y equal to this quantity. 



§ 40. — GiBDEB IN WHICH THE StBESSES IN THE BoW 

ABE THE SAME THBOUGHOUT. (Pauli's Girder.) 

In the symmetrical parabolic girder of Fig. 34 the stresses 
in the bow increase from the centre towards the ends ; bnt in 
the girder of JFig. 70, with parallel booms, the stresses in the 
booms, on the contrary, diminished &om the centre towards 
the'ends. It is evident, therefore, that some intermediate form 
must exist, in which the stresses in the bow are equal through- 
out. It has been seen that the stresses in the booms are 
greatest when the girder is fully loaded ; the moving load 
need not, therefore, be separated from the permanent load. 
Let Q be the total load on each loaded joint (Fig. 345), then 
the girder having eight bays, the reaction at each abutment 

willbeD = ^ = 3-5Q. 

The stress in the bow in any one of the bays situated to the 
left of the centre can be found from the equation of moments, 
formed with reference to the part of the girder to the left of a 
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v^rtioal section catting through the bay in question, the inter- 
section of the diagonal and the top boom being the turning- 
point. 

Thus, from Fig. 345, are obtained the following equations 
to find the stresses Zi, Z2, Z3, and Z4 : 

Z,p, = D2a-Qa 

Z,p, = D8a-Q(2a + A) 

Z4P4 = D4a-Q(3a-|-2a-|-A). 
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Let Ml ... M4 be the sum of the moments on the right-hand side 
of these equations, then, after substituting for D, 

M| = 3-6Qa, M, = 6Qa, M, = 7-5Qa, M«=:8Qa. 

Now, according to the conditions, the stresses Zi . . . Z4 must be 
equal, say, to Z : hence 

Z pi = Mj , Z p, = M, , Z p, = M,, Z P4 = M4. 

Suppose, for instance, that A = 1 and Q = 6000 kilos., then M^ = 21000, 
M, = 36000, M, = 45000, M4 = 48000. If, therefore, the stress Z is to be equal 
to 36000 kilos, throughout the bow, 



21000 



Pi = 



36000 12 



= TH > Pt = 



36000 
36000 



= 1, p, = 



45000 5 
86000 "" 4 



P4 = 



48000 
36000 



To find the form of the girder by construction, describe 
circles with radii pi ... f)4 from the corresponding turning-points 
as centres, and draw the lower boom in each bay a tangent to its 
circle. Starting from the abutment A, Fig. 346 is thus obtained, 
and the depths Ai • .. A4 can be then found by measurement 
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The form of the girder can also be obtained by calcnlation, 
instead of by constraction, in the following manner : — From 
Fig. 345 two expressions can be obtained for cos oi, cos os, 
cos a^y and cos a^ and hi ...h^ can be found by equating these 
expressions. Thns, in the first bay. 






= 0080,; 



or, 



*1 = 



Pi 



Vx^-T; 



P] 



p.] 



and hi can be obtained from this equation, for pi = '=^ ia 

known. 

For the second bay, 



pj_ 



solving this quadratic equation : 



= 008 0,: 



[2] 



^.^{-^ViFlF'}- ™ 



Fio. 846. 




In a similar manner the following equations are obtained 
for the third and fourth bays : 



P8_ 



^8 Vx* + (A,-A,y 



= COSOj. 



[3] 



■^.^.{-^V(^■*(S)■-■}■ ™ 



^4 V X» + (^4 - A,)' 



= COS Of. 



M 



i,=j4>,{-^V(7;*(y--'}- t"j 
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If the value chosen for Z were such that the lever-arm 
Pi = -=^ = -7^ became equal to X, theu, from equation I., it 

appears that -^ = 00. Therefore the conditions can no longer 

M 
be complied with when rr^ > X, or Z ^ D. 

In the previons nnmerioal example — ^ = D = 21000, if then Q remams equal 

to 6000 kiloB., it would be impossible so to construct the girder that stresB in the 
bow shonld everywhere be eqnal or less than 21000 kilos. 

K Z has such a value that the lever-arm p. = -i becomes 

*^ Z 

equal to X, equation II. takes the indeterminate form — H = 00' x 0. 

In such a case, h^ must be found from equation 2, which, 
when X is substituted for p^^ takes the form, 



^'« V \« + (A, - h,y 
and solving for h^ 



^ = ^'' f"-] 



or. 



X 2VAi \/* 



This case occurred in the preceding numerical example (Fig. 346), for Z was 

takenat 36000 kilos., and it was found that- ' = 36000, therefore p, = -^ = x = I. 

Hence, finding the value of A, from equation I., viz. A| = 0*7182, and substi- 
tuting in equation Ha., 

*' = 1(0^ + »-'^82) = 10553; 
then, from equation III., A, = 1*2811; and finally A4 = 1*3364 from equation IV. 

The same course would have to be pursued if, in any other 
bay, the lever-arm of Z became equal to X. . 

For instance, if Z = 48000 kilos., and the other data remain the same as in the 
previous example, namely, X = 1 and Q = 6000 kilos, (so that the moments are the 

8 
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same, tIz. M| = 21000, M, = 36000, M, = 45000, M^ = 48000), the values ob- 
tained for the leyer-cuniB are : (see Fig. 347) 



21 7 
^•=48 = 16' 



86 3 

^^ = 48 = 4' 



45 15 48 , 

'*» = 48 = 16* ^'"4S"^' 



Then, £rom equations I., II., III., 



A, = 0'4865, A, = 0-7823, A, = 0-951. 



h. 



Bat equation IV. takes the indeterminate finm, ~ = oo x 0; h^ must therefore be 
calcnlated from the equation : 



Fig. 347 




If the leyer-arms P1.../94 are halyed, the stress Z is 
doubled; but if at the same time Q is halved, Z does not 
alter. For instance, the dimensions of the girder given in Fig. 
348 would apply when Q = 6000 kilos, and Z = 96000 kilos., or 
when Q = 3000 kilos, and Z = 48000 kilos., and generally 
in all cases when Z = 16 Q. 



Fig. 348. 




If the girder be reversed, the new stresses can be found by 
multiplymg the old ones by - 1. By reversing, therefore, 
Fig. 348, the girder shown in Fig. 349 is obtained, in which the 
tension in the bow is everywhere the same, and is = + 48000 
kilos, if Q = 3000 kilos. 

The stresses given in Figs. 349 and 350 have been cal- 
culated on the supposition that the total load on each 



§ 40.— STBUCTUBES FULFILLINa OIYEN CONDITIOKS. 259 



loaded joint is 3000 kilos, (composed of a permanent load 

m 

. = KiioH.. anu oi a. movmo' man. 



^ = 1^ kilos., and of a moving load, !? =.^ kilos.). By 



imagining these two girders united to form Fig. 351, a girder 
is obtained in which Uie stress in the lower as well as in the 
upper bow is everywhetre equal to 48,000 kilos. The ratio 
of the depth to span (1 : 8) and the loads (permanent load 
jp = 1000 kilos., and moving load m = 5000 kilos.) are the same 
as those of the parabolic girder of § 6. The stresses in the 
horizontal booms in Fig. 351 destroy each other mutually; 
this boom is therefore omitted as being unnecessary. The 




+47800 



FiQ. 350. 



-AG8»0 



— 4R830 



-474S0 



-47800 




+4IQ00 



+48000 



Fio. 351. 

^48000 



-48000 




+48000 



+48000 



+48000 



stresses in the verticals correspond to the assumption that the 
points of application of the permanent as well as of the moving 
load lie in the horizontal through the abutments. 

1£ the girder is to have crossed diagonals, and not two 
half-diagonals meeting each other at the centre of the verticals, 
the depths hi, %2 • • • ^4 will have to be slightly altered ; but as 

s 2 
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may be expected these alterations will be small, and, in fstct, 
Fig. 351 is an approximate form. 

To find the accurate form, the first step is to obtain the 
dimensions of the girder shown in Fig. 352 (which will become 
the lower half of the required girder), when the stress in the 
bow is throughout equal to the given stress. 

The equations of moments are : 



Zp, 

ZP4 



Dx 

l>(^ + «i)-Q«i 

D(3\ + u,) - Q { (2 X + u,) + (X + uj + «4 } . 



[5] 
[6] 
[7] 
[8] 



D 


X 


' 


F 

Q 

' t/ft X-t/a ' 


10. 352. 


1 








1 




"■A 

M t 

/ 1 


^ 


ft. /ii \ 
/ 1 ''* \ 


/ 



As there is no difference in Figs. 345 and 852 in the first 
bay, hi can be found from equation I., and by substituting for 
pi its value from equation 5. 



D 



^ VZ2-D2 



[V.] 



To determine U2 and p2, the foUovdng equations are obtained 
from Fig. 353 : 

A, A, 



ttj X — 1*2 



= tan Oj, 



z^ — Ai Aj — A, 



M, 



= tan€». 



Solving the first equation for U2, 



__ XAj 



P] 
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and finding «, from the second by substitnting for u^. 



Consequently, 



2 A, A, 008 t. 



[10] 



Fig. 353. 



M, 



A-u, 



2i» 



-.Oly 



<'^' 






^ 



Substituting these values of «2 and p2 in equation 6, and 



solving for — , 



^_ (2D-Q)A, 
A. ~2ZAiC08 6, -Dx 



[VI.] 



From this equation A2 can be found wlien hi has been calcu- 
lated from equation V., and the angle 63 is known. But 



cos c, = 



V X2 + (/,, - A,y 



[11] 



so that cos €2 depends on ^2* Now cos €2 is less than unity 
and greater than cos ei, therefore an approximation to A2 can 
be found by assuming for cos €2 some value between these 
limits (or one of the limits may be first assumed, say the limit 1). 
The value thus found for ^2* substituted in equation 11, will 
give a nearer approximation to cos €2, from which a more 
accurate value of A2 can be obtained, and so on until the 
required degree of accuracy has been arrived at. 
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For the third bay, equations similar to 9, 10, 11 are obtained 
— ^namely, 

Aa + Aa* 



W8 = 



_ 2 A, A, cofl €j 



COB€, = 



^ xa + (A3 - A,)« 



[12] 
[13] 
[H] 



By substituting these values of u^ and P3 in equation 7, and 
solving for -^, 



A3 



3(D-Q)A, 



X 2 Z A, 006 c, - (2 D - Q) A. 

Similarly, for the fourth bay, 



[vn.] 



u^ — 



XA, 



cos €4 = 



A, + A, 

2 A3 A4 cos €4 

A, + A, 

V x« + (A, - h,y 



[15] 
[16] 
[17] 



and combining equations 15 and 16 with equation 8 : 



(4D-6Q)A3 



A*^ 

\ 2 Z A3 cos €4 - 3 (D - Q) X 



[vm.] 



AgaiD, assuming that X = 1 and Z = 16 Q, as in the former numerical ex- 
ample (Fig. 348), the value of A,, obtained from equation Y., is 0*2242, as 
before. Putting this value of h^ in equation YI., and assuming cos Cj = ^t A, is 
found to be 0'3661 as a first approximation. Equation 11 then gives 0*99 as a 

Fig. 354. 




nearer value for cos c,? which, substituted in equation YI., gives A, = 0*3734. 

A repetition of the same operation gives cos €, = 0*9889, and A, = 0*3742 as 

a third approximation. In a similar manner, from equations YU. and 14, 

Ag = 0'4745, and from equations YIII. and 17, A^ = 0*4942. (See Fig. 354.) 
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The stresses giyen in Figs. 355 and 356 have been cal- 
culated^ on the supposition that the total load on a loaded 

joint is 3000 kilos, consisting of a permanent load, ^ = 



m 



5000 



kiIo6.y and of a moving load, — = —^ kilos. (A comparison is 
thus obtained with the girders of Figs. 349 and 350.) 



.-48000 



FiO. 355. 

-48000 



-48000 




+48560 



Fig. 356. 



—48560 




+48000 



+48000 



The combination of these two girders gives the girder shown 
in Fig. 357, in which the loading (permanent load^= 1000 kilos., 
and moving load m = 5000 kilos.) and the ratio of depth to span 
(0 • 9884 : 8) are the same as those of the parabolic girder of § 6. 
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TWELFTH CHAPTER. 

§ 41. — Determination op the CBOfis-SEcnoNAii Aheas 

OF the Babs in a Stbugtube. 

Each bar of a stmctore can be regarded as a bundle of 
rods firmly bound together, each rod having a cross-section equal 
to the unit of area. To obtain, thereforey the number of ufUts 
of area which the cross-secticn of any bar of a dructure must 
contain, it is only necessary to divide the stress in the bar by what 
is considered to be the safe stress on a unit of area. 

So long as the stress is within the limits of elasticity, it can 
be considered safe. For instance, a wrought-iron rod whose 
cross^section has an area of 1 square millimetre can, on an 
average, have a stress of 15 kilos, applied to it without the 
limit of elasticity being exceeded ; but any increase in the stress 
would produce a set. Fifteen kilos, per square millimetre can 
be, therefore, considered as the limit of safety ; but in practice 
it is usual to allow only 6 or 8 kilos.* per square millimetre for 
wrought iron, and it is only in special cases, where the risk 
may be run, that the limit should be approached nearer. 

Thus, to obtain the area of the cross-sections in square 
millimetres of the various parts of the structures considered 
in the preceding chapters (supposing them to be made of 
wrought iron), the calculated stresses in kilos, should be divided 
by 6. 

For instance, the cross-sectional areas in square millimetres 
required for the braced girder of Fig. 61 are as follows : — 

1. For the top boom : 

3500, 6000, 7500, 8000, 8000, 7500, 6000, 3500. 

2. For the bottom boom : 

0, 3500, 6000, 7500, 7500, 6000, 3500, 0. 
* This Ib equivalent to 3* 8 and 5*1 tons per sq. inch. — ^Tbaks. 
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3. For the verticals : 

4000, 3500, 2604, 1818, 1125, 1813, 2604, 3500, 4000. 

4. For the diagonals : 

4d50, 8683, 2567, 1592, 1592, 2567, 3683, 4950. 

5. For the counter-braces : * 

88, 767, 767, 88. 

• 

It must, however, be carefully remembered that the resist- 
ance to compression cannot always be taken as equal to the 
resistance to tension; on the contrary, in many cases the 
resistance to compression is far less, when, in fact, the bar is a 
long column and is liable to fail by buckling. This point will 
be considered more fully in the sequel. (See " Besistance of 
Long Columns to Buckling.") 

Further,* it must be observed that these sectional areas are 
those due to the stresses in the main structure only ; secondary 
structures may, however, be fused into the main structure, 
altering the sections accordingly. 

The stresses obtained in the preceding chapters were calcu- 
lated under the following assumptions : — 1. That, except the 
reactions at the abutments, all the exterior forces acting on 
the structure are vertical forces. 2. That the joints are the 
only points of application of those forces. 

To comply with these assumptions, it is generally necessary 
to add to the main structure intermediate bearers, which span 
the distance between the joints, and concentrate the load at the 
joints ; and also a system of bracing, to resist the pressure of 
the wind or any other horizontal force. 

Some of the bars of these secondary structures will run 
parallel, and close to some of the bars of the main structure. 
These parallel bars can either be left separate, or else, as it 
were, fused together. In the latter case, the stress, and there- 
from the cross-section of the resulting bar, can be found by 
. forming the algebraical sum of the stresses in each of the com- 
ponent bars. 

* The second diagonal in the central bays U called a counter-brace. 



.Lil 



266 BBIDGES AND BOOFS. 



§ 42. — BfiAOINa BBQUIBED TO BESIST THE FbESSUBE OF THE 

Wind and Horizontal Vibbationb. 

When a train passes over a bridge, horizontal forces are 
brought into play by the oscillation of the locomotive and of 
the carriages, and the pressure of the wind is also increased 
proportionately to the surface of the train exposed. To resist 
these forces, a system of horizontal bracing is introduced, pro- 
ducing in reality a horizontal girder, the booms of which are 
formed by those of the main girders. 

The stresses in this horizontal girder can be obtained in the 
manner explained in the Third Chapter ; for the main girders 
being always parallel to each other, this horizontal girder will 
always have parallel booms. The distinction made between the 
permanent load (uniformly distributed) and the moving load (at 
times unequally distributed) will also have to be made in this 
case, for the train, in progressing along the bridge, adds con- 
tinually to the wind-pressure and to the horizontal oscillations. 

It is not far from the truth to assert that the proportion 
between the permanent and moving load for the horizontal 
girder is the same as that for the main girder. Thus, if it 
happens that the width of the bridge is equal to the depth of 
the vertical girders, the stresses in the horizontal girder can at 
once be found, as explained in the Seventh Chapter. 

There is only one point of dissimilarity between the two 
girders : in the vertical girder the loads always act downwards, 
but in the case of the horizontal girder they act sometimes on 
one side and sometimes on the other. The latter must, there- 
fore, be constructed sjrmmetrically with reference to the central 
line, and the stresses in the booms are to be marked with the 
sign ±, for each part of the boom will have alternately to 
resist tension and compression of equal magnitude. 

Further, if (as in Fig. 61) the diagonals are designed to 
resist tension only, counter-braces will have to be introduced 
in every bay, and not only in the four central bays, as in Fig. 
61. There is, in fact, no difference in this case between a 



brace and m eooal^-hrace, for tlie bar tW acta m 9k briUHs 
when the wind ib blowing on one side of the bridgei VflU be k 
coontei^raoe when the wind is hlowiug iu the oppenite direo* 
tion.- Therefore, alsoy the greatest strt^st^s in the diugimnU 
of any bay are eqnaL 

In Fig. 61 the line of railway im on a level witli the u|i{Hir 
boom; it is, therefore, possible (to prevent lateral dinbirtimi) 
to brace the two vertical girders together. The lower UMmm 
can also be braced together to fomi a iiocumd lioriKoiital gjnk'f ; 
and it can be assumed that by niomiH of tlui trmmvurtMi Urmnnff 
the load on the two horizontal girdorw in tmimlly digtrilmiM 
between them. 

In oontinnation of § 41, let it Us rer|iifred t/i find tim iikf> 
tional areas of the varions bant in i\u*mi two hitn'umini gjjni&iv. 

The total vertical load on tb^$ bridge ¥fm mmiumA Ui 1^ 
(see pp. 20 and 39) 

Saj^KMing that iIm: VaA *pu xiM^ i^^rrnHji^ giiFdei:kf ie 

tbe reqcDHle eee^ixnc for ii/^^s^ jgu<lerc *-MAt U; l<.#ujud {iumuuxku^ 
that the bc«adti aud iM^f^ <4 tU; Wkl>^<' tt'^ t/CjUiJ; U uiuitl- 

two evmsnetrKiil btta mui^ a^vM i/( ntXkJuu^/: iutjir i<ji tiia; 
left haH' of t&e gaut^w W; iKi<^<^«A4 >4>iu«f . w. »<|wat. jjiiiu 



1. jF(fr tlit MiMttll: i^U^0 VJUit 4>>'^ '^^ tl^i VtiA>'/ 

X^i ^e^. aWi j^'a' 
iL JFui tilt tiiuiiK>^ViM^' iytM.A\^y^t^Ui*/ \/^ It^* twi<>' u«ry 



if*/' if^ ^>/ .^ 



'.' a'/ 



<V. v^ yU. A<. 
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The stresses in the bars forming the transverse bracing can 

be obtained by simply resolving the horizontal force, 857 

kilos.,* acting on each joint along them (supposing them to be 

placed at each joint). Thus in Fig. 358, if these braces can 

^ only resist tension, the stress in them is (alternately) 

857 X V 2 = + 1210 kUoB. 

and the area of their cross-section will be 

1210 



6' 



= 202 square millimetres. 



Each vertical in the main girders receives an increase of 

857 kilos, comprescion, which should be added to the stresses 

already found, although this probably would not be done in 

practice. The sectional area already found for each vertical 

857 
should, therefore, in this case be increased by -^ = 143 square 

millimetres (Fig. 359). 



/1210 



Fig. 359. 




The numbers given in Figs. 360 and 361 express in square 
millimetres the cross-sectional area of each bar of the girder, 
and they are arrived at by combining the results just obtained. 
These can be considered as the final sections, if the inter- 
mediate bearers between the joints are constructed separately. 

§ 43. — Intermediate Bearers. 

If the joints of the maia structure are so far apart that 
they do not offer a suflScient number of points of support, it 

* The actual horizontal force on each top joint is 2 x 857 kilos., apcording to 
the assumptions, but one-half of this is resisted by the top horizonted girder, leav- 
ing only 857 kilos, to be communicated to the lower horizontal girder. — Trans. 
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becomes necessary (to fulfil the condition that the load on 
the main structure is concentrated at the joints) to introduce 
intermediate bearers that will span the distance between the 
joints, and transmit the load to them, and that will also furnish 
at the same time a sufficient number of points of support. 

These intermediate trusses bear the same relation to«the 
loads upon them that the main girder does to its loads ; they 
can therefore be similarly constructed as a combination of bars. 

If the number of points of support offered by one set of 




Fig. 361. 




intermediate bearers be not sufficient, another set of a secondary 
order must be introduced. If even then the points of support 
are not near enough, a third order must be added, and so on 
until the required number of points of support is obtained. 
The triangles formed by the bracing of this last set may be so 
small that the material saved in the void spaces would not 
cover the extra expense for workmanship, and it then would be 
better to use a plate-web instead of the bracing. 

When all these intermediate bearers are placed in their 
proper positions with reference to the main structure, it will 
be found that several of the bars run side by side. These 
bars may, as it were, be fused together, and the stress in the 
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resulting bar will be the sum of the stresses in the bars of 
which it is composed. 

In seyeral cases it is possible and advisable to deedgn the 
intermediate girders or bearers geometrically similar to the 
main structure. If this be done> the stresses in the resulting 
structure, howerer complicated, can be found by splitting it 
tip into its primary forms, and often the stresses are easier 
determined in this manner than by employing the method of 
moments, as will appear from the following example : — 

The truss of Fig. 362 can be considered as made up of 
the primary forms shown in Figs. 363, 364 365, and 366. 




Now Fig. 863 can be regarded as a parabolic girder, having 
only one loaded point. As already explained, the laws relating 
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to parabolic girders are independent of the number of loaded 
points. The equations of § 8, namely, 

can therefore be used to find stresses in the bars Xo and Zq by 
substituting i for x. Thus (Fig. 363) : 

4a 



^ '!(?)• 



/ 



Now, since in this case the primary forms are geometrically 
similar, the ratio -y is constant for all, and the stresses corre- 

spending to Zq and Xo in the intermediate bearers of the first, 
second, and third order &an be obtained by dividing the values 
found above by 2, 4, and 8 respectively. 

Let the three systems of intermediate bearers be now 
framed into each other, and also into Fig. 363, so as to produce 
Fig. 362. The stresses in the different parts of the bars A C 
and B C will then evidently be as follows : 



X, = Xo(l + i + i + 4); 

and the stress in the horizontal bar A B is : 

z = Zo(i + i + i + 4) = ^(i + i + i + 4). 

To find the stresses in the remaining bars, a similar process 
can be applied to Fig. 365, after Fig. 366 has been framed 
into it ; and again, to Fig. 364, after both the previous figures 
are combined with it. 

Let 2 Z = 32 metres,/ =6-4 metres, and 2p Z = 32,000 kilos. ; 
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then Fig. 367 gives the various stresses, omitting, however, the 
system of Fig. 366. These stresses have been calculated on 
the supposition that the points of loading lie in the horizontal 
A B, but this only affects the stresses in the verticals. 

It is easily seen that Fig. 368 is but a variation of the 
above. 

Fig. 367> 




}^ 



+ bOOO 
-flOOOO 

•f aooQO 

+35000 



t 5000 

4-10000 

+20000. 
+36000 



Fig. 368. 







-f 5000 
-f 10000 

^-85000 



+10000 
4-20000 
+80000 



In both these examples the position, as well as the form, of 
the intermediate bearers corresponded to those of the main 
structure. Figs. 369, 370, 371, and 372, however, represent 
a case in which the form of the intermediate bearers is similar 
to that of the main structure, but in which the position is 
different. Apart from this difference in position, the stresses 
can he calculated as in the previous example. 
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Fig. 371 is the roof trass of § 4^ and the stresses then 
obtained could have been found as follows : — 

The data were 2Z =? 32 metres^ the height of roof /=: 6*4 
metres, and the total load 2pl = 32,000 kilos. The stresses 



Fig. 369. 




in the main triangle, Fig. 369, can be obtained as in the 
previous case (Fig. 363), and using the same symbols. 



x« = 



- 21540 kUoB. 
T 
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Fig. 373 represents one of the intermediate bearers of the firgt 
order^ and the stresses given have been calculated by the method 
of moments. These stresses once determined, those in the 
intermediate bearers of the second order can be found by dividing 
by two, those in the third order by dividing by four, and so on. 
Fig. 371 is obtained by combining the intermediate bearers of 



Fio. 378. 




+10000 



first and second order with the main triangle, and Fig. 872 iB 
likewise formed by the addition of the bearers of third order. 
The stresses in each case can be found by adding ix^ther the 
stresses in the separate systems where the bars coincide. Thus 
in Fig. 71 the stresses in the two bars meeting at the abutments 
are 

20000 + 10000 + 5000 =+ 35000 kilo6. 
- (21540 + 10770 + 53S5) = - 37696 kiloB. 

And the stresses in the same bars in Fig. 372 are 

20000 + 10000 + 5000 + 2500 = 37500 kilo8. 
- (21540 + 10770 + 5385 + 2692-5) = - 40387-5 kike. 

The stresses already given in Fig. 19 can therefore be con- 
sidered as made up in the manner shown in Fig. 374. 

Another way of subdividing the distance between the joints 
of the main structure is shown in Fig. 378, and Figs. 376 and 
377 show the manner in which Fig. 378 is derived from 376. 

The load on this roof truss can be considered as due to a 
loaded horizontal beam, severed over each loaded joint, and 
supported at these points by vertical columns. It is easy to see 
that each joint receives half the load on the adjacent bays of the 
beam, and consequently the stresses produced in eadh inter- 
mediate bearer by its load can be calculated by the method of 
moments in the manner indicated with reference to Fig. 373. 
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4-10000 



Fig. 376. 





Fio. 877. 
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If , as in the former roofe, 2Z = 32 metres, /= 6 '4 metres, 
and 2 j> Z = 32,000 kilos., the stresses obtained are those given 
in Fig. 379. 

The roof truss of § 3 could also be calculated in a similar 
manner, and the stresses given in Fig. 14 can be considered as 
made up as shown in Fig. 380. 



Fig. 87&. 
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Fig. 880. 



^A 




-+^7500 
-+- 7500 
-+■ 7500 
+80000 

+62600 



•4- 7500 
+ 7600 
+80000 

+^ooa 



+ 7600 
+ 80000 
+67600 



In all the above structures the application of the intermediate 
trusses increased the stress in the coinciding bars of the main 
truss because the stresses to be added together were of the same 
sign, and for the same reason it was also unnecessary to dis- 
tinguish between the permanent and moving loads. It is, how- 
ever, advantageous, if possible, so to introduce the intermediate 
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bearers that the stress in the coinciding bars may be of opposite 
sign, so that when fuzed together the stresses may partially 
neutralize each other^ thus effecting a saving of material 

For instance, in a parabolic girder of 100 metres span (see 
§ 34) the secondary trusses could be best arranged as shown in 
Fig. 381, when the compression booms of the secondary trusses 
will coincide with the tension boom of the main girder. 

The tension in this latter is, with the numerical values, 
given in § 34. 



H = 



(P + g)^ ^ (4 + 2)50* 
2/^ 2 X 12-5 

Fio. 381. 



= +600tong. 




50'»» 



50W 



The secondary trusses are small girders of 10 metres spem ; 
they have to carry the whole of the moving load and about half 
of the permanent load. For example, let them be parabolic 

girders in which — — = ^ = - , then the compression in 
their horizontal booms is 



h= - 



(f ■*■*>* 



2/i 



^. (2 + 2)5' ^^^^^^^ 
2x2 



Therefore when the bridge is fully loaded the tension in 
the main lower boom would be 

H + A = 600 - 25 = 575 tone, 

instead of 600 tons. 

The cross-section of the main booms could not, however, be 
diminished, for if only one bay were unloaded the stress in the 
part of the lower boom belonging to that bay would scarcely 
be reduced. But the whole of the material for the upper booms 
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of the secondary trusses is saved. Since the quantity of material 
in their curved booms is very little in excess of that required 
for the upper booms^ the material in the whole of the secondary 
trusses will be to that in the main girder as the horizontal stress 
in the secondary trusses is to twice the horizontal stress in the 
main girder, or in the ratio, 

25 1 

2x600 "48* 

If the main girder is reversed as in Fig. 382, the secondary 
trusses will also have to be reversed to obtain the same ad- 
vantage. 

Fig. 382. 




It is hardly necessary to remark that the parabolic form 
has been chosen for the secondary girders only as an 
illustration, and that they could be constructed as lattice 
girders, or, if the void spaces between the bars become too 
small, as plate girders. In this latter case the secondary girders 
take the form of strengthening ribs to prevent the horizontal 
boom from bending, and it follows that the best position for 
this rib is above the boom when the line of railway is on a 
level with the top boom, and below the boom when the line is 
level with the lower boom. 

In lattice girders with crossed diagonals an intermediate 
point of support can be obtained by making the intersection 
of the diagonals a point of loading, the load being conveyed to 
it by means of a vertical. (See Fig. 384.) 

By introducing triangular intermediate girders, the number 
of points of support can be increased exactly in a similar 
manner to that adopted for the roof trusses. Thus from the 
fundamental form of Fig. 383, the girders shown in Fig. 384, 
385, and 386 are derived. 

As to the manner of calculating the stresses in these girders. 
The stresses in Fig. 384 would first be found by the method of 
moments, and for the stresses in the booms the intersection 
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of the diagonals would be chosen as the turning-points. The 
stress in any diagonal can be found by remembering that 
the yertical component of the required stress is in tJUa case half 
the yertical force at any section (in other words, half the shear- 
ing force). The stresses in Fig. 385 can then be obtained by 
following the method already explained for roof trusses. 

FiQ. 383. 




Fio. 384. 




Fio. 385. 




Fig. 386. 




It must be observed that it makes a difference in the cal- 
culated stresses whether the girder of Fig. 385 be considered 
to have seventeen loaded joints (which it really has) or only 
the nine belonging to the main structure (Fig. 384). (In the last 
case the weight of the intermediate trusses is supposed to be 
transmitted to the joints of the main girder.) 

Evidently the assumption that, as the moving load proceeds, 
one joint is fully loaded before the next receives any load at all, 
is, as pointed out at the end of § 12, not strictly true, but it is 
also evident that the greater the number of loaded joints — that 
is, the nearer they are to each other — ^the less will be the result- 
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ing error. It follows that the stresses given in Fig. 887 
obtained under the supposition that the gurder has only nine 
loaded joints, will differ slightly from those that would be ob- 
tained if it were considered to hare seventeen loaded joints, the 
latter being the more accurate values. It will also be observed, 
when it is assumed that there are nine loaded joints and the 
moving load has arrived over the centre of one of the inter- 
mediate girders, that the next following joint of the main girder 
has already received a part of its load, for it acts as a point of 
support to the intermediate girder ; and when the moving load 
has arrived at the end of one of the intermediate girders, the 
joint of the main girder at this point has not yet received its full 
load, for it acts as a point of support to the next intermediate 
girder which is as yet unloaded. 

For the sake of comparison, the dimensions, &c., in Figs. 387 
and 388 are the same as those of the girder calculated in § 10, 
namely, depth = 2 metres, span =16 metres, total load on the 
girder = 48,000 kilos, (consisting of, permanent load = 8000 
kilos., moving load = 40,000 kilos.). 

The stresses calculated from these data for the girders of 
Figs. 384 and 385 are given in Figs. 387 and 388. 



Fig. 387. 



-21000 



-4500O 




-24000 



+ 21000 +45000 

Fig. 388. 

-24000 -48000 



-48000 




+21000 



+45000 



By comparing these two girders with those of § 14, it will 
be seen that the number of points of support in a simple 
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girder sach as that shown in Fig. 383 can be increased in two 
different way s, yiz. either by increasing the number of triangala- 
tions or else by introducing intermediate trusses as explained 
abova 

The first method would evidently be the best if the sectional 
area required to resist compression were always proportional to 
the stress; for then it would be possible to increase the 
number of points of support indefinitely without adding to the 
quantity of material, whereas in the second method every new 
diagonal and vertical requires extra material But this advan- 
tage is only apparent, because with multiple latticing the 
compression braces become very thin and are therefore liable to 
bend or buckle, and hence require much larger cro^ss-sections in 
proportion. 

The advantages and disadvemtages of each system must 
however be considered specially in each case, for this is a point 
which cannot be decided generally. 

Note. — In praotioe it is ngnal to rivet the braces together where they inter- 
sect. Tbis, in one respect, is not right, for the braces are thereby impeded from 
acting independently, bat the great advantage is obtained that tiie tendency to 
buckle of the compression braces is greatly reduced, and the objection to multiple 
lattice girders, mentioned above, is avoided. 
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THIRTEENTH CHAPTER. 

§ 44. — On the Deflection of Loaded Stbuctubes. 

It has been found by experiment that the amount of alteration 
in the length of a bar is proportional to the stress, so long as 
the stress is within the limits of elasticity, and this whether 
the stress be compression or tension. 

Thus if 8 is the alteration of length in one unit of length 
due to a stress S per unit of area, 

8xS; 

or 

» = |: p.]. 

where E is a constant quantity. 

£ is called the modvivs of dastmty, and from equation I. 

it is evident that 77 is the elongation or shortening in one unit 

of length produced by the unit stress per unit of area. Another 
definition of E can be deduced from equation I., namely, that it 
is the stress per unit of area that will lengthen a bar to double 
its original length. 

Its value for wrought iron is about 20,000 when expressed 
in millimetres and kilogrammes (equivalent to 28,450,000 when 
the English inch and the lb. avoirdupois are the units). Thus 
every millimetre of the length of a wrought-iron rod, whatever 
be the section, increases its length by goioo millimetre when a 
tension of 1 kilo, per square millimetre is applied to it. If, 
however, the rod were subject to a tension of 6 kilos, per square 
millimetre, each millimetre would increase its length by yoooo or 
s^^^ millimetre. 

The actual increase of length is obtained by multiplying 
the original length I by 8, thus : 

x = ?8. PL] 
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A wTought-iion rod, therefore, of 10 metres length, subject to. 
a tension of 6 kilos, per square millimetre, increases its length by 

X = 10000 X ^js^ = 8 millimetres. 

N^ative stress or compression produces n^ative elongation 
or shortening in the same proportion as above ; therefore equa- 
tions I. and n. can be used for compression as well as for tension* 

If the stresses in a loaded structure are known, it is a purely 
geometrical problem to find the change of form and the con* 
sequent deflection ; for the structure can be imagined taken to 
pieces and then remade, using the altered lengths of the 
several bars. 

A few examples will now be given to show how the applica- 
tion of the above laws can be transformed into a geometrical 
problem. It is also of use to know the deflection of various 
simple structures under a known load, for this will enable the 
proportion to be found in which the load on a complex structure 
subdivides itself between its component simple structures 
whence the stresses in these latter can be deduced. 

It will be assumed that in all cases the cross-section of any 
bar is proportional to the stress in it, so that the elongation or 
shortening of each part of the structure will be 8 for each imit 
of length. 

Thus in Fig. 389, owing to the shortem'ng a S of the two bars 
AC and C B due to a load at C, the point C is lowered to Ci. 



Fia. 889. 




The position of Ci can be found by describing arcs from A and B 
with radii equal to a-aS. If EC = aS, EOx can be drawn at 
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.right angles to AO without appreciable error, because a 8 is 
small, and the same is tme for the other side. 
The triangles G E Oi and G D A being similar, 



or 



00, _ g, 
OB "a« 



,,=«-. 



a 

^ • 



[1] 



When the abutments are relieved from thrust by means of 
a tie rod AB, the point C is further lowered by an amount S^ 
due to.the increase of length Z 8 of A D. Suppose that at first 
A G and B C do not alter their length, then the position of Cs 
can be found by describing arcs from Ai and Bi with radii a 
(Fig. 390). 

Fio. 390. 




From the similarity of the triangles C F C2 and C D A, 



or 



CP -/s" A' 



8, = 8-. 



[2J 



The total depression of the point C is therefore 



= *' + ** = Mnr-j- 



[3] 



If the load, instead of being applied at C, is hung at D (Fig. 
891) and transmitted to C by means of the tension rod C D, the 
point D will be lowered by an amount «', which is the sum 
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of the depreasiaii of the point C and of the increase in length 
<r of the C D^ thus 



• = «i + «, + 4r = ar 



h 



*\ a" 



M 



The above equations are also true for the reversed position 
of the stmcture. 

Fio. 391. 




In a similar manner the depressions of the points C and D 
in Fig. 392 can be determined by first finding the part due to 
the shortening of A C and D B : 



*. = «^. 



Fia. 392. 




and then that due to the shortening of C D (Fig. 393) : 



be 



The total depression is therefore 

» = «i + »« = « ^ — J — ) . 



rs] 
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When the points A and B are connected together by a 
tension rod (Fig. 394) a farther depression of 

_, (6 + c)c 

is prodnced, and in this case C and D will be depressed by an 
amount 

ra« + 6c + (6 + c)c> 



» « »i + », + «■! = a r 



■) 



m 



Fio. 398. 




a^ 




"'C ^"' a" " T 'b ^ c Z 



Fio. S94. 





Fig. 890. 




Lastly, when the loads are hung at E and F, Fig, 395, 
these points are lowered \yy on amo\mt Q(\|ial to a^^ due to the 
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lengthening of the tie rods, added to the depression of the 
point C or D found above. But o-a = A S. Consequently 



» = »,+«, + 0-1 + ••, = - [a« + 60 + (5 + c) + A«] 

= 2?(a« + 6c> 



[7] 



This method of investigation can be extended to the case 
when there are three or more points of loading. 



§ 45. — ^Deflection of Pababouo Arches and 

GiBDEBS. 

The effect of the load on the inverted parabolic chain in 
Fig. 396 is to shorten the lengtii of arc, and thus reduce its 
height from/ to /i. The deflection 81 at the crown can therefore 
be found fix}m the equation (Fig. 396) 

*i=/-/i. [8] 

Fia. 396. 




When the ratio ^ of the height of the arc to the span is 

smally it can be shown that the length of the arc of the original 
parabola is given by the equation 

8 = a'(i + *^):» 



* The equation to the parabola is 



Differentiating with respect to x^ 



y 

1 

dy 
dx 









CBnt 
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CoDseqaently the length of arc of the oompieesed paiabola 
is 

or sabetitnting for S ite value 
and solying this equation for/i , 



The error entailed by leaying out the expression "o" ( 1 + I ^ ) 

and those that follow it is small, and hence, although ^ is as- 
sumed large, 

approximately. 

Substituting this value of /i in equation 8, 



■.=¥('-*?)=i^('^.?)- 



[9] 



But the differential of the aic S is given by 



1 + 

2/« a?a 2/< o^ 



= <'«(t+^-^+...) 



/ 
or approximately, i^ si i» small, 



dS = da:(l + ^x»\ 



Integrating between the limits — / and + 2, 



S = f (l + ^'*') <»« = 2 ;(l + I ^) 
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• For example, let / s 20,000 millimetreB, / = 5000 miUiinetres, 8 «= mjhnr* then 
^ = 18 (1 + ^) = 18*75 millimetreB, and thiB is the amount the crown of the 
parabolic arch of § 22 sinks when the load produces a compression of 6 kilos, per 
square millimetre in the bow. 

Eyidently eqaation 9 is applicable to a suspension bridge, 
and in this case B will be the increase of length per unit of 
lengtL 

If the points A and B are connected together by a tie, the 
crown will sink by a farther amount 9ai due to the extension 
of this tie. The structure then becomes a girder, since the re- 
actions at the abutments are vertical. 



Fio. 397. 



M 



$2 can evidently be found by assuming that the tie alone 
extends by an amount 2Z8, and that the length of the bow 
remains unchanged. Therefore equating the length of arc of 
the original parabola to that of a parabola having a height of 
arc/2 and a span 21 (1 + 8), 

and solving this equation approximately for /a, 

/.=/[l + |(l-|^)]. 

The depression of the crown due to the extension of the tie 
is therefore 

The total depression of the crown when the bow is com- 
pressed will evidently be 

« = «i + % = l«y [11] 

u 
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If the load is communicated from the lower boom to the 
upper boom by means of vertical rods, the extension of these 
rods will lower the centre of the tie by a farther amount Sf. 

But since the above results were obtained on the supposition 

that the ratio j was small, Sf can be neglected in comparison 

to Bf more especially as in actual girders the greatest tension in 
the verticals occurs with a partial load. 

Equation 11 is also true for a psutibolic girder having the 
bow undemeatK 

Example, — In the parabolic girder calculated in § 6, the span was 16 metres, 
and the height of arc 2 metres ; let 8 = tt^^ } then the deflection at the crown ia 

« = - • • = 14*4 millimetres. ■ 

2 20000 2000 """""«««. 



§ 46. — ^Deflection of Braced Girders with 

Parallel Booms. 

In girders with parallel booms the deflection 8 (in the 
centre) is composed of two parts, one entirely due to the booms 
and the other to the braces. 

To find the first part, Si, the centre line of the girder can 
be considered as bent into the arc of a circle of radius p (Fig. 
398). Since «i is smaU, the length of arc differs but by a very 
small quantity from the chord; the length of the chord is 
therefore 2 I, and the equation to the circle is 

but 8i^ is small in comparison to2 pSi. Hence, 

s^ = ~ [12] 

Further, the lengths of arc of the outer circle (formed by 
the lower boom) and the centre circle are as their radii, or 

^^2_ 2/(l+8) . 
p " 2/ * 
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whence 



-A 



[18] 



»i = 



[14] 



Substituting this value of /» in equation 12, 

/ 

The deflection 83, due to the braces alone, can be obtained by 
considering that the booms remain unaltered, and then finding 

Fio. 898. 




the change of form produced in each of the right-angled tri- 
angles formed by a vertical, a diagonal, and a horizontal bar, 
by the lengthening of the diagonal and the shortening of the 
vertical (Fig. 399). 

Fio. 399. 

5 Z V I 




The point C of the triangle A B C is lowered by an amount <r 
in consequence of this change of form ; and a can be considered 
as composed of two parts. The first, e, is due to the lengthen- 
ing of the diagonal, and the second, \, to the shortening of the 
vertical. The extension of the diagonal is c S, and € can there- 
fore be obtained from the equation (Fig. 400) 



c 
c8 



c 

1 



V 2 
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The shortening of the vertical is \ and eyidently 



Hence, 



ir = « + X = «/(^+l); 



or, since c^ = f^ + a\ 



=..{('+.). 



Fio. 400. 




•^' X^f!fa' 



If n is the number of bays between 
the abutments and the centre, the de- 
flection 8a will be n times a. Hence 

or, since n a = 7, 



. = ^«{(^ + 2). [15] 



By adding together the values of Si and 82 (from equations 
14 and 15), the total deflection at the centre of the girder 
shown in Fig. 399 is found to be 



8 



[16] 



If the bays are square, 

^=1 and 8 = n (^ + 3); 

and if at the same time there are eight bays, 

- = 4 and 5 = 7/5. 



Example, — The deflection at the centre of the girder calculated in § 10 can 
be fonnd by means of this formula. The span is 16 metres, and assnmiDg that 
' = Tjj^u? niillimetres, 

5 = 7 X 8000 X TcSrnj = 16*8 millimetres. 

If the braces were constructed much stronger than neces- 
sary, the alteration in their length, and consequently the 
deflection due to them, mgloi \>e> ive^lected. The deflection 8 
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(equation 14), due to the booms alone, would then be the deflec- 
tion at the centre of the girder, assaming that the deflection 
curve is the arc of a circla These conditions are approximately 
fulfilled in a plate-web girder ; the deflection of such a girder 
can therefore be found approximately from equation 14. This 
equation also contains thei general law of the deflection of a 
beam of equal depth and symmetrical cross-section throughout ; 
for the deflection at the centre can never be greater than when 
the bending or curvature at every point is a maximum— that is 
when the deflection curve is a circle. This is actually the case 
in a beam of uniform strength; that is, when the form of the 
beam is so proportioned to the load that the greatest stress in 
every cross-section is constant. 
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FOURTEENTH CHAPTER 

§ 47. — ^Theory of Composttb Stbuotubes. 

The two following questions can be answered by means of 
the equations obtained in the preceding chapter, or by means of 
others similar to them : — 

1. In a structure composed of two distinct systems con- 
nected together, what strength and stiffness should each system 
have in order that they may work evenly together ? 

2. What is the proportion of the total load carried by each 
system? 

As the common points of loading of the two simple systems 
gradually sink owing to the increase of the load, the stresses 
in each will augment, and alterations in the lengths of the 
various bars, &c, will take place. So soon, however, as the 
limit of elasticity in one of the systems is reached, the load 
could not safely be increased, however remote the stresses in 
the other system may be from their limit of elasticity. This 
second system might therefore be made of weaker and less 
elastic material without diminishing the safe resistance of the 
whole structure, or, better still, the quantity of material in 
it might be reduced, so that in both systems the limit of elas- 
ticity would be reached at the same time. All the material 
thus saved is not only unnecessary to the structure, but is 
positively harmful, in that it adds to the dead load. Such 
combined structures should therefore, if possible, be so designed 
that the simple systems composing them are equally stiff. 

The proportion of the load carried by each system can, 
however, be found, whether this condition be complied with or 
not, by equating the deflection of each system at the points 
where they are connected together, and these are also the 
points where the loads are transmitted from one system to the 
other. 
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An equation is thus obtained, giving -i, the ratio of the 

alterations of length per unit of length ; and from this it is 
easy to obtain the ratio ^, giving the proportion of the 

load carried by each system. 

It appears &om the previous investigations, that the general 
equation giving the deflection of a loaded point can be written 

where A is a constant, depending on the form and dimensions 
of the structure (the value of this constant can be obtained for 
the various cases considered in the last chapter, from equations 
1 to 16). The deflection of each simple system at some point 
where they are connected together will therefore be Ai Si and 
A2 S2 respectively. Hence, 



or 



A18, = A,8j, 
8, A/ 



pn.] 



Now the loads producing the alteration in length 81 and 82 
per unit of length in each of the simple systems respectively 
can be found by the methods already explained; and since 
the total load on the structure is known, the part carried by 
each, system can easily be found. 



Fia. 401. 



u 



D 




For example, let two simple systems, one like Fig. 389 and 
the other like Fig. 398, be combined together as shown in 
Fig. 401. If both systems are made of the same material. 
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the condition that they may reach the elastic limit together 
can be found by patting S^ = S,* Hence, from equation m^ 

A] = Af, 

or from equations 1 and 14, 



whence 






[The value thus found for -^ may be twmed "the econo- 
mical ratio of the depths '* (with regard only to the quantity 
of material, not necessarily as regards'the cost).] 

If the elastic limit is not reached simultaneously, or if each 
system is made of a . different material, it appears from 
equation III. that 

?! 

?li?! = V* or ?i = ^. [181 

h 

The economical ratio of the depths can be found in this case by 
putting for Si and 82 their values at the limit of elasticity, for 
the material of which the corresponding system is made. 

From equation 18 the ratio ^ can be found, as follows : 

Let the load Qi acting on the simple system formed by the 
rods A E and B E, produce a stress Si per unit of area in each 
of the rods, and let Fi be the sectional area of each rod ; then 

_ Qxa . 

"»~ 2P,A ' 

therefore, the shortening per unit of length in these two rods 
is 

• _ Si _ QiO riQ-i 

Again, if F2 is the sectional area of either of the booms of 
the girder C D at the point E, the stress Sa per unit of area 
produced 1l)y4he load Q2 is 
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and the consequent alteration of length p^ nnit of length in 
this girder is 



«.-^ 



[20] 



E, 2F,/E, 

By substituting these values of Si and S2 iR equation 18, the 
following equation is obtained : — 

Q,--^'p'W/^' '-21] 

from which, since Qi + Q2 = Q is known, the distribution of 
the load can be ascertained. If the structure is made of the 
same material throughout and complies with the condition 
expressed by equation 17, equation 21 becomes 

Q, 7'F,' 

In the structure shown in Pig. 402, composed of Pigs. 391 
and 398, the condition that the limit of elasticity may be 

Fia. 402. 



[22] 




reached in each system at the same time when the material 
is the same in both, is (equations 4 and 14), 



h 2a«' 



[23] 



The general equation for the distribution of the load can be 
obtained in the manner indicated in the previous example^ 
and is 

9i-il^ !!i ?i r24i 

which, combined with equation 23, gives for the special case 
expressed by that equation 



Q, 7'P, /aP," 



[25] 
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The last three equations are also true for the reyerse 
arrangement shown in Fig. 403. 

The three corresponding eqoations tor the stmctnre given in 
Fig. 404 can be obtained in a similar manner, by means of 



Fig. 403. 




Fio. 404. 




equations 5 and 14 ; bat in this ease the deflection of the girder 
at the points and D must be considered, and it is equal to the 

deflection at the centre of the girder multiplied by 1 — rj , for 

V 

the deflection varies as the square of the distance from the 
centre. Hence the condition that each system may reach the 
elastic limit at the same time (supposing both to be made of 
the same material) is 

/ _ /« - 6« 



[26] 



The general equation for the distribution of the load is 



Qi^ ^' (/»-y)c Fi B, 



[27] 
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which, when combined with equation 26, gives for the special 
case expressed by that equation 






[28] 



Exactly in a similar manner, the following equations are 
obtained for Figs. 405 and 406, by means of equations 7 and 
14. 

/ _ /« - y 

A"'2(a» + 6c) 



Q,~2/«a(a« + 6c)'F/E, 

Q."«/'F,* 

Fig. 405. 



[29] 
[30] 
[81] 
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In all the preceding cases it was assumed that the altera* 
tion in length of each unit of length was the same throughout 
the same system, or, in other words, that the cross-section of 
each bar was proportional to the stress in it. 

If a structure is composed of several simple systems, each haying a different 
degree of stiflftiess, the total load on the structure will be distributed unequally 
between them, whatever the load may be, and those which owing to their want ot 
stiffness reach their elastic limit last, evidently contain too much material. 
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A solid beam oan be considered as composed of an infinite nmnber of lattioeof 
plate girders of unequal depths (Fig. 407), for imagine the beam divided into 
horizontal layers, then any two layers equidistant from the central line will 

represent the booms, and the material between them the 
braces or the plate web. 

These imagyiary girders are not equally sti£f^ and 
therefore there is a waste of material in a solid beam. 

Now, all these imaginary girders have the same 
deflection, and from equation 14 it appears that if the 
deflection remains constant the alteration of length oi 
the booms, and consequently the stress in them, is pro- 
portional to the height of the girder. The stress in each 
layer is therefore proportional to its distance from the 
centre, so that if tiie outer layer, at a distance to from 
the centre, is subject to a stress S per unit of area, the 
stress in a layer w)^ose distance is u from the centre will be 

s = -S. 
to 

If the stress S is known at any cross-section of the beam, the stress in any layer 
in the same cross-section can be obtained from this equation, and the stress in the 
layer symmetrically placed on the opposite side of the centre has the same 
numerical value, but with a contrary sign. 

The total stress in such a layer is, if i^ be its thickness and z its breadth, 

to 

If such a beam be bent by the forces E^, E, . . . . acting at right angles to 
its axis, the maximum stress S at any section through P can be found by the 



Fig. 408. 
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method of moments. Take a section a /3 (Figs. 408 and 409), and, to maintain 

* equilibrium, apply to each layer the total stress in it. In order that there 

may be no rotation about P, the algebraical sum of the moments, M, of all the 
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exterior forces acting on the part B afi about P must be equal to the sum of the 
moments of all the stresses about the same point, l^erefore 

where 2 is a symbol indicating that the snm has been taken of all the separate 

S 
moments due to the stress in the various layers. The factor - is common to^dl 

w 

these moments, and can therefore be placed outside the symbol, or 

w * 

Now 2 (zu^ A) is the ** moment of inertia " * of the cross-section about the 
axis round which moments were taken, that is, about a horizontal axis in the 
plane of the section and passing through its centre. The moment of inertia is 
usually denoted by I. Hence 

M = ?I, 

W 

or 

The value of I for any form of cross-section can be obtained by dividing up the 
area into very small parts (or elements), and multiplying the area of e^wsh 
element by the square of its distance from the horizontal axis through the centre 
of gravity, and then adding together the products thus obtiiined.t 



§ 48. — Trussed Beams without Diagonals. 

It was shown, § 8, that the diagonals of parabolic trusses only 
come into play with a partial load, and. also that they then 
become an indispensable part of the structure, that is, if the 
various bars are connected by single bolts, and are thus 
only capable of taking up stress in the direction of their 
length. If, however, the diagonals are omitted, one of the 

* The moment of inertia is a term belonging to the dynamics of *a rigid 
body, and the following is the definition :-^ 

If the mass of every particle of a body be multiplied by the square of its 
distance from a straight line, the sum of the products so formed is called the 
" moment of inertia " of the system about that line, which is also ealled the axis. 

Id the present case, it wiU be observed, the mass of every particle or element 
has been taken as unity ; also from the symmetry of Fig. 407 it is apparent that 
the axis is horizontal and passes through the centre of gravity of the section. As 
will be seen in the sequel, the resistance to flexure at any cross-section of a 
body always depends on the moment of inertia of that cross- section about a 
horizontal axis in the plane of and passing through the centre of gravity of the 
cross- section. — Trans. 

t The contmuation of this subject wiU be found in the Fifteenth Chapter. 
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booms must be stiffened to enable the stractore to resist the 
defonnation that would otherwise take place with a partial 
load. 

The stresses will, however, no longer be the same as those in 
a simple parabolic girder, and the structure must, in tad, be 
regarded as a combination of two systems, and the distribution 
of the load must be found according to the principles laid down 
in § 47. 

Although it is not recommended to leave out the diagonals 
(except when the load is imiformly distribnted. as in the 
trussed purlins of a roof), yet these theoretically imperfect 
structures occur so frequently that the influence of the omission 
will be illustrated by a few examples. 

A theoretical parabolic girder of three bays should have 
one diagonal at least in the central bay (Fig. 410). Without 
this diagonal the deformation shown in Fig. 411 would occur 




Fig. 411. 




with a partial load. This can, however, be avoided by replacing 
the three bars A 0, D, and D B by a continuous stiff beam 
(Fig. 412). The structure is then no longer a simple truss, for 
even when fully loaded a part of the load will be carried 
directly by the stiff beam, and the remainder will be communi- 
cated by the two verticals to the rods A £, £ F, and F B, and 
this part will be smaller the stiffer the beam is. 

The structure consists of the two simple systems shown in 
Figs. 413 and 414; and to find the stresses produced by the 
two loads Q (Fig. 412), the ratio 

Qi^ nQ 
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must be determined by following the method indicated in 
§ 47. 

As soon as n is found, the distribution of a partial load can 
also be ascertained. Thus, for instance, if the point C alone is 




loaded with a weight Q (Fig. 415),'^ the following distribution 
takes place. One part, 

i« and |q, 

forms the load on Fig. 416, and the remaining part, 

is the load on Fig. 417. 

That this really is the case is easy to see, in the following 
way : — ^Evidently a load at D produces the same effect at as 
a load at produces at D (by symmetry). Now, since the hori- 
zontal stress in the bars A £ and B F is always equal, the stress 
in both verticals must also always be equal. A single load at 
C therefore produces half the stress in the verticals that the 
two loads at C and D together do ; or, in other words, the loads 

on C and D (Fig. 416) due to Q at C or at Dare ^ Q and — Q. 
The loads on Fig. 417 are evidently found by subtraction. 
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The exterior forces on the stmctore being known, the 
gtresses can be found by the method of moments ; the stresses 
in the baris A E, E F, F B, dne to ihe load at 0, are given in 



Fig. 415. 
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a B 

Fig. 415. These stresses will remain the same when the point 
D is loaded instead of the point C, and they will be doubled 
when both and D are loaded. 

The stresses in these bars, when the truss is fully loaded, 
are therefore to those that the same load would produce in a 
parabolic truss of the same form in the ratio of n : 1. Now 
the number n depends on the relative stiflfness of each simple 
system, and can only be 1 when there are free joints at C and 
D. Thus it is evident that the error committed by treating 




the structure of Fig. 412 as a simple parabolic truss is greater 
the smaller n is, or, in other words, the stiffer the beam is. 
Obviously, if the truss be reversed (Fig. 418) the stresses 
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'W be found in exactly the same manner. The stresses in the 
'^"itnictare of Fig. 419 can be calculated in a similar manner, 
' -obtaining the number m from § 47, in the same way as n. 

FiQ. 419. 




§ 49. — ^Tnfluekce of Ohanges of Tempebatube. 

The results just obtained for composite structures are not 
practically useful, because the influence of the changes of tem- 
perature was not taken into account. As will be seen, the 
distribution of the load between the two simple systems, and 
also the economical ratio of their depths, depend on these 
variations of temperature. 

It is .found by experiment that all bodies, with one or two 
exceptions, expand as the temperature increases and contract 
when the temperature diminiflhes; and it is also found that 
the expansion or contraction is proportional to the increase or 
decrease of temperature. The ratio of the alteration of length 
due to one degree of temperature to the original length is 
called the coefficient of linear expansion. Thus, for wrought 
iron, if the temperature is reckoned in degrees Centigrade, this 
coefficient is 

a = 0*0000122; [32] 

that is to say, a wrought-iron bar increases or decreases its 
length by roTo^oTo*^ ^^^ ^^ increase or decrease of 1° C. 

Since the alteration of length is proportional to the change 
of temperature, the ratio of the alteration of length due to f 
of temperature to the original length will be 

i^ = a<, [33] 

(In other words, A is the amount which a unit of length is 
expanded or contracted by a change of temperature of f^ 
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For example, if ^ s + 41° C, the elongation of a wron^t- 
iron bar is ^ 41 X toToVoIooo = a o^-o^t of its original length. 

If the increase of temperature were only 20*5° C, the elon- 
gation would only be 4o^o~o^^ I ^^^ ^ ^^® temperature were to 
decrease by the same amount, the consequent shortening would 
be the same as the previous elongation. 

The alterations of form produced by variations of tempera- 
ture are quite distinct from those due to elasticity. If, there- 
fore, an increase of temperature coincides with tension in any 
bar, the increments of length due to both causes are to be 
added together to obtain the total elongation ; and if a decrease 
of temperature occurs with compression, the separate decre- 
ments of length are to be added together. But the total 
elongation or shortening will be equal to the difference between 
the increment and the decrement, if compression occurs with 
increase of temperature, or tension with decrease of tempera- 
ture. 

In the combination of bars shown in Fig. 389 an increase 
of temperature of t^ would, according to equations 1 and 33, 
raise the point G by an amount 



a« 



<r=2^-; [34] 

and this point would sink by the same amount with a decrease 
of ^. 

The braced arch of § 22 can, as far as the influence of temperature on the 
height of the hinge S is concerned, be regarded as a combination of two rods 
similar to the above. From the dimensions of the arch h = 5000 miUimetres, 
a« = 20000* + 5000^♦ and assuming that A = ^^ (for an increase of 20 '5° C.) 



(T = 



1 /20000» + 5000^ „, „^ .„. ^ 
iOOb ( 5000—) = 2^-2^ "^^°^^*'^«- 



Ck)nsequently the hinge S is raised 21*25 millimetres when an increase of 
temperature of 20*5° G. takes place, and therefore also sinks 21*25 millimetres 
with a decrease of 20*5° G. If the variations of temperature were doubled, 
the rising and the sinking of the hinge would bo 42*5 millimetres. Supposing 
that the decrease of temperature of 41° G. occurred at the same time ijiat the 
total load was on the bridge, which latter, according to § 45, equation 9, produces 
a deflection ^i = 18*75 millimetres, the total deflection would be 

18*75 + 42*5 = 61*25 millimetres. 



♦ See Fig. 175, page 127. 
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If Si denotes the decrease in a unit of length due to com- 
pression in the two rods A E and B E (Fig. 401), produced by 
a load at C, and A the shortening per unit of length in the 
same bars owing to a coincident decrease of temperature, the 
total deflection of the point E is, according to equation 1 : 



a« 



« = (»,+ A) Y» [35] 



h 



and this deflection is to be equated to -^, the deflection in 
the centre of the horizontal beam (equation 18j, thus : 






/ 

Solving this equation for ^ , and putting a* = P + A* : 



^=r-??-l/-.^\. [87] 



h 



(».i^)(i4;)' 



The influence of the variations of temperature on the dis- 
tribution of the load can be ascertained by finding the efiect 
produced by the change of temperature on the structure, sup- 
posed weightless, and upon which no exterior loads are acting. 

If A is the shortening per unit of length due to a decrease 

of temperature, the point E (Fig. 401), if free, would be lowered 

A a* 
by an amount -r— , but the acftual amount is less, owing to 

the horizontal beam CD; or, in other words, the stiffness of 
this beam produces a vertical force P acting upwards at E. 
Both struts are elongated by this force, and this elongation 
must be deducted from the shortening produced by the de- 
crease of temperature. Therefore, if Si is the elongation per 
unit of length produced by the force P alone, the actual 
depression of the point E isl 



a' 



.a = (A-«,)-^. [88] 

X 2 
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Pa 
Bnty according to equation 19, Si = ^^^ ^^ , . Henoe : 

Zeai li in 

The deflection at the centre of the beam due to the force P 

S P PZ 

is, from equation 14, 8 = -^, and substituting 8, = ^-p ^^ ^ 

from equation 20, 

Hence by equating the values of s in equations 39 and 40 : 



/ Pd \a« p/» 



And solving for P : 

2 2^E,Pi- 

Evidently P is the correction to be applied to the distribution 
of the load between the two systems found from equation 21 : 
in fact, a decrease of temperature diminishes the part of the 
load carried by the struts by the amount P, and consequently 
increases the load on the beam by the same amount. An 
increase of temperature has the reverse effect. 

By substitutiiig in the above equation - = 0*6, - = 0*8, ; = 3, also 

E, = E, = 20000 (supposing that both systems are made of wrought iron), 
Fj = F, = 10000 square miUimetres, and A = :k t^ (corresponding to a 
change of temperature of 20*5^ C), the value of P is found to be P = ± 10700 
kilos. 

By introducing the same data into equation 21, it is found that 

^'-4-608; 
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or if the total load is 80000 kilos. 

Q. 

Q. = _Q^Q = *;g>c 80000 = 657i0 Idles. 

Q. = Q Q = g-:^ X 80000 = 14260 kilos. 

Thus, when iixe temperatnie decreases 20*5° C, the load wnied hy the struts 
becomes 

65740 - 10700 = 55040 kilos. 

and by the beam 

14260 + 10700 = 24960 kilos. 

And when the temperature increases 20°* 5 0. the struts carry 

65740 + 10700 = 76440 kilos. 

and the beam 

14260 - 10700 = 3560 kilos. 

(This subject will be further discussed in the sixteenth chapter.) 
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FIFTEENTH CHAPTER. 

§ 50. — Bbsistanoe of Bbams to Flexube. 

If one end of a horizontal beam be fixed, and a weight hung 
to the free end, the beam, originally straight, will be bent 
into the form of a curve, whose convexity is upwards (Fig. 420). 
If the beam be regarded as a bundle of fibres, whose direction 
is parallel to the length of the beam, and which are cemented 
together, so that they cannot slip over one another, it is easy 
to see that as soon as the beam is bent the upper fibres will be 



Fig. 420. 



Fia. 421. 





lengthened, and the lower ones shortened. Between the upper 
and the lower layer of fibres there must therefore be a layer 
in which the fibres are neither lengthened nor shortened ; this 
layer A B (Fig. 421) can be called the neutral surface. 

The greater the distance of a fibre from this neutral surface 
the greater will be its elongation if it is above the neutral sur- 
face, and the greater its shortening if below. It can be assumed 
that the sections made by planes at right angles to the neutral 
surface before bending remain plane after bending,* and are 
still at right angles to the neutral surface, which is now curved. 
In Fig. 422, M and N are two of these planes very near to each 
other ; originally they were parallel, but when bending took 

* This haa been ascertained by ezperimeni See 'Civil Engineering,' by 
JRr?/. Baniine.— Tbanb. 
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place they converged in the directions C D and E P. Now, since 

the portions of the fibres lying between the two planes were 

originally all equal, the alteration in length of each fibre can 

be found by drawing a plane 6 H parallel to E F, and at a 

distance N M from it equal to the original length of the fibres, 

the distances between the 

planes C D and 6 H are 

evidently the alterations in 

length of the fibres. Hence 

from Pig. 422 for any fibre 

LQ: 



Fio. 422. 



PQ 
GO 



u 



w 




or in words : The alteration in 
length of any fibre is propor- 
tional to its distance from the 
neutral svrface. But, accord- 
ing to the laws of elasticity, 
the intensity of stress is pro- 
portional to the alteration of 
length, so long as the stress 

is below the limit of elasticity, hence the stress in any fibre is 
proportional to its distam^ from the neutral sv/rface so long as 
the stress in it is below the limit of elasticity. 

Therefore, if s is the stress (per unit of area) in a fibre L Q 



Fio. 423. 
E C 



FiQ. 424. 




at a distance u from the neutral surface (Pigs. 423 and 424), and 
if S is the stress (per unit of area) in the fibre E 0, at a distance w : 



H 



w 



or 



« = »- . 



[48] 
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The total stress in any fibre can be found by multiplying its 
area by 8, the stress per unit of area. If the beam be imagined 
divided into an infinite number of layers of fibres parallel to the 
neutral surface N N, and if/ be the cross-sectional area of such 
a layer whose distance from N N is t^, the total stress in this 
layer is evidently : 



8f = &-f. 
W 



[44] 



Fio. 425. 



This stress will be tension when the layer is above the 
neutral surface, that is, when u is positive ; and will be com- 
pression when the layer is below the neutral surface, that is, 
when u is negative. 

Let a section of the beam be made at N by a plane per- 
pendicular to the neutral surface. For equilibrium a force will 

have to be applied to each 
fibre acting in the direction 
of its length, and equal to 
the stress in it (Fig. 425). 
These forces can be con- 
sidered horizontal, for it 
must be assumed that the 
amount of bending is very 
small. They alone, how- 
ever, could not maintain 
equilibrium; for, to resist 
the vertical force K acting 
downwards, a vertical force V, acting upwards, must be ap- 
plied; and since the section plane N is very nearly vertical, 
V can be considered as acting along it. It is this force which 
prevents the part B N of the beam from slipping down along 
the section plane, and it is called the resistance to shearing. 
Besolving the forces acting on BN vertically: 




V = K. 



[45] 



The only horizontal forces acting on BN are the direct 
stresses in the fibres. Those above the neutral surface act from 
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right to left, and those below from left to right The algebraical 
sum of these forces must be zero, therefore froQi equation 44 : 



(-«*/) = 0; [46] 



and since — is a common factor it can be omitted : hence : 
w 

2(/u) = 0. [47] 

This equation shows that the sum of the products of the 
area of each elemental layer into its distance from the neutral 
surface is zero. 

But, as is well known, if x be the distance of the centre of 
gravity from the neutral surface, 

55(/) = 2C/tt) = 0, or 5 = 0; 

that is, the neviral sv/rface passes through the centre of gravity of 
the section. 

The third condition of equilibrium is that the sum of the 
moments about any axis should vanish. Let the intersection of 
the neutral surface with the section plane be this axis, which will 
be perpendicular to the paper at N (Fig. 425), and is called 
the neutral axis. The moment of K about this axis is Ka; 
(called the moment ofjlexwre or else "bending moment), and the 
moment of the stress in the layer of fibres, whose distance is 

u from the neutral surface, is — - u. Hence : 

w 



:z[^u) = Kx. [48] 



or in words : The m>om>ent of resistance of the fibres is eqtuil to 
the moment of flexure of the bending force. 

S 
The common factor — can be placed outside the sign of 

summation, thus 

-2(/u2) = Ka?. [49] 



to 



But the expression %{fu^) is the moment of inertia* of 

* See footnote, page 301. 
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the ciossHsection abovt the neutral axis, and it is generally 
denoted by L Therefore, 



to 



[50] 



Or, writing M, instead of K a;, to represent more generally 
the moment of flexure, 

[51] 



W 



S is the stress per unit of area in the fibre whose distance 
is w from the neutral surface. If, therefore, w is the greatest 
distance that occurs, S will be the greatest stress, and can be 
found from 

w M 
S = -f: [52] 

when 

I = 5(/M«) [53] 

is known. 

To find the value of I when the section is rectangular, con- 
sider a layer of fibres at a distance u from the neutral axis 
(Fig. 426), the area of this layer is/ = 6 A, and consequently, 

or, according to the notation of the Integral Calculus : 



1 = 6 I u' du = — . 



Fig. 426. 



Fig. 427. 



[54] 



Fig. 428., 
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The section shown in Fig. 427 can be considered as the dif- 

* This equation has been obtained on the supposition that the stress 
nowhere exceeds the limit of elasticity. This formula is therefore not applio- 
able at the point of rupture, and this is borne out by experiment. — Tbans. 
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ference of the two rectangular sections B H and hh, and henoe 
its moment of inertia about the neutral axis is 



1 = 



BH» 
12 



6A» 
12 • 



[55] 



The same value of I obtains for the section shown in Fig. 428. 
The moment of inertia of all sections that can be resolved into 
rectangles may be obtained in a similar manner by means of 
equation 54 so long as they are symmetrical with respect to the 
neutral axis. For instance, for the section shown in Fig. 429, 
which is the sum of two rectangles : 



6A» Mi* 
12 "^ 12 



[56] 



and for the section of Fig. 430 : 





BH» bh' 6,V 
12 12 12 


Fig. 429. 






[571 




[Note. — It is sometimes necessary to find the moment of inertia of irre- 
gular figures whose contour is not determined by any simple curve, the 
section of a rail for instance. 

In such cases the moment of inertia can only be obtained approximately 
by finding that of a figure composed of rectangles, as shown in Fig. 430a, and 
the greater the number of rectangles the nearer will be the approximation. 

It becomes therefore necessary to know the moment of inertia of a rect- 
angle about any axis parallel to one of its sides. Let the moment of inertia of 
the reotangle A B (Fig. 430b) be required about the axis Y 0. Take an 
elemental strip P P' of the rectangle, of width b x. The moment of inertia of 
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this element aboat YOwa^ .hdx. The moment of inertia of the rectangle 
A B will therefore evidently be 



= I x'bdx 



= 8<'"— ^ 
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Fig. 430b. 




Applying this to the case of Fig. 430a, the amount of inertia of that 
section about the axis N N is found to be 

I = J { m(/» - A») + n(A» -/3) + o(/» - d8) + i>(rf» -&») + 
^r (63 + a») + c(c» - a») + « (e^ - c») + < (A» - «») { . 

The axis N N passes through the centre of gravity of the section, and the 
position of this point must be found by the usual methods. A beautiful 
graphic method of finding the moment of inertia and the centre of gravity of 
any section is given in 'Graphic Statics,' translated from the German by 
Lieut G. S. Clarke, RE.] 



K the section is circular (Fig. 431) : 



for evidently the moment of inertia of a circle is the same 
about any diameter ; and since w^ + v^ = oj*, 



or. 



2(/u«) + 5(/t^) = 5(/a?«) 



I = i5(/^«). 
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S (/flJ^ can evidently be found by replacing / by the area 
of the elemental annulns (Fig. 432) whose radias is x, and 
breadth A« The area of this annolus is 2 (b tt A ; therefore. 

Or in the notation of the Integral Calculus : 



2(/««) = 2»j «»rf« = ^B<; 



Fig. 431. 




and if the diameter of the circle is D, 



Fig. 482. 




i = jB^ = ei^*- 



[58] 



The annular section shown in Fig. 433 can be regarded as 
the difference between two circles 
whose diameters are D and d respec- 
tively. Hence, in this case : 



Fia. 433. 



1 = ^0)*-^). 



[59] 




d J) 



If the section remains constant 
throughout the length of the beam, 

— will also be constant, and it appears (from equation 50) that 
w 

in this case the greatest intensity of stress will reach its 
greatest value in the beam at the point where the bending 
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moment is amaximum. This is evidently the case when 
fl) s Z; and if Si is the greatest stress in the beam : 



to 



[60] 



If the beam has a rectangular section (Fig. 434), to = - , and from equation 



bh* 
54, I = — ; equation 60 therefore takes the form 



S,6A2 



= KL 



reii 




Fia. 434. 



B 



^K 




As an example, let K = 125 kilos., / = 800 millimetres, & = 20 millimetres, 
h = 100 millimetres, then the greatest stress in the beam is, 



Si = 



6K/ 6x125x800 



6A2 



20 



— -^ — = 3 kilos, per square millimetre. 



The intensity of the stress is independent of the nature of the material. By 
comparing it however with the stress per square millimetre considered safe 
for the material in question, it can be ascertained whether the resistance of 
the beam is sufficient or not, or to what extent the load might be increased so 
that the safe stress should just be arrived at Thus if the above beam were made 
of wrought iron, the load K could be doubled (250 kilos.), in which ca«e the 
greatest stress per square millimetre would be 6 kilos, (see page 264). 



Fig. 435. 




L. 




Q 



The greatest stress in a beam supported at both ends 
(Fig. 435), and loaded at any point A, can be found from eqna- 
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tion 60 by writing for E the reaction at one of the abutments, 
and for I the distance of the load from that abutment. For if the 
part A Bi be considered fixed (encased in a wall, for instance), 
it is evident that A B is in the same condition as the beam of 
Fig. 434, with this difference, however, that the bending force 
in this case acts upweirds instead of downwards, and conse- 
quently the greatest tension occurs in the lowest fibre. The 
reaction E at the abutment A is found by taking moments 
about the other abutment, thus : 

and substituting in equation 60 

(Since Ei Zi = E Z the same equation would be obtained if the 
greatest stress in the part A Bi were found). 

[Note. — ^If M is the bending moment at any section of the beam distant x 
from B| , it is easily seen that 

+ ii) ' 
so long as the section is situated between Bi and A, and 

when the section lies between A and B.] 

When a beam, supported at both ends, is loaded uniformly 
and p is the load per unit of length, the reaction at either abut- 

ment is E = "^-^ , and j) 05 is the load on the part B M = a 

(Fig. 436). If the part A M of the beam be imagined fixed 
the part B M becomes a beam fixed at one end and acted upon 
by two loads, namely, the reaction E acting upwards at B, 
and the load px acting downwards at the centre of BM. 
Taking moments about M : 

M = Ko; ^pxl = ?if X -^'. [63] 
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Substituting in equation 51, it appears that the greatest 
stress in a section whose distance from one of the abutments 
is X can be found from the equation 



M = ^=fCL-.). 



Fig. 436. 




K.id. 



L-x 



X 



M 



00 

T 



m 



px 




C68a] 



The product x (L — oj) is greatest when a? = ^ . Hence the 
greatest stress in the beam is given by the equation : 



to 8 



[64] 



By putting L = 2 Z and x-l-z in equation 63, the general 
equation for the moment of flexure at any section is obtained, 
distances being measured from the centre of the beam, thus : 



and when 2; = : 



«='(^> 



«.='^- 



[65] 



[66] 



Equation 65 can be exhibited ^aphically by taking the 
diflferent values of » as abscissa, and the corresponding values 




of M as ordinates. The curve shown in Fig. 437 is thus 
obtained. 
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The shearing force (Fig. 436) at the section through M is : 

for this is the vertical force that would have to be applied at « 
this section to maintain equilibrium. 

Putting as before L = 2 Z and x = 1 ^ si: 

Y=:pz. [6Ba] 

§ 51. — Deflection of Beams. 

The curved line A B (Fig. 422), into the form of which the 
neutral surface is bent, is called the curve of deflection. 

The element of arc M N of this curve can be regarded as 
the arc of a circle whose centre, is at 0, the intersection of D 
and E F. This circle is, in fact, the circle of curvature of the 
curve at MN, and p its radius is the radius of curvature. 
Since the two triangles C G M and M N are similar : 

CG _MG 
MN""ON* 

C Gr 

Now rrpj^ is evidently the elongation per unit of length of 

the fibre E C, the stress in which is S per unit of area, therefore, 
according to equation I : 

CG s 

mn"e' 

Further M.G = w and N = /o. Hence : 

S t0 S E 

s 

Substituting this value of - in equation 51 : 

— = M. [68] 

p 

The radius of curvature of the element of arc M N of the 
deflection curve A B (Fig. 438) is therefore : 

EI EI ^^^ . 

Y 
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As already pointed out (p. 312) the curvature is assumed to 

be very small, and consequently instead of the arc M N in the 
equation 



MN = f» ^, or ^ = 



MN 



its horizontal projection M P = A can be substituted. There- 
fore: 



^ = 



_K(/-a?)A 



EI 



[70] 



Fio. 438. 



Q l-x 




// 



v' • 

^ i 

Now, consider the horizontal projection A Q = oj of the arc 
AM resolved into its elements A, and let x be replaced in the 
above equation by its successive values diflfering each by A ; by 
adding together all the equations thus obtained the sum of all 
the small angles ^ will be found, thus : 



_^(K(l-x)^ 



W = 2 ( 



EI 



)• 



[71] 



2 {ff>) is evidently ©, the angle which the radius of curvature 
M O makes with the vextvcal (pt the angle the tangent to the 
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curve at M makes with the horizontal). Let the beam be 

prism, that is, let its cross-section be the same throughout; 

K 
then I is constant and :^^ is a common factor of all the terms 

contained under the sign of summation in the right-hand 
expression. Hence : 



« = ^5[(/-a;A)] = ^[/2(A)-2(a? A)]. [72] 



but 



a?* 



2 (A) = X and 2 (a? A) = -5- 



Therefore : 

If aj = ly(o becomes a, the angle the tangent to the curve at 
the end B of the beam makes with the horizontal, and 

In the triangle MNP 

6 = A tan 0) ; 

but since the curvature is small, eo is a small angle, and con- 
sequently 

tan M = w, 
or 

€ = «A. [75] 

Substituting in equation 73 

K / a?*\ 

again replacing x by its successive values <dijBfering from each 
other by A, and summing up the values of e thus found : 

2(€) = ^[/5(a;A)-i5(ar*A)]. '^ [77] 

Now 2 (e) is evidently equal to y, the vertical projection of 
the arc A M, and further. 



x^ _ , - - . a?' 



2 (or A) =2-. 5(a;2A)=x 3-; 



Y 2 
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therefore equation 77 becomes : 

K /las* x*\ 

^ = m{T-j)' P«3 

According to the notation of the Differential Galcnlas, 

^ = dx, 6 = dy, « = — ^, and A:^d« = d(— ^). 

ax \dx/ 

Equation'70 therefore takes the form 

Assuming as before that I is constant, integrating twice and remembering 

that when x^o, ^ = o, and y = o, so that the constant occurring in each 

a X 

integration ia zeio. 



E.a.K(,.-f) 



From a reference to Fig. 438 it will be seen that when x =1, 
y = 8, and therefore the deflection of the end B is (equation 
78): 



s = • 

3EI 

Dividing this last equation by eqiiation 60, 

sw __ /« . 
■s""3E' 



[79] 



and substituting ^r = '> and 2 u? = A, (assuming that the centre of gravity of the 
cross-section is equidistant &om the top and bottom fibres), 

8 = 48 — . 

It is evident that this equation is also true in the case of the beam represented 
by Fig. 435, when the weight Q is hanging at the centre. This equation can 
therefore be employed to find what alteration will be produced in the equation 
found for the compound system of Fig. 401, when the beam, instead of being of 
miiform strength, has an equal section throughout. Thus, putting f 5,, instead 
of«„ 

and equation 21 becomes 
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[NoTB. — The equation 

CG _MG 

MN" ON 

is quite independent of the manner in which the beam ia loaded or supported, 
and is in fact a geometrical property depending only on the curvature. Equation 
68, viz. 

P 

is therefore perfectly general and is applicable to the case of any beam under 
bending stress. 

Now, it is shown in works on geometry that for any curve referred to rect- 
angular axes, 



P = ± — 



d*y 
dx* 

Let the straight line through the abutments be taken as the axis of x, then the 
tangent of the angle the tangent to the curve at the point^(a;, y) makes with the 

axis of a; is -7— But by a previous assumption the curvature is very small, and 

u X 

therefore this angle will also be very small for every point of the deflection curve ; 

consequently ( ^ ) niay be neglected in comparison to 1. Hence in the present 

case, 

1 



P = ± 



d^y 



da^ 

Therefore, 

d'^y . M 



dx"^ EI 

* 

The positive or negative sign being taken according as -^ increases or 

d X 

diminishes with x. ^ 

This is the differential equation to the deflection curve, and when M and I 

are known for any point (a;, y\ the equation to the curve can be found if the 

integrations can be effected.] 

The beam instead of being horizontal before being bent may 
make a very small angle g> with the horizontal, Fig. 439. In 
this case the angle a the tangent at B makes with the hori- 
zontal, consists of two parts ; one part is the angle eo and the 
other is the deflection angle that wonld obtain if the beam 
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had been originally horizontal, and which can be found from 
equation 74. Therefore : 



o = « + 



2EI 



[80] 



In the same manner the deflection 8 can be considered as 

Fig. 439. 




made up of two pails ; one part is I tan eo = Z eo (since eo is a 
small angle) and the other part can be obtained from equation 
79. Hence : 

s = lu + 



2EI 



[81] 



The above equations (80 and 81) can also be adapted to the 
case when the loaded point B is not at the end of the beam. 
If, in Fig. 440, C is the end of the beam, the part B C will 
remain straight if there be no load on it. The angle made with 



Fig. 440. 



^ 



f 
I 

m 



f 



II 




a»ta/yv.oi 



C"-9^] 



the horizontal will be the same at C as at B, and is consequently 
equal to a (equation 80). The deflection at C is equal to the 
deflection at B added to a tan a = a a (since a is a small angle). 
Therefore : 






[82] 
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And substituting for a its value from equation 80 : 
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(T = (/ + a) C0 + 



K.(2P + 3o/«) 
6EI 



[83] 



Or adoptiDg the notation of Fig. 441, that is, writing x 
instead oil^l ~ x instead of a, and 8 instead of o- : 



o = « + 



2EI' 



5 = /e0 + 



K(3?g* — g*) 
6EI 



[84] 



[85] 



If there is also a load at C (Fig. 442), the deflection-angle 
and the deflection at will be increased by an amount which 
can be found from equisitions 74 and 79, thus : 



o = « + srsT? + 



2EI ' 2EI 

, . K(3/x«-a;») . Q/» 
/« + ,^. +3^. 



6EI 



[86] 



[87] 



Fig. 441. 



Fig. 442. 








These equations are evidently also true if K and Q act up- 
wards instead of downwards, when, however, their signs must 
be changed. 

In the last equations put © = 0, Q = and pdx instead 
of K, further d a instead of a and d s instead of 8, then : 



da 17 



px*dx 
2EI 



[88] 



6EI 



[89] 
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These equations give the effect, on a beam originallj hori- 
zontal, of the element pdxotek distributed load. 

Integrating between the limits x = Xi and x z=x^ for the 
case shown in Fig. 443 :* 

[90] 



_ p(a?,»-a?|») 
6E1 



p[/(V-V)-iW-V)3 

'" 6EI 



[91] 




If the whole span is loaded with a load p per unit of length 
the limits of the integration are Xi = 0,X2 = I and then : 



a = 



6EI' 



*"8EI- 



[92] 
[93] 



'Lastly, if the original inclination to the horizontal at the 
point of fixing A is (o and there is a load Q at C besides the 
uniformly distributed load : 

"■"*'"*"6El'*"2EI' 



' = '"'"*" 8EI + 3EI- 



[94] 
[95] 




Fig. 444 represents a beam supported at both ends. If the 
left half be considered fixed in a wall, it is evident that the right 

* The load is supposed to be unifonnly distributed so that p is a constant. — 
Tbans. 
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half is in the same condition as the fixed beam of Fig. 442, 
when © = and Q = — K, and the deflection can therefore be 
obtained by Substituting these values of cd and Q in equation 
87 and writing — 8 instead of 8, thus : 



8 = 



6EI 



[96] 



[Note.— If x =zO the beam is loaded with a central load 2 K, and 

2K/» 



s = 



or replacing 2 K by Q, 



6EI* 
6EI' 



The equation to the deflection curve of a beam supported at both ends 
and loaded in the centre, can be found from the equation given at p. 325, 
namely : 

rfa^^^^EI* 

If the beam is of the same section throughout, EI is constant, and 
(Fig. 444a) taking X and Y as axes of reference, the moment of flexure 
at any point P is 



M = 



2 ' 



so long as a; is less than I. 



Fig. 444a. 




Hence: 



dx* 



Q 



2EI 



X, 



The negative sign being taken because — diminishes as x increases. 
Int^rating 



d_y 
dx 



Q 
4EI 



X* + constant. 
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dy 



Now, when x = 7, — ^ = 0, because the tangent to the curve is haniaatil 

ax 



at the centre of the beam. Therefore : 

Q 



0- - 



4EI 



P + constant ; 



or 






Integrating again, 



but when y = 0, a; = 0, hence constant = and 

— the equation required. It will be observed that this equation is only true np to 

Q as Qa? 

the centre of the beam, for at this point M changes from —^ to -^ Q (aJ - 0» 

but evidently the two halves of the deflection curve are exactly similar. 

The greatest deflection occurs at the centre of the beam where x = I, and 
writing a for the greatest value of y, 



8 = 



6EI* 



or the value found, above.] 

The dejBection due to a uniformly distributed load can be 
found from equation 96 by first finding the deflection due to 
an element of load pdx; thus writing d 8 instead of 8, and pdx 
instead of K : 

p(2l' — Slx^ + x*)dx 



ds = 



6EI 



Fig. 445. 



[97]. 




Then the deflection at the centre in Fig. 445 is obtained by 
integrating this equation between the limits Xi and X29 thus : 

p [2 /» (X, - X,) - /(V - a^Z) + 1 (a.,4 , ^^4)3 
' = 6EI • '-^^J 
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If the whole span be loaded, the limits of the integration are 
aJi = and ajg = I, in this case, therefore : 



"^EI- 



[99] 



Since the load on the left half of the beam produces the same 
deflection as that on the right half, it is obvious that if the load 
on one side be removed the deflection in the centre will be 



Fig. 446. 




halved. The deflection at the centre of a beam loaded as indi- 
cated in Fig. 446 will therefore be : 



s = 



12EI 



[100] 



If the left half of a beam supported at three equidistant 
points as shown in Fig. 447 be imagined fixed in a wall, the 



Fig. 447. 




right half is evidently in the same condition as the beam of 
Fig. 442 when co = 0, 8 = 0, and Q acts upwards or is negative. 
By substituting these Talues in equation 87, 



= 



6EI 



3EI* 



and solviug for Q, 



K / a?* x^\ 



[101] 



Further the sum of the reactions at the three points of 
support must equal 2 K. Hence:' 



P = 2K-2Q = 2K-k(3J-J). 



[102] 
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Thus the reactions at the three points of support are found. 

[NoTB. — Obviously the three points of sapport are in a straight line, for it 
was assumed that 8 = 0. It is important to remember this, for the reactions 
depend on the relative positions of the three points of support] 

Evidently the load on the left span prodaces the same re- 
action at the central support as the load on the right span. 
Therefore in the case represented in Fig. 448, the reaction W 
at the central support is : 

W = iP = K-Q; [103] 

or 

The reactions of the end supports can now be obtained by 
taking moments, thus : 

and 

Fio. 448. 



V 

A 




W 

A 






( 

i 


V 

< 




I 






X 


B 


t-x 




n 




I 






1 


L 


\ 



K 



or substituting for W its value : 

^=4{2/+37^-7^} 

4 1/ l'^ I*)' 



[105] 
[106] 



The bending moment at a point N (Fig. 449), between A 
and B, and situated at a distance z from A, is : 

M = K(a?-«)-VG-^). [107] 

Putting M = 0, substituting for V, and solving for z : 



X x^ 
2-— — 

/ "^ 7i x^" 



[108] 
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which, when 



becomes 



= tt, and — : — = r. 



/ 



I 



V = 



5-tt«* 



[109] 



This equation determines the position of the point where 
the bending moment is zero. 

The value of the bending moment for every point in the 
beam is represented graphically in Fig. 449, for the bending 
moment at every point from A to B is given by equation 107, 



Fig. 449. 




ion represents a straight line, M and z being the 



and this equat 
variables. 

Let it be supposed that the beam is subject to a uniformly 
distributed moving load, then equation 109, when put in the 



form 



"=\/^-^ 



[UO] 



FIO..450. 



iiiiiiriiiimiiiiiiiiiiiMajiidUiisiniiiiriiiiiiiinui'iiiiitii 



N 



M B 
(max) 



m 
c 



Fig. 451. 



N 



^ ^ioain) ^ 



■7^ 

c 



determines what parts of the beam should be loaded to produce 
a maximum or a minimum bending moment at N (see Figs. 450 
and 451). 
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[NoTK. — ^The truth of this can be shown as follows : — It will be found 
that by substituting for V its value^ from equation 105, and patting as before 

I — X I ^ z 

— - — = u and —z — = V, that the equation 

becomes: 

4t? \ tJ / 



M 

Therefore M is positive so long as 



or 



Thus, evidently any load situated between C and B produces a positive 
bending moment at N. ' A little consideration will show that all loads on the 
other span also produce positive bending moments at N. Hence Fig. 450. 

Again M is negative when 



«>\/^-h 



that is, when the load is placed between B and A. Therefore the greatest 
negative or minimum bending moment occurs at N when the part B A is 
loaded as in Fig. 451.] 

When the reactions produced by a single load K have been 
found by means of equations 104, 105, and 106, the reactions due 

Fig. 452. 

^i 1 -t. 



>.iinniiiiiiniBiiiiiiwni.ni.|.niiiii>y«i 



to a uniformly distributed load can be obtained by writing pdx 
instead of K and integrating between the limits osi and X2 (Fig. 
452). Thus : 






or 



^ = ^3 { ^' (^«' - ^1') + ^ (V - ^,0 - i (V - ^lO } . [Ill] 
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If several portions of the girder are thus loaded^ the total 
reaction is found by adding together the reactions produced by 
each part separately. 

Again, when the load is uniformly distributed over both 
spans, the reaction at either outer support can be found i{ p dx 
be written instead of K in equation 101 and the integration 
performed between the limits and Z, thus : 



and 






[lllA] 



P, = 2p/-2.fi?/=fp/. [111b] 

If, therefore, p is the uniformly distributed load per unit of 
length, and m is a uniformly distributed moving load on the 
part X2 — Xi of the beam represented in Fig. 452, the reaction 
Vis, 

Fig. 453 represents a beam uniformly loaded and supported 
at three equidistant points, the central support being at a dis- 
tance 8 from the horizontal straight line joining the outer points 
of support. 

Supposing the central support to be removed, the delBection 

8 at the centre of the beam would be found from equation 99. 

pi* 



— 5 

^1 — T* 



EI* 



[113] 



Fig. 453. 




Again, the upward deflection Sz produced by an upward 
force P acting on the unloaded beam, can be found from 
equation 96 by putting x =^ and 2 K = P, thus ; 

PZ» 



5- = 



6EI' 



[1141 
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Now 8 is evidently equal to the di£ference of these defleo- 
tionSy therefore 

*"■'»"*«- "EI "eH' ^^^^^ 

[Note. — This result can also be obtained as follows : 

If, in equation, 96 — Q be written for Q, — « for «, and » = 0, 

^-gEI 3EI" 

This equation evidently applies to either half of the beam in Fig. 453, 

also 

P 
2Q + P = 2p/, or Q=p/-2- 

Therefore, 

pi* pi* P/» 

*~8EI 3EI"^6E1 

_ ^ p^_ PZ» 



I 



^El 6EI* 

Equation 115 can be used to find the distribution of the 
load in Fig. 401, when the beam has the same cross-section 
throughout and is uniformly loaded. For the force P, taken in 
the opposite direction, deflects the apex of the struts by an 
amount 

'=2"e:^^' ^^^^' 

and by equating" these two values of s 

^<^' - 5 .^ . JL^. [117] 

2E,FiV""^E, I2 6E2I/ ^ -• 

If the cross-section of the beam is rectangular, F2 its area, 

and ^2 its height, 

_F,A,« 

^^""12"' 

according to equation 54, and the above equation solved for 

P becomes 

p_ 5pi 

44.^ V E, F/ [118] 

"*" Z» • A,« * E, • F, 

This equation gives the part of the load supported by the 
struts, supposing that the temperature does not alter and that 
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originally^ before loading, the three points C, E, D were in a 
straight line. 

ft K T7* IT 

If, for instanoe, 7=f, r = i»5^ = ^t ^^^ 5^ = 2, the equation gives 

P = 1128i>/. 

F 
If — = 0, P = |p/, or the same value that was obtained (equation 111 B) 

for the reaction at the central support of a uniformly loaded beam resting on 
three equidistant points placed in a horizontal straight line.* 

When the temperature decreases the portion of the load 
carried by the beam is increased, the struts being relieved of 
the same amount, and the reverse occurs when the temperature 
increases. This " temperature load " P can be found by equating 
the deflection of the centre of the beam (equation 39) to the 
deflection of the apex of the struts (equation 114), thus : 



/ Pa \a«_P/» 



Substituting for I = ^ J* , and solving for P, 



2 AEiFi^ 

■*■ E,-P, 'a'* V 
If Ei= £,= 20,000 kilos., Fi= 10,000 square millunetres, F, = 20,000 square 

millimetres, - = 0*8, — = 0*6, t^ = 3, and A = jj^vj; (corresponding to a de- 
crease of temperature of 20° * 5 C), it will be found that P = 5873 kilos. And if ai 
the same time the beam is subject to a uniformly distributed loetd 2pl (see 
equation 118), 

P = 1-128J9/- 6873 kilos. 

for a decrease of 20^*5 G. ; and similarly 

P = l-128j9/ + 5873 kilos, 
for an increase of 20° * 5 G. 

It was shown, page 321, that the general equation for the 
radius of curvature of the elastic curve is 

P = '^, [121] 



F 

* Since =? = 0, the resistance of the stmts is infinite, and they therefore act 
Fi 

as a fixed point of support. — Tbaks. 

Z 
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where I is the moment of inertia, and M the bending moment 
for the cross-section at which p is taken. 

Thus when the ratio ?? is constant for all sections p is con- 
stant, and the deflection curve is a circle. 

Now in a beam of equal section throughout, I is constant 
A prismatic beam can therefore only bend in the shape of a 
circle when M is constant. This would be the case, for instance, 
in Fig. 422, if instead of the single force E, a couple acted at 
the free end of the beam. 

If, however, both M and I vary, and Mi, Ii are the moments 
of bending and inertia respectively at any given section, for 
instance at one of the ends of the beam, then the equation 



or 



M 
Ii 



M, 



[122] 



expresses the relation that must exist in order that the 
deflection curve may be a circle. 

For example, in the case represented in Fig. 454, the 
general condition takes the form. 



zW 



X 



bh* I 



[123] 



Fio. 454. 




K 2?= i, as in Figs. 455 and 456, the equation to the curve 
to which the beam must be formed in elevation is 



Uf' 



US 



A» / 



[124] 
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Again, it u = h, 



Z X 

6"7' 



[125] 



showing that the beam should be triangular on plan when of 
constant height. 



Figs. 455 and 456. 



Figs. 457 and 458. 





The deflection of the point of loading can be found from the 
equation to the circle, viz. (Fig. 459), 



But since the amount of bending is very 
small, s? can be neglected and I can be i^ 
regarded as the length of the beam. 

Hence, 

1* 



Fig. 459. 



5 = 



2p 



[126] 




Substituting for p from equation 67 

s = -^ . [127] 

2u7E 



/ 



/ 



If the section is symmetrical with 
reference to the neutral axis, as in the case 
represented in Fig. 454, so that 2 1^ = A, [ --••"" 

and further if S be written for r^ (see equation I., page 282) 



V 

/ 



/ 



...J 



[128] 

z 2 
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In a beam rappoiied at both ends and loaded in the centra, the deflertioB 
eaire will evidently be a ciicle, if each half of the beam be of the form shown 
either in Figs. 455 and 456, or in Figs. 457 and 458, the thin end being placed 
at the abutment. In the calcolations connected with Fig. 401, it was aasmned 
that tlie deflection curve was a circle. This assumption therefore requires thst 
the beam should have either of the forms indicated above whoa its cross-aectkm 
is rectangular. 

Since r=-= is constant it can be replaced by its yalne at the 

point of fixing, viz. =^y and equation 121 then becomes 

EI, 

whence, from equation 126, 

Hence, in a beam of the form shown in Figs. 457 and 458, 
in which the curyature is constant, the deflection is 1*5 times 
greater than that of a prismatic beam of the same depth 
see equation 79). 



§ 52. — Eesistance of Long Columns to Bending 

AND Buckling. 

If the straight prismatic beam shown in Fig. 460 be subject 
to forces K K producing compression, the points of application 
being at the centre of gravity of the end sections, and the 
forces acting in the direction of the length of the beam, the 
stress will be uniformly distributed over the area of every 
cross-section of the beam, and if F is the area of the cross-section 
the stress per unit of area will be 

S. = J. [129] 

Let it be supposed that by any means whatever the column 
is bent until the height of arc of the curve formed is / 
(Fig. 461), and further that the bent column is acted upon by 
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the two forces K^ and that these forces are of themselyes able 
to maintain the column in this bent condition. 

The stress at any cross-section can in this case be considered 
as made up of two parts: the first is the uniformly distributed 
compression Si (from equation 129), and the second is the 

Fios. 460 AND 461. 




bending stress. The fibres on the concave side will evidently 
be compressed by the bending, and since the maximum bending 
moment 

M = K/ [130] 

occurs at C, the greatest compression will also be at this point. 
Substituting for M its value from equation 52, the greatest 
intensity of compression S2 due to the bending, is 



w 



S,= yK/. 



[131] 



And the greatest compression per unit of area in the column 
is evidently 

S = Si + S,. [132] 

From the above it follows that there are two different ways 
in which a column can resist the action of a compressive force 
K. The first is illustrated by Fig. 460, and in this case the 
compression is uniformly distributed over the section and equal 
to Si per unit of area. The second way is shown in Fig. 461, 
and in this case the maximum compression attains the greater 
value Si + S2 per unit of area. La determining the safe 
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section F of the column, it becomes a question whether the 
column resists the force E in the first or in the second manner. 
K it be in the first way F can be found directly from equation 
129, by substituting for Si the safe resistance to crushing ; but 
if it be in the second way the section must be such that the 
sum Si + Sa is equal to the safe resistance to crushing. 

In the case of long thin columns the smallest accidental 
curvature is suflScient to enable the compressive force to 
produce bending. Therefore in such a case the second mode 
of resistance obtains (unless the colunm be so supported along 
its length as to preclude the possibility of its bending), and 
therefore to the direct compression Si per unit of area must be 
added the compression Sa due to bending, giving to the lever 
arm/ its greatest possible value. 

Now a value can be assigned to / of which it may be said 
with certainty that if the column is sufiSciently strong to resist 
safely the force K, the height of the arc to which the column 
may be bent will not reach /. For let it be supposed that the 
curvature at every point of the column is the same ; that is, the 
column will be bent into the arc of a circle. Now if the bend- 
ing be so great that the greatest compression due to it alone is 
equal to the elastic limit, it is evident that by adding the direct 
compression the elastic limit will be overstepped. If the force 
K could produce such a state of things the column must be 
considered too weak. If therefore the corresponding value of 
/ be substituted in equation 131 the value of Sa found will 
obviously be greater than the compression due to the bending 
produced by the force K would be in a column of sufficient 
strength, and consequently the section F found by using this 
value of Sa will be rather greater than required. 

If in equation I. (§ 44) s means the elastic limit of com- 
pression, S will be the shortening per unit of length at the 
elastic limit, and the sought value of / can therefore be found 

S 
from equation 127 by substituting B for |^ and /for 8, thus: 

Pi 
/= — . [133] 



I 
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Then if in equation 131 / be replaced by this value, and K 
by the value obtained from equation 129, 

S.= -2j-.S». [134] 

Whence the greatest compression in the column is (equation 
132) 

S = S»(l + ^.-j-); [135] 

or putting the whole length of the column 2 Z = L and repre- 

senting the ratio ;t by w, 

S « FL* 

n = |- = l + -.-j-. [136] 

In this equation Si is the uniform compression per unit of 
area that would occur were it not for the bending, and n is the 
number of times the greatest intensity of compression S may 
be made to exceed Si by the bending — or in other words, S is 
the safe stress per unit of area of the cross-section that can be 
applied to the long column under consideration. 

The nvmber n therefore gives the fraction of the safe resistance 
to crushing that can he applied to a long coltimn, so that it may 
he safe as regards hending. 

Substituting the value of S at the elastic limit for various 
materials, the following formulae are obtained : 

"^"^ » = i^ " = ^+5^^- [137] 

Wroughtiron Z=^ , = i + ^l^. [188] 

In these equations I is the moment of inertia of the section 
of the column about that axis through the centre of gravity of 
the section, which is perpendicular to the plane of bending, 
that is, at right angles to the direction in which bending takes 
place easiest. It is in fact the minimum bending moment of the 
section. 
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If, for instance, the section is rectangular, H the greater and B the smaller 

HB' BW 

side, I = —T^ ; if, however, H is the smaller of the two dJimrnafcing, I = -^q" 

In the last case, therefore, 

F_ BH 12 
I "^BH»~H«* 

and the ahove fbrmnUs become 

Cast iron, n = 1 + 000225 ^Y; [140] 

'L\t 



Wrought iron, n = 1 + 0001125 (gV; [141] 

Wood, n = 1 + 0027 (gY; [142] 



3025 


4-6 


6*625 


2 0125 


2-8 


8*8125 


3-43 


5*82 


7-75 



firom which the following table has been constructed : 

^ = 10 20 SO 40 50 

Cast iron, n = 1225 1*9 

Wrought iron, n = 1*1125 1*45 
Wood, n = 1-27 208 

Thus if 6 kilos, per square millimetre be taken as the safe resistance to crushing 
of wrought iron, then the safe compression per square millimetre on a long column 
of the same material of rectangular section whose length is twenty times its least 
dimension H, is 

8,=?=--^ = 4*14 kilos.; 
n 1*45 

and if for instance H = 10 millimetres, and B = 40 millimetres, the greatest 
safe load that could be placed on it is, 

K = F Si = 400 X 4*14 = 1656 kilos. 

If the section is a hollow rectangle as in Fig. 427, 

F BH-6A 



and the formula for wrought iron becomes, 

„ = I + 0001125 (^_^>i^. [148] 

Thus for a rectangular wrought iron tube the thickness of which is -^th 
of the exterior dimensions, 



n= 1-^0*00062 



®'= Ii«3 
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and if at the same time H is ^th of the length, 

n = 1-248. 



6 



Such a tube could therefore only be loaded with Si = tToTo =4*8 kilos, per 

square millimetre. 

For a circular tube of exterior diameter D and interior diameter d. 



F 
I 



6^ (^* - ^0 



16 



D« + d« 



and equation 138 becomes in the case of wrought iron, 

d L 

Let g = 0-9, ~ = 20, then n = 1-3315 and Sj = 4-5 kilos. 



[145] 



If, however, d = 0, and ^ = 20, it will be found that » = 1*6, and Sj = 
3-75 kilos. 

If it be supposed that one half of the column of Fig. 461 is 
firmly fixed (encastre), the state of stress of the other half 
— and consequently the greatest compression at 
C — will not be altered thereby. Therefore the 
general equation 136 is also true in the case 
represented in Fig. 462.* ^ And writing 2 1 
instead of L, 

[146] 



5 F/2 

« = i + 2--r 



If a round wrought-iron column be loaded in this manner, 
and the length B G = / is twenty times the diameter, it will 

be found that n = 3 - 4, and 8, = r— r = 1 • 76 kilos. For instance, 

3-4 

if the area of the section is 100 sq. miUim., the safe load is 
K = 176 kilos. If the same column were placed in the con- 
ditions of Fig. 461, it could carry safely a load K = 375 kilos. 




It appears from the above that the sectional 
areas obtained in §§ 41 and 42 for the com- 
pression braces, can only be adopted if by their construction 
the value of n for them differs very little from 1. • 

* This is the case of a long column having one end fixed and the other free 
but not "guided." If the free end were guided the strtngth of the column 
would be materially increased. This subject will be found very fully treated 
in « Der Constructeur,' by Prof. Reuleaux.— Tbans. 
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It also appears that, as a rtile, a greater section is required 
to resist compression than to resist the same amount of tensioo, 
and that the greater thie ratio of the length to the least 
dimension of the cross-section^ the greater must be the section 
to resist compression, but not proportionately. 

And lastly, that if the length remains the same and also 
the form of section, the less the load to be borne, the greater, 
proportionately, will the section be. 

From this last remark it follows that, if possible, bars in 
compression should not be split up into several isolated parts. 
In this respect, therefore, the simplest forms of construction 
are the best ; for instance, braced girders with a single triangu- 
lation are to be preferred to trellis girders. Trellis girders 
have, however, this advantage (already pointed out in § 43), 
that owing to the greater number of points of support ob- 
tained, there is a great saving of material in the longitudinal 
girders. When deciding on the depth of a girder, it should be 
remembered that the resistance of the compression braces 
diminishes rapidly as the depth increases. 

Further, it appears that the design of the structure should 
be such that the compression braces are as short as possible. 
For this reason^ girders in which the verticals are in compres- 
sion and the diagonals in tension, are generally to be preferred 
to other forms. 

No general rule can, however, be framed by means of which 
it can be decided what form, what number of triangulations, 
and what depth a girder should have in order that the bridge 
may contain the least quantity of material. 
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SIXTEENTH CHAPTER 



§ 53. — Compound Lattice and Suspension Bbidge — 

Span 60 Metres. 

JDetermination of the hed ratio between the depth of the girders 
and the height of the arc of the suspension chains. 

The general design of the bridge is shown in Fig. 463. 
In this figure, however, the points A and B are represented as 
fixed points, so as to remove at first from the calculations 
the consideration of the back-stays. The arrangement of the 
bridge* in this respect is shown in Fig. 491.* The material is 
wrought iron. 

I 

Fig. 463. 







\yiMM><Wb^^^ 



« 
■ 




The two lattice girders are continuous between the abut- 
ments, and the section of the booms is the same throughout. 
Each girder is connected to a suspension cliain, by means of 
vertical rods attached to each top joint of the girder and to a 
point in the chain, llie suspension cliains are in the form of 
a parabola, or, more strictly speaking, of a {lolygon inscribed 
in a parabola. 

The total load on the bridge in 0'576 kilo, per millimetre 
run, consisting of a iHirmauisnt IoimI p m Q- 375 kilo., and a 
moving load wi = 0'2 kilo, jx^r millUntitm run. 

The first step h to diseUUi wimt ih^ pro{>ortion between the 
depth of the girder mud t\u$ Imly^Ut of i^m of the chain should 

* Thii bridge w«« ^/ondnmiM hy a iittfmm tkm U) Un mat out to the Brazili, 
and the autlK^r, al tJbe fmntnni t4 iSm m^^m^wt^^ AmiiiiJj«d the following 
caJculstktfUB. 
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be, in order that the quantity of material in the structnre may 
be a minimum. Although the greatest stress will be reached 
in certain parts of the girder when the moving load is unevenly 
distributed, yet for the present inquiry this can be ignored, and 
the moving load considered as covering the bridge. 

When the temperature varies, the length of the suspension 
chains will alter, and consequently the distribution of the load 
between the two systems will also alter. The changes of tem- 
perature must therefore be taken into account. 

If S is the greatest elongation per unit of length produced 
in the chains by the load alone, the deflection of their lowest 
points will be, according to § 45, 



/2 / A2v 



[147] 



In the present case, as will be seen, the ratio -j is small ; 

V 



therefore 



or = f 8 — (approximately). 



[148] 



And if, further, A is the elongation per unit of length due to 
the greatest increase of temperature (Fig. 464), the deflection 
due to both causes is 



s = i (J + A) ^ 
Fig. 464. 



[149] 




The deflection in the centre of a prismatic beam^ subject 
to a uniformly distributed load, is from equation 99, § 51, 



e — 5 
*1 — T* 



111. 



[150] 



in which equation q is the loa^ per unit of length, Ii the 
moment of inertia of the section (supposed symmetrical about 
the neutral axis), and Ei is the modulus of elasticity of the 
material. (Fig. 465.) 
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The greatest bending stress, Si, in the beam can be found 
from equation 64, § 50, 

Substituting the value of Ii, obtained from this equation in 
equation 150, 

^. = *^; [152] 

Fio. 465. 



and writing Si, the greatest elongation per unit of length occur- 
ring in the beam instead of --i , 

«i = *«i5- [153] 

According to § 49, the economical ratio -1 is found by 

h ^ 

equating the two deflections, thus : — 

i(5+A)^=|«j^. [154] 



Whence • 

A. s s. 

[155] 



h_ W 



A i(5 + 4) 

If it be supposed that the bridge is erected at the mean 
temperature, A will depend on the diflference between the 
greatest temperature that occurs and the mean temperature. 
Since the chains are of wrought iron, if this difference of tem- 
perature is 41° C, A = TiAnr \ l>ut if the difference is 20° • 5 C, 
A = tuVtt' Further, the modulus of elasticity of wrought 
iron is 20,000 kilos, per square millimetre, and the safe stress 
can be taken at from 5 to 10 kilos, per square millimetre ; 
therefore S and Si vary between ^u W and aoVoo* Assuming 
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f 

that the height of the arc of the chains & = 4 metres, the 
following table can be formed from equation 155 : — 



8 
(ChAin). 



(Gilder). 



* 



Tumrs 



Tohns 

tOoAd 

toSts 



nsi 



sosoo 



* 



40500 



ftOdOO 
SOoOO 



(Temperature-eloogaUon). 



{ 
( 
{ 
{ 



4 000 

4000 



4000 

T(Aro 



(20° -5 C.) 
(41° 0.) 

(20° -5 0.) 
(41° 0.) 

(20° -5 0.) 
(41° a) 

(20° -5 0.) 
(41° 0.) 



h 

h 



« 
Tff 



metren. 
.2-424 
1-667 



2 
1 

1- 
1- 

1- 
1' 



051 
48 

71 
234 

48 
111 



In using this table it must be remembered that, although 
both the chains and the girders are made of wrought iron, yet, 
for the following reasons, the value of Si should be taken 
smaller than 8. 1. Bi in the girders depends on the resistance 
to compression, whereas in the chains S depends only on the 
resistance to tension. 2. Because even when the bridge is fully 
loaded and the temperature is at its highest, the maximum 
stresses in the girders are not reached ; for they are also subject 
to the effect of the horizontal pressure of the wind, and of the 
unequal distribution of the moving load. 3. Because the points 
of attachment of the chains, although considered fixed, really 
approach each other slightly owing to the extension of the land 
ties, and this has the same effect as if the elasticity of the 
chains were increased. 

It would appear, therefore, that if A = 4 metres, then hi = 
1*5 metre is a good value for the depth of the girders, this 
value being the arithmetic mean of those in last column, when 
the two first are omitted. 



§ 54. — Calculation of the Stresses produced by 
Changes of Temperature. 

When the temperature diminishes, the chains shorten and 
their lowest points consequently rise. This induces stresses in 
the chains and girders, which are to be added to those produced 



§ 54. — COMPOUND LATTICE AND SUSPENSION BRIDGE. 351 



by the loads ; but they will be calculated separately by con- 
sidering that the structure is totally unloaded. 

The ends, Ai and Bi, of the girders can be considered 
as capable of resisting an upward as well as a downward 
reaction (see § 66). The shortening of the chains due to a 
diminution of temperature will be accompanied by an upward 
bending of the girders, (Fig. 466.) The resistance thus pro- 

FiG. 466. 





i 1^ X i ^ 



T T T t 



\s 




duced will have the same effect on the chains as a uniformly 
distributed load — say, k per unit of length ; and the chains will 
be prevented from rising to the same height that they other- 
wise would do. The actual amount a the lowest points of the 
chains rise, is therefore equal to the difference between the^up- 
ward deflection Si, produced by the diminution of temperature, 
and the deflection 82, due to the load k per unit of length. 

If the shortening per unit of length due to a decrease in 
temperature be represented by A, 






[1S6] 



The horizontal tension in the chains, due to the load k 
per unit of length, is, according to § 8, 






[157] 



If, therefore, E is the modulus of elasticity of the material 
of the chains, and F the sectional area of both chains at 
their lowest point, then 8 the elongation due to A; is 



EP 2BFA 



[158] 
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whence the deflection of the lowest points of chains is 



*»"* A *EFA» 



[159] 



and the actual upward deflection is therefore 






[160] 



The upward deflection of the girders must be equal to 8, and 
since it is produced by an upward uniform load k per unit of 
lengthy 



o _ 8 



Eili 



Equating the two values found for «, 



*A ^EFA«~^ 



E.I. 



or 



k = 



'I 



<2 



'EPA« 



+ A 



E,I, 



[161] 



[162] 



[163] 



If F, w the sum of the effective sectional areas of the four 
booms of the two lattice girders (Fig. 467), 



I. = * (l P.) (i A,)» = 



P,V 



[164] 



Pio. 467. 



iJfi 



i^ 



!iA. 



:i». 



And substituting in the aboye equation 



* = 



2 AEPA 



V ^ • • E, • F. • h,'} 



[165] 
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For example, let A = Winr, E = Ei = 20,000 kUos., h = 
4000 mm., F = 7500 sq. mm., Fi = 15,000 sq. mm., I = 
30,000 mm.; then k = 0-074,896 kilo, per millimetre, or 
nearly 75 kilos, per metre run. 

If A were negative, k would also be negative ; and thus it 
is seen that the action of an increase of temperature is to unload 
the chains and load the girders by the amount k per unit of 
length. Thus, if the bridge be constructed at the mean tem- 
perature, the girders will be unloaded by the amount of 75 kilos, 
per metre run, and the chains loaded by the same amount when 
the temperature is 41° C. below the mean ; and when the tem- 
perature is 41° C. above the mean, exactly the reverse will take 
place. Therefore the load A, which can be cfJled a tempera- 
ture load, is applied to the chains when the temperature 
decreases, and to the girders when the temperature increases 
and produces stresses which must be added to those due to the 
ordinary loading. In the chains this temperature stress is 
by equation 157 

S = ^p=-T = 1 • 1234 kilos, per sq. millimetre ; [166] 

and for the booms of the girders, from equations 151 and 164, 

Si = =— - = 2-996 kUos. per sq. millimetre. [167] 



§ 55. — Calculation of the Stresses produced by the 

Permanent Load. 

Let the uniformly distributed load on the bridge be p per 
unit of length, and let np be the portion carried by the chains : 
(1—n) p will therefore be the load on the girders (Figs. 468, 
469, and 470). Now, similarly to equation 159, the deflection 
of the lowest points of the chains is 

and the deflection of the girders at the centre is (equations 
161 and 164) 

2 A 
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Therefore, equating these two yalues of s. 



or 






II = 



, ,^ Bi F, h\ 

F1O8. 468, 409, AKD 470. 






■m 






[170] 



[171] 




il 1 1 1 lliii i 1 1 i ii i I i 1 i 1 ij 




^^ 



lilUmilUlMilllii 

(1 - n)/> 



^- 



As before, let ^ = 1, ^ = 2, ^ = —7—; then 



n = 



1 + JUL 



= 0-887656. 



[172] 



If, therefore, the dead load per metre run is 375 kilos. (0: 
jp = • 375 per millimetre run), it is distributed as follows : 
On the chains. 



np — 0*33287 kilo, per millimetre run ; 
= 332*87 kflos. per metre nm. 



[173] 



On the girders. 



(1 — ii)p = 0*04213 kila per millimetre nm ; 
= 42* 13 kUos. po' metre ran. 



P74] 
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And the stresses produced in the chains and in the booms of 
the girders are respectively, 



s = 



2FA 



= 4*993 kilos, per sq. millimetre ; 



[175] 



Si = ^^ ^'^l^^ =1-685 kilo, per sq. miUimetre. [176] 



§ 56. — Calculation op the Stresses produced by a 

Moving Load. 

It was shown in § 8 that if the curve of equilibrium of a 
chain is a parabola, the load must be equally distributed over 
the span or horizontal projectioo. Now, in the present case 
the deflection of the girders igi but small ; it may therefore be 
assumed that the chains retain always their parabolic form. It 
follows that the chains must in all cases be uniformly loaded, 
even if the load be concentrated at one or more points on the 
girders. 

In Fig. 471 let the elements dz of the span, at equal dis- 
tances z from the centre, be loaded with q per unit of length ; 
then q dz will be the load on each element. Further, let q dn 




represent the uniformly distributed load that the chains have 
in consequence to bear (Fig. 472). dn can be found, as before, 
by equating the deflections of the chains and of the girders. 
According to equation 159, the deflection of the chains is 



5 = » 



qdn ,1* 
* EFA2 ' 



[177] 



The deflection of the girders is equal to the deflection that the 
two loads q dz, would produce of themselves (Fig. 473) minus 

2 A 2 



* I 
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the deflection due to the upward uniformly distributed load 
q dn per unit of length* (Pig. 474). 
From equation 97 the first part is 



«i = 



qdz 



(2/»-3/«« + «*); 



[178] 



and from equation 99 the second part is 




qdn ,1 



Hence the actual deflection is 

qdz 



f — ,^ ^ ^ m m «v odn , I* 



[180] 



and equating the two values found for s, 



qdn . I* qdz 



qdn, I* 



^tFAr=6^/2^-^'^'+^'>-*xir^ f'''^ 



or, 



(ln = 



(2l»'-31z^ + z*)dz 



[182] 
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SubstitatiDg from equation 164 

and integrating the right-hand side between the limits 0| and 
Z2 , and the left-hand side between the limits ni and n2 , 



J-f"=J..j^(i+ft.|.5.*^') 



dx; 



[188] 



or. 



n^ — n, = 






-*/) 



[184] 



Thus, when the bridge is loaded as shown in Fig. 475, the 
uniformly distributed load the chains have to carry is (^2 — Wi) j 
per unit of length of the span. 



Fio. 475. 




q (2r, - 2r,) 



« («^t - ^1) 



(Putting 01 = 0, Zj = I, and «i «= 0, n, = », so that the uni- 
formly distributed load corers the bridge. 



n — 



1 4.JL ^ ZJ ^ 



[1«5] 



or the same value that was ohtsined from nqnaium 172.) 

Evidently each of tlie loads q (z^—Zt) hB» thi^ mme ef- 
fect on the chains; each of Ibr^iD, therefore;^ prodtu^iii a load 

of ^ — 2~ j q y^ tmii Ua^gih lA th« ^fp«n. Tbi« i* «knrn io 

Figit 476 A*«cl 477. \n tbw <r^«#fjf ib« 4sSf^siUm of iiu^ 
^i6en k *^fjm{i^mi4A*A ^4 iim 4dmnwMpi fUfU^^JU doe to the 
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load q {Z2 — Zi)y minus the upward deflection due to the uni- 
formly distributed upward load i ^ n ) ? produced by the 
chaina (Figs. 478 and 479.) 




M 
V 



q (^2 - z{) 



Fia. 477. 




inTnrn 




(=^) 



Fig. 478. 




V, 



q (^2 - «,) 



Fig. 479. 




Therefore the bending moment at a point distant x to 



§ 57. — COMPOUND LATTICE AND SUSPENSION BBIDGE. 359 

the left of the centre, is the difference between the bending 
moment due to the load q («2 - «i) Kg. 478, 

Mi=D(/-a:); [186] 

and the bending moment due to the loading shown in Fig. 479, 
The resulting bending moment is therefore 



M 



= M,-M,==D(/-:r)-("-Lp)j('l:i^). [igS] 



Similarly, it will be seen that the shearing force at the 
same point is 

V = V, - V, = D- (^^^»)9a;. [189] 

In both these equations, D is to be replaced by its value 
derived from Fig. 478, viz. : 

It will be observed that the direction of M and V, when the 
bridge is fully loaded, has been taken as the positive direction. 



§ 57. — Determination op the Worst Condition of 

Loading for the Girders* 

To find what conditions of loading produce the greatest 
bending moment M, and the greatest shearing force V, 
respectively at any given section of the girders, the points must 
first be found where a load must be placed so that M = and 
V = respectively ; for it is evident that these points separate 
the loads that produce positive from those that produce negative 
values of M and V respectively. 

The values of M and V found in equations 188 and 189 
can be regarded as the sum of the increments due to each element 
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of the load q («2 — «i)- Let d M and d V represent the increments 
produced hy a load qdz situated at a distance z from the centre 
(Pig. 480). Then proceeding as in the former case (equations 
188 and 189), the following equations are obtained : 



,„_ qdz(l'-z) qdn 

2/ 2 * 

Fig. 480. 



[192] 




which become, when dnia replaced by its value obtained from 
equation 182 

[193] 



dM = 



qdz{l^ z){l-^x)\l - 



21 



K=+«l¥i.) 



EF 

^x(2l^ + 2lz-' z^)] 






[194] 



Evidently the position of the load which produces no 
bending moment at the section under consideration, can be 
found by putting dM. = 0. Thus (writing u instead of 2 as a 
distinction) : 



\ ^ EFAV 



2(1-^ X) 

substituting Ii = ^^ and solving, 



= 2/2 + 2/1* — M«. 



[195] 



^■v 



2 (/ + x) 



[196] 
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Only one root of this quadratic equation applies to the 
question under consideration ; for the other root would make 

-y > 1, which is evidently inadmissible in the present case. 

V 

The same remark refers to equation 197 below. 

Proceeding in the same manner for d V, and representing 
by V the value of «, obtained by putting cZ V = 



4^(^ + ^Ew) = 2'' + 2'''-«^'- P97] 



or, 



H-V»-44>-4''f-¥)- 



[198] 



El Fi &i 1-5 

As before, put g^ = 1> j^ = 2, y- = -j"; then the equa- 
tions for u and v become 



l^^ V 256(/ + x)' ^199] 



' V 512 a; 



[200] 



Both these equations refer to the case when the load is 
placed to the right of the section under consideration. If Ui 
and Vi are the distances to the left of the centre of the points 
where a load must be placed to produce no bending moment 
or shearing stress respectively at a section situated between 
them and the centre, it will be found that 



!i> = 1 - /ilin 768^ rgon 



''» - 1 /« . 721 I ronoi 
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The following table has been eompnted from the above foui 
equations : — 



w 


u 


«i 


V 


»i 


I 


1 


I 


T 


I 


- 1 


• • 


- 0-2616 




- 0-2616 


- 0-75 


• ■ 


- 0-18 




- 0-0594 


- 0-7041 


• • 


• • 







- 0-5 


■ • 


- 0-0594 




+ 0-5715 


- 0-4694 


• • 


• • 




+ 1 


- 0-4082 


• « 









- 0-25 


• • 


+ 0-1358 






- 0-24 


• • 


+ 0-1464 






- 0-2 


• • 


+ 0-1919 






- 0-125 


• • 


+ 0-29535 






- 0-0612 


+ 1 


+ 0-4118 









+ 0-5715 


+ 0-5715 






+ 0-0612 


+ 0-4118 


+ 1 






+ 0-125 


+ 0-29535 








-t- 0-2 


+ 0-1919 








+ 0-24 


+ 0-1464 








+ 0-25 


+ 0-1358 








+ 0-4082 











+ 0-4694 


• • 




+ 1 




+ 0-5 


- 0-0594 




+ 0-5715 




+ 0-7041 


• • 









+ 0-75 


- 0-18 




- 0-0594 




+ 1 


- 0-2616 




- 0-2616 





§ 58. — Calculation of the Stresses produced in the Booms 
OF THE Girders by the Moving Load. 

The above table shows that for all values of x between 
+ • 0612 1 and — • 0612 1 there are two zero-points for the 
bending moment (calling, for shortness, the point where a load 
must be placed to produce no bending moment, the zero-point)y 
and that for all other values of x there is only one zero-point. 

When a; = 0, that is, for the centre of the girders, the two 
zero-points lie at equal distances, u=i Ui = 0' 5715 Z, to the 
right and to the left of the centre. These two zero-points 
separate those loads that produce positive from those that 
produce negative bending moments at the centre of the 
girders. For instance, if the moving load were distributed 
as shown in Fig. 481, the positive bending ' moment at the 
centre would be at its maximum, and its value can be found 
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as follows: — The first step is to find the part of the load carried 
by the chains. This can be done by means of equation 183, 
and in the present case the limits of the integration evidently 
are ni = and Wa = n ; Zi = and Z2=0' 5715 1. It will then 
be found that 



n = 0-6983. 



[203] 



Fig. 481. 
0-5715/ 0-5715/ 




Now, since the moving load is m = • 2 kilo, per millimetre 
run, in the present case the uniformly distributed load on the 
chains will be 

nm = 0-6983 x 0-2 = 0-1396 kilo, per millimetre run of the span. 

This is also the upward uniformly distributed load on the 
girders. 

If Ml and Ma denote the bending moments at the centre of 
the girders due to the loading shown in* Figs. 482 and 483 
respectively, the resultant bending moment at the centre is 

M = Ml - M, [204] 

and 



Mj = m^Z- 



rn jz-* 



[205] 



M, = 



nml' 



[206] 



Further S„, the stress per unit of area due to the bending moment 
M, can be found from the equation, 



^ __ Smlj __ Sm^i^i 



or, 



J^i 



S« = 



2M 



[207] 
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I 



and by substituting the above numerical values : 

Sm = „ . — = 0*948 kilo, per eq. miUimetre. 



[208] 



From equation 176 it will be found that the same stress 
would be produced by a uniform load on the girders of 23 • 7 kilos, 
per metre run ; whereas when the moving load covers the bridge 
the part supported by the girders is only 

(1 — -887656) X 200 = 22-5 kilos, per metre ran. 



Fio. 482. 



mz 




nml 



Fig. 483. 



nm 



ut _iiiii4 ii 1 1 




nml 



As a further example, let it be required to find the maxi- 
mum bending moment at the section whose distance is 
oj = • 0612 1 to the left of the centre. As will appear from 



Fig. 484. 



0-4118/ 




the table, p. 362, the moving load will in this case cover the 
shaded portion in Fig. 484. 
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Now, as explained at p. 357, the value of n for the part of 
the load from the centre to 0'4118 Z is half the value of n 
when the load extends to 0*4118 I on each side of the centre. 
The limits in equation 183 can therefore be taken as ni = 0, 
Wa = 2 n', «i = 0, and Z2 = 0*4118 Z; and substituting these 
values in equation 184, it will be found that 

n' = -270172. 

The same applies to the part of the load from the centre to the 
left abutment, and from equation 185, 

n" = 0-443828; 

and hence the value of n for the distribution of the moving 
load shown in Fig. 484 is 

n = n' + n" = 0-714. 

Then, proceeding as in the previous case, it will be found 
that the stress in the booms, at the section under consideration, 
is: 

0-0245 /« 



Bm = 



F.A, 



= * 98 kilo, per sq. millimetre. [209] 



Fio. 485. 



il 



ii 




1-344 



I'Mi 



The value of 8« for all valocM of « can \>e similarly ob- 
tained, and the result is exptimmHl ifrti\Ama\\y in Fig. 485, 
which shows that the greatest bori4iijg ummmt occurs wlien 



3^ 



$ 59. — Cjllctlatios or the Stresses pboduged bt ni 

PEBXA5r!fT AXD TeXFEBATTSE liOADS TS THE BoW 

OF THE GlKDEBSw 

It now remains to find the stresses in the booms of tk 
girders prodnced by the permanent load and the temperatnn 
load. 

The part of the permanent load carried hy the giiden 
will evidently be nnitbrmly distribated OTer the span. Theie- 
fore, if M« is the bending moment at the centre, the bending 
moment M, at a distance x from the c«tre can be found from 
the equation (see equation 65) : 

H. = M.(l-J). [210] 

This is the equation to a parabola, as shown in Fig. 486. 

Fig. 4S6w 




^■^::!i;iur.•.■■■•■:::;■%?^^ 



M. 



The stress S, evidently also follows the same law as the 
corresponding bending moment M,; and since the value of 
Sj, at the centre is 1'685 kilo, per square millimetre (see 
equation 176), 



S, = l-685(l-^). 



[211] 



Further, the stress S^ due to the temperature load, can be 
similarly obtained, since this load is also uniformly distributed 
over the span. And by equation 167 the value of this stress 
at the centre is 2 • 996 kilos., therefore, 



S, = 2-996 (l-^). 



[212] 
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The following table has been constructed from equations 
211 and 212, and from the result obtained in § 58 : — 



Values of 

X 

T 


Stresses in the Booms of Gliders prodaced by 


Moving Load. 


Permanent Load. 


Temperatnre Load. 


Total Stress. 




8m 


Sp 


St 


Sm + Sp + St 



0-0612 
0-125 
0-2 
0-24 
0-25 
0*408 
0-5 
0-6 
0-75 
1 


0-95 
0-98 
1-07 
115 
1-20 
1-22 
1-34 
1-344 
1-28 
10 



1-685 
1-68 
1-66 
1-62 
1-59 
1-58 
1-40 
1-26 
1-08 
0-74 



2-996 
2-98 
2-95 
2-88 
2-82 
2-81 
2-48 
2-25 
1-92 
1-31 



6-63 
5-64 
6-68 
5-64 
5-61 
5-61 
5-24 
4-85 
4-28 
305 




This table shows that the maximum stress occurs when 
X = * 125 1, and that it is then equal to 5 ' 68 kilos, per square 
millimetre. It must, however, be observed that these stresses 
will be further increased by the pressure of the wind, and also 
by the extension of the land ties. The effect of both these 
causes will be treated of in § 62 and § 63. 



§ 60. — Calculation op the Shearing Stress produced by 

THE Moving Load. 

The table at the end of § 57 shows that for every value 
of X there is only one zero-point. This zero-point forms a 
loading boundary ; there is, however, a second loading boun- 
dary, which is situated at the section under consideration itself, 
for a load can produce no shearing force at the section imme- 
diately below it. 

Thus, for instance. Fig. 487 shows the arrangement of the 
load that gives the greatest shearing force V« at the section 
whose distance is oj = 0*75 Z to the left of the centre. Now, 
from equation 189, 

Vm = I> — »ma?; 
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and it will be found by means of equation 184 that, 

2» = 0-7376. 

Therefore (see equation 190) : 

V A o(<^*75/-00594 0A 0-75 / + 0-0594 /\ 
V« _ 0-2 ^^1 + Yl ) 

- 0-8688 X 0-2 X 0-75 = 1250 SkUos. 

Fio. 487. 
0-0594 / 




0-75/ 



If the value of V^, for a series of values of '», be calculated, 
and the results plotted, the curve shown in Fig. 448 will be 
obtained. This curve shows that the vertical shearing force 
y. due to the moving load, has one maximum and one minimum 



Fig. 488. 
hi hi 




2031-6 



2031-6 



value on each side of the centre and a maximum value at the 
centre. The greater maximum (strictly speaking, it is not a 
maximum) occurs at the abutments, and is 2031 * 6 kilos. ; the 
smaller maximum is at the centre, and its value is 1500 kilos. 
The minimum is at a distance ^ I from the centre, and is equal 
to 1103-9 kilos. 
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§ 61. — Calculation of the Sheabing Stresses due to the 
Permanent and Temperature Loads, and op the 
Maximum Stresses in the Braces. 

The permanent load on the bridge produces a uniformly 
distributed load of 42 * 13 kilos, per metre run on the girders 
(see equation 174). The shearing force at any section of the 
bridge can therefore be found by means of equation 66a, and 
by substituting the various values it will be found that 



X 



V, = 1263-9^ 



[213] 



The temperature load being also uniformly distributed, the 
shearing stress Y<atany section can be found from the same 
equation. This load amounts to 75 kilos, per metre run. 

Hence : 



X 



Vt = 2250- 



[214] 



The results obtained are embodied 


in the following table : — 




Vertical Shearing Force prodaced by 


Valaes of 

X 

I 


■ Moving Load. 


Permanent Load. 


Temperature Load. 


Total. 




V« 


Vp 


V« 


V«. + Vp + Vr 





1500 








1500 


0-25 


1419*5 


316 


562*5 


2298*0 


0-5 


1103*9 


681*9 


1125*0 


2860*8 


0-75 


1250-8 


947*9 


1687*5 


3886*2 


10 


2031*6 


1268*9 


2250 


5545*5 



If the girder is divided into square bays by vertical braces, 
and if in each bay two diagonals are placed which can only 
resist tension, the verticals will be in compression. On refer- 
ring to the above table, it will be seen that the compression in 
the vertical over the abutments in each girder is Mi»:» -- 
2772*75 kilos., and that the stress in the succeeding verticals 
gradually decreases as far as to the centre, where its value is 

2 B 
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^ = 750 kilos. The tension in the diagonals is 1^00x^2 

= 1060*7 kilos, in those of the central bay, and it increases 

5545*5 X \/2 
towards the abutments, where it is ^ = 3921*3 

kilos. 



§ 62. — Calculation op the Stresses in the Wind-Stats 

AND Wind-Braces, 

A parabolic form can be given with advantage to the wind- 
stays, connecting them by horizontal rods to the lower joints 
of the girder, as shown in Fig. 489. The lower booms are 
braced together, and thus a combination of a girder with d sus- 
pension chain, similar to the main structure, is obtained. 

Fig. 489. 




! 



As before, the first step is to find the economical height of 
arc of the wind-stay, and this can be done by writing /instead 
of h, and /i = 2 • 25 metres (the breadth of the bridge) instead 
of hi in equation 155, thus : 



/ f(« + A). 



2-25 



l«i 



[215] 



where 8, is the safe extension of the wind-stays, A the exten- 
sion due to temperature, and 8i the safe extension in the girder 
per unit of length ; and these values are to be taken indepen- 
dently of the extensions produced by the vertical loads. The 
following table has been computed from the above equation by 
giving different values to 8i, S, and A. 
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«, 



Tshns 

ftOOdV 
8 

TSTsrns 

ftOoOV 



9 



VuVOO 

"ffiyfiUTJ 



TiAny 



i6oA 

TTsW 

«oou 
aoo6 



/ 



m. 
3-7125 

5*4 

4-3875 

4-725 

6-4125 

6-075 

8-1 



In choosing a value for / from this table^ it should be con- 
sidered whether it is probable, or even possible, that all the 
unfavourable circumstances can occur simultaneously. If they 
do occur simultaneously, then one of the larger values of/ 
must be taken. 

Now, it is most unlikely that a high wind will be blowing 
when the temperature ^ is at its maximum, and further, a rise 
of temperature of 20° '5 0. (A = nnnr) above the mean is really 
an ample allowance. It would therefore appear that / can 
be made 4 metres, although it must be admitted that a greater 
height of arc would be preferable, if the breadth of the abut- 
ments will allow of it. It will be observed, however, that a 
greater height of arc can be obtained, as indicated in Fig. 490. 

Fio. 490. 





1 1 |jj>" 

It * * 




[Note. — It is thought tliat this arrangement of the T^dndnstays is open to 
the following objections. The bars connecting the centre joints of the lower 
booms to the chains, are struts, and would therefore require a larger scantling 
than the corresponding ties in the arrangement shown in Fig. 489. Further, 
these struts are in unstable equilibrium — that is, with the slightest displace- 
ment of the end attached to the chain a tendency to turn about the other end 
would arise. These struts would therefore have to be braced up to the side of 
the main girders.] 

2 B 2 
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The distribution of the wind-pressure between the chain 
and the horizontal girder can be found from equation 171, by 
writing/ instead of A, /i instead o{ hi, <f> the sectional area of 
the wind-stay instead of F, and ^ Fi instead of Fi (the reason 
of this last alteration is that only the two bottom booms are 
connected to form the horizontal girder), thus : 

If E = Ei,Fi = 15000 sq. millimetres, ^ = 1250 sq. milli- 
metres,/ = 4000 millimetres,/ = 2250 millimetres, it will be 
found that 

n = 0*5893. [217] 

Let it be assumed that the wind-pressure is ic^ = 0*2 kilo, per 
millimetre run ; then the part carried by the wind-stay will be 

0*5393 X 0*2 = 0*10786 kilo, per miUimetre nm ; [218] 

and by the horizontal girder, 

(1 - 0*5893) X 0*2 = 0*09214 kUo. per millimetre run. [219] 

The stress at the centre of the wind-stay can be found by 
equation 175, thus : 

0*10786/* 
S = — 5—7 — = 9*7 kilos, per sq. millimetre ; [220] 

and, from e^^i^ation 176, the stress produced in the lower booin» 
of die latti66 girders is 

0*09214 /' 
Si = 1 -c . =4*9 kilos, per sq. millimetre. [221] 
* * 1 /i 

The stresses produced by temperature in the wind-stays aa^ 
in the horizontal girder can be found in the manner explain^^ 
in § 54. Thus, if the range of temperature on each side of tlp^ ^ 
mean is 41° C, it will be found from equation 165 that 

ft = • 051'i ViVo. "^t millimetre run ; [222] 
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that is to say, when the temperature is 41° 0. above the mean, 
the girder will have a temperature load of 51 • 2 kilos, per metre 
run, and when the temperature is 41° C. below the mean the 
wind-stay will have a temperature load of the same amount 
(supposing that there is no temperature load at the mean tem- 
perature). 

These loads produce the following stresses : 
In the wind-stay, 

S' = 4*60S kiloB. per sq. millimetre ; [223] 

in the lower booms of the girders, 

S'l = 2*73 kilos, per sq. miUimetre. [224] 

The maximum horizontal load on the girder, due to the 
wind and change of temperature conjointly, is 

(l^n)fff + k = 0*14334 kUo. per millimetre. [225] 

The maximum shearing stress at the abutments is therefore 

[(1 - n) «7 + q / = 4300 kilos. [226] 

It will be seen from the table at page 369 that the maximum 
shearing stress at the abutments on each of the vertical girders 

5545*5 
is — - — = 2773 kilos. If, therefore, the braces in the hori- 
zontal gifder are arranged in the same manner as those in the 
vertical girders, the stresses in them will be to those in the 
vertical girders as 4300 : 2773, and their sections will have to 
be made larger accordingly. 



§ 63. — ^Influence of the Extension op the Back-stays. 

In the previous calculations, the points of attachment of 
the chains A and B (Fig. 491) were considered as absolutely 
jSxed. If, however, A and B. are placed at the top of vertical 
columns A Ai and B Bi capable of free rotation about their 
lower points Ai and Bi, back-stays A G and B D must be intro- 
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duced to keep these eolnnms in podtion. The extensioii d 
these stays will allow the points A and B to move slightly 
towards the centre, and the lowest point of the chain A B wfll 



Fio. 491. 







he slightly lowered in consequence, and this will necesBitate a 
correction in the distribution of the loads already found. 

Fig. 492. 




If the original angle of inclination of the back-stay AC 
(Fig. 492) is 45^, and its extension per unit of length S, the 
horizontal displacement of the point A is evidently 

AF = 2«a; 

and the deflection at the centre of the main chains due to 
this displacement is (similarly to equation 148), 



= 1(2 9 a) - (appioximately). 
n 



[227] 



Let 



I 

D represent the extension per unit of length in 



the 
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cnain chains that would produce the same deflection (supposing 
Al and B to be fixed points), then, according to equation 148, 

8 = iB^^' [228] 

h 

Equating these two values of 8, 

j=2j; [229] 

or substituting a = 4 metres and I ='30 metres, 

? = A. [230] 

Applying this result to equation 165, it will be seen that to 
find the temperature load transmitted from the main chains 
to the girders, when the extension of the back-stays per unit 
of length is the same as that of the main chains, it is only 
necessary to multiply the previous result by 1 + -fV. (It will 
be observed that equation 230 is true for negative, as well as 
for positive values of 8.) 

It was found, by means of equation 165, that an increase 
of temperature of 41° C. produced a temperature load of 75 
kilos, per metre run on the girders. Therefore, owing to the 
siinultaneous extension by temperature of the back-stays, this 
load will be increased by -fV X 75 = 20 kilos, per metre run, 
and the total load will be 95 kilos, per metre run. The stress 
in the booms of the girders at the centre corresponding to the 
former temperature load was 3 kilos, per sq. millimetre ; it 
will now be increased to 

S', = (1 + tV)3 = 8-8 kilos, per sq. millimetre. [231] 

The former vertical shearing force at the abutments, due 
to temperature, was 2250 kilos. It now becomes 

V, = (1 + ^) 2250 = 2850 kUos. [232] 

It will be observed that there is an important diflference 
between the extension in the back-stays, due to elasticity, and 
bliat due to temperature ; for the maximum increase of load due 
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to the latter can be taken either podtively or negatiyely, and 
can occnr nnder any conditions of loading of the bridge; 
whereas the former can only be taken in the positive sense, 
and its maximnm effect can only occnr when the chain is fnlly 
loaded^ and this happens precisely when the temperature is a 
minimum. 

The effect of the extension of the back-stays on the distri- 
bution of the permanent and moving loads can be found as 
follows : — 

The stress in the back-stays, when the angle of inclination 

is 45^y is \/2 times greater than the horizontal stress in the 

main chains. If, however, their section be made \/^ tunes 
greater than that of the main chains at the lowest point, the 
stress per unit of area will be the same^ and therefore also the 
extension per unit of length. 

In this case, as will be seen £rom equation 230, the exten- 
sion of the back-stays has the same effect as if the extension 
of the main chains had been increased in the ratio of 1 to 
1 + Ay or what amounts to the same, as if the modulus of 
elasticity of the main chains had been diminished in the ratio 
of 1 4" tV to 1. The distribution of the loads, when the ex- 
tension of the back-stays is taken into account, can therefore 
evidently be found by substituting 14 E f or E in the various 
equations already obtained. Thus, from equation 171, the co- 
efficient of load distribution for the permanent load becomes 

ni = 0-86184 (instead of n = 0*887656). [233] 

[Note. — ^This value of ni can also be obtained as foUows:-— 

The deflection of the centre of the chains consists of two parts, one due to 

the extension of the back-stays and the other to the extension of the chains 

themselves, and their amount is given in equations 227 and 168 respectively. 

Now« since it is assumed that the sectional area of the back-stays is tji 

times that of the main chains, and consequently the value of ^ is the same in 

both^ d in equation 227 can be replaced by its value l^ obtained finmi 

equation 158, by writing n, p instead of h. Hence the total deflection at the 
centre of the main chains is 
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S This deflection mnst be equated to that at the centre of the girders given by 
equation 169, thus : 

* EFA« ■*"*EFA«"* EiF,A; ' 

r 

from which it will be found that 



Kow, 



therefore. 



**»- 2a + / E, F> A? 



2a + l _ 2x4 + 80 _ 
/ - 30 ■"^' 

1 



n, = 



The part of the load taken by the girders will be therefore 
increased in the ratio. 



l-fij 0- 18816 , „„ ,__ 

1^ = 001234 = ^-^' P34] 



or 23 per cent. ; and the stresses in the booms and the shearing 
forces will be increased in the same proportion. The stress 8^, 
in the centre of the booms was 1'685 kilos, per sq. millimetre ; 
it now becomes 

SV = 1 *685 X 1 *23 = 2*07 kaos. per sq. miUimetre. [235] 

The vertical shearing force at the abutments was 1263*9 kilos. ; 
it is now 

V'p = 1263-9 X 1-28 = 1554-8 kUos. [286] 

In applying this correction to the stresses produced by 
the moving load, it is to be observed that the most unfavour- 
able arrangements of the load will be slightly altered ; or, in 
other words, that the zero-points wUl be shifted. It will be 
found, for instance, that instead of u s=0'5715Z in Fig. 481, 
1^ = * 685 1 gives the position of the load when the stress S« in 
the booms at the centre of the girders is a maximum, as will 
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appear from equations 196 and 198, in which E most be 
replaced by H S* As before, it is found that in this case 

n = 0*7609, 

and 

8 m = 1 * 12 kilo8. per sq. millimetre (instead of 0*95 kOoe). [237] 

Similarly, when oj = ^ J, the corrected value of w is 0*4082, and 
S'«= 1-445. 

The maximum shearing force Y., was 2031*6 kilos., to 
which corresponded v = 0*26162 (see tables, pages 362 and 
369). The corrected value is t; = — * 245 1, and 

V'«, = 2373 kilos. [238] 



§ 64. — Eecapitulation of the results of the 

Calculations. 

In the preceding calculations the' following dimensions, &c., 
were assumed or found : — 

Permanent load jo = 375 kilos, per metre run. 

Moving „ m = 200 „ „ „ 

Wind-pressure w = 200 „ „ „ 

Sum of the sectional areas of thej j, ^ ^^ miUimetres. 
main chains . . ; 

Sum of the sectional areas of the back-j p ^ g = 10600 sq. miUimetres. 

stays ) 

Sectional area of each of the wind-stays ^ = 1250 sq. miUimetres. 
Sum of the sectional areas of the four'^ j, _ 15000 

booms of tlie girders / ^ " 

Height of arc of the main chains . . A = 4 metres. 

Depth of the girders Ai = 1*5 metres. 

Height of arc of the wind-stays . . / = 4 metres. 

Width of the bridge /, = 2 • 25 metres. 

Span of the bridge 2/ = 60 metres. 

The tension in the lower boom of either of the girders will 
be greatest when the moving load is in its most unfavourable 
position, the temperature highest, and the wind-pressure greatest 
(the vn^^ ^^^owing against the other girder). From equations 
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235, 237, 231, 219, and 224, it will be found that the stresses 
due to these yarious causes are : 

S'ji = 2*07 kiloB. per sq. millimetre (permanent load). 

8 m = 1 • 12 kfloB. „ „ (moving load). 

S'l =3*8 kilos. „ », (temperature load). 

8 w = 4*9 + 2*73 „ ,, (wind-pressure ocoorring with highest ' 

temperatnre). 

Adding these together, the greatest tension in the lower 
booms is found to be 

8 (max.) = 14 '62 kilos, per sq. millimetre. [239] 

The compression in the upper booms will also reach its 
greatest value under these circumstances, and can be found by 
adding together the first three stresses, amounting to 7 kilos, 
per sq. millimetre (the wind-pressure has no effect on the upper 
booms). 

The maximum vertical shearing force at the abutments is 
found by adding together the values given in equations 236, 
238, 232, thus : 

Y'j, =1554 kilos (permanent load). 

V'« = 2373 kilos (moving load). 

Y'l =2850 kilos. (temperature load). 

or 

V («^., a 0777 Wlos. [240] 



And this is evidently Blm tho maximum stress in the bars 
A Ai or B Bi (Pig. 403) to which th© onds of tho girders are 
attached. 

These bars, it was mmtf havo alf>io to oot a« struts; it is 
therefore necessary to fliid ihti mU\\mum t^inm In them. Now * 
the vertical shearing firt'«o pri;«l«iw^<l hy t\m moving load alone 

when covering tlio wIiol« l/f jiljji^, 1« «vl4a»tly g=g x 1554 = 

829 kilos. Thus tho minimum m<1<1»4 to the maximum shear- 
ing £3rce produced by t\m liM^vlitg load will be equal to 
829 kilos. 
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Therefore, 

V'« = 829 - 2373 = - 1544 kUos. 

The mmimum stress m the bars A Ai or B Bi is therefore 

y^min.) = + 1554 - 1544 - 2850 = - 2840 IriloB.; [241] 

and they must consequently be strong enough to resist a thrast 
of 2840 kilos. 

The stress in the main chains reaches its maximum value 
when the bridge is fully loaded, and the temperature is lowest 
The total load on the bridge is 575 kilos, per metre run, and 
of this the chains carry, according to equation 283, 0*862 x 
575 = 495*56 kilos, per metre. The temperature load is 95 
kilos, per metre (see page 875). In the most unfavourable case, 
therefore, the chcuns have to carry 590*56 kilos, per metre of 
the horizontal projection, and the corresponding stress at the 
lowest points of the chains is, from equation 166, 

a 0-59056 X 30000' ^ _^ _, .„. . _. ._ 

S = rr — jrr;rT — -^^ = 8 * 86 falos. Dor 80. miUunetie. [242] 

2 X 4000 X 7500 *' -^ l j 

If the section of the chains is constant, the stress at the 
abutments will be (see § 8) 



8 • 86 V 1 + i^y = 9-13 kilos, per sq. nullimetre. [243] 

The stress in the back-stays will, however, evidently be 

8*86 kilos, per sq. millimetre, since their section is V2 times 
that of the main chains. 

If it be assumed that the weight of the chains is 4500 kilos., 
then the sum of the stresses on all the verticals connecting the 
chains and the girders is 

(max. load on the chains) 

590*56 X 60 - 4500 = 30934 kilos. ; 

and the stress in each will therefore be — ^-=— , where N is their 

N 

number. 

The wind-stays are under the worst conditions when the 
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wind-pressure is greatest and the temperature is lowest. Hence 
from equations 218 and 223 the maximum stress in the centre 
of the wind-stays is, 

9*7 + 4*6 = 14*3 kilos, per sq. miUimetre. 

From equation 226 it will be seen that the greatest shearing 
force taken up by the horizontal wind-braces, is 4300 kilos. 

And lastly, the maximum tension in each of the horizontal 
rods connecting the wind-stays with the girders, is 

(107*86 + 51*2) X 60 _ 9540 
• N, " N, ' 

according to equations 218 and 222, Ni being their number. 



§ 65. — Adjustment op the Vertical Rods oonneotino 
THE Girders with the Suspension Chains. 

When investigating the effect of the permanent load, it was 
assumed that the structure was weightless and the girders 
perfectly straight The permanent load was then applied, and 
the centre of the bridge consequently deflected by a certain 
amount. Now, on account of the compound nature of the 
structure, it is only by chance that this will be the actual 
deflection of the structure when subject to its own weight, and 
it is only in this case that the distribution of the load found by 
means of equatign 171, will be the true one. In &ctf it is 
evident that by shortening the vertical rods connecting the 
girders with the suspension chains, the part of the load carried 
by the former will be diminished, and the reverse effect will be 
obtained by lengthening these rods. 

It therefore becomes a question whether by altering the 
length of these rods the stresses cannot be more uniformly dis- 
tributed between the various parts of the structure. 

The deflection at the centre of the girders produced by 
the permanent load alone, as found from equation 169, is (sub- 
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stitnting however ni for n (from equation 233) to allow for the 
extension of the backnstays), 

, 013816 X 0-375 X 30000* ^, ^, .„. ^ ^„,,, 

' = * 20000 X 15000 X 1500« = ^^'^^ ^^^^^^ [2*4] 

and from equation 235 the stress in the booms corresponding to 
this deflection is S', = 2 • 07 kilos, per sq. millimetre. But as 
already explained, this will only be the actual stress in the girders 
if, when put up, the deflection is 51*81 millimetres, supposing 
that the girders are perfectly straight when in the condition of 
no stress. But if, after erection, the girders are made straight 
again by shortening the vertical rods by means of set-screws, 
the stress S', = 2*07 kilos, per sq. millimetre will disappear, 
and the maximum stress (equation 239) will be reduced from 
14*62 to 12*55 kilos, per sq. millimetre. At the same time 
the part of the permanent load, viz. 51*81 kilos, per metre, 
formerly carried by the girders, will be supported by the sus- 
pension chains. 

The tightening of the screws may however be continued 
until, for instance, an upward deflection of 51 *81 millimetres has 
been obtained ; the maximum stress in the booms would tberebv 
be further reduced by 2 * 07 kilos, and would become 10 * 48 kilos, 
per sq. millimetre, and the total increase of load on the chains 
would then be 2 x 51*81 = 103*62 kilos, per metre of the 
horizontal projection. 

Tightening up the set-screws, although it diminishes the 
stress due to a positive bending moment, evidently increases by 
the same amount the stress due to a negative bending moment ; 
that is, when the girder is bent upwards. 

The limit to which the set-screws may be tightened up 
with advantage is therefore reached, when the greatest positive 
bending moment is equal to the greatest negative bending 
moment. 

The greatest negative bending moment under the original 
circumstances occurs at the centre of the bridge, for although, 
according to the table at page 367, the moving load produces its 
maximum effect at a distance a = J Z from the centre, yet it 
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will be found that the other causes are safficient to make the 
negative bending moment greatest at the centre. 

1£ SiB the stress in the lower booms at the centre produced 
by the moving load alone when covering the whole bridge, 

it is evident that -^7- = o?7c • ^^^ ^p = 2*07 kilos, per sq. 

Op o7o 

millimetre. Hence 

8 = ^x 2-07 = 1-105 kaoB. [2i5] 

Now the sum of the maximum and minimum stresses 
produced by the moving load must be equal to J3. Hence 

8(f^y = S'. — iSr = 1*12 - 1*105 = — 0*015 kilos, per sq. miUimetre [240] 

To this negative stress must now be added the negative 
stress due to the lowest temperature, — 3*8 kilos, (equation 
231), the negative stress produced by the wind-pressure at the 
lowest temperature, — (4*9 — 2*73) = - 2*17 kilos, (equa- 
tions 221 and 224), and lastly, the positive stress, + 2 * 07 kilos, 
produced by the dead load, thus : 

8(«fa.) = - 0015 - 3-8 - 2-17 + 2-07 
= — 8*915 kilos, per sq. millimetre. [247] 

Therefore, if the set-screws be tightened up until the girder 
is straight S(»{».) will be increased to 

— 3-915 — 2'07 = 5' 986 kilos. p9t W|. milHmotro ; 

and if the tightening be further cotttinnod until the upward 
deflection of the girder is 61 '81 millirtiotroM H^min.) will become 

- 5-985 - 2*07 = - SOOO Jillow. im w|. minilfwiru. 

It thus appears that the nei-f^ctrf^WA imy tm tiKlitened up 
with advantage until thfi i*(^uirf^ nf \Uf^ ({IrilMl* (li^iluetH upwards 
51*81 millimetres* For utuhr iliM fii}|$hml MMtMlliiuuM the stress 
at the centre in th« Umt^r linoiHft trt»l«»l (him + 14*62 kilos. 
to - 3-915 kilos.; yvlmmn turn iUpm lii»»iU will be + 10-48 
kilos, and -*8'055 kiUm, ; nfnl f^iHU^rfiim hU'^hh^h iu thesuspen- 
flioQ chains will only \m liMtmi^mi iu Hi'ii kilos, per square 
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millimetre at the centre^ and to 10*73 kilos, at the points d 
attachment, representing a load of 590*56 + 103*62 = 694*18 
kilos, per metre of horizontal projection. 

fNoTE.— The ratio of the greatest stresses ia the booms of the girdeis is: 

10*48 5-24 
8055 "^ 4 ' 

and since the ratio of the resistance of wrought iron to tension to its re* 
sistance to compression is approximately the same, it appears that the set- 
screws should not he tightened any further.] 

The total maximum load on the rods connecting the chains 
and the girders will now be increased to 

80934 + 60 X 103-62 = 37151 kUos. ; 

and the stress in each will therefore be — rr— . 

N 

The vertical shearing force at the end of the girders will be 
diminished by 80 x 103*62 = 3109 kilos., and therefore (eqoa- 
tions 240 and 241) : 

V(mar.) = + 6777 - 3109 = 3668 kilos. [248] 

V («<«.) = - 2840 - 3109 = - 6949 kaos. [249] 

Therefore under the new conditions, the bars A Aj or 
BBi in Fig. 463 must be capable of bearing a thrust of 
5949 kilos. 

Since the deflection of 51 * 81 millimetres at the centre of 
the girders corresponds to a load on the girders of 51 '81 kilos, 
per metre, or of 375 kilos, per metre on the whole bridge, it 
follows that the upward deflection of 51 '81 millimetres will 
disappear when a load of 375 kilos, per metre has been applied 
to the bridge. Therefore, to ensure the above distribution of 
the stresses the following can be specified : " The deflection at 
the centre of the girders is to be zero when a load of 375 kilos, 
per metre run is placed on the bridge at the mean temperature." 

A temperature load on the girders of 51 '81 kUos. will 
evidently produce the same effect. Now an increase of tem- 
perature of 41° C. loads the girders with 95 kilos, per metre ; 
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therefore, the temperature at which the temperature load will 
be 51 * 81 kilos, per metre, is : 



Kt .Q1 

* = 41X^^ = 21°-24 0. 



[250] 



The desired result can therefore be obtained if, when the 
temperature is 21°* 24 0., the girders are made straight by 
means of the set^crews. 



§ 66. — ^Bemabks on the Degbee of Accuracy of the 

Method employed. 

The method adopted to calculate the coefficient of load- 
distribution n is only approximate. But, as will be seen, the 
errors involved are very small, and to a certain extent they 
balance each other; they are therefore of no practical im- 
portance. To prove this, it will be sufficient to consider the 
simpler case given in Fig. 463, in which the points of attach- 
ment of the chains are considered fixed, and the difference 
between the value of n found from equation 172, and its cor- 
rected value, can be considered as a measure of the error. 

It will be observed that equation 170, obtained by equating 
the deflection at the centre both of the girders and the chains, 
is not strictly accurate. For if the bottom ends of the rods 
connecting the girders with the chains were free, they would, 

Fig. 493. 




a ».-.•.-■* 



; : : i '^ 



o^6 



when the chains deflected, be in a parabola (Fig. 493), whereas 

their points of attachment to the girders would be in an elastic 

curve (Fiff. 494). These two curves cannot cover each other, 

^ 2 
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and the actual deflection curve of the girders will lie between 
them. It would therefore appear more accurate to equate the 
mean deflections instead of the ordinates a and s at the centra 



^t. 



Fio. 494. 









• • t 



fi 

-■••••w 



.1— 



X 






z:*-^ 



The mean deflection will be the mean ordinate of the curve, 
and this mean ordinate can be defined to be the height of the 
rectangle on the same base and of the same area as the area 
enclosed between the curve and the axis of x. In the present 
case, since the base of both curves is the same, = 2 Z, the result 
can be attained by equating the areas themselves. 

The area of the part of the parabola ahcin Fig. 493 is : 

J=«2/5; [251] 

and by substituting the value of s from equation 168 : 



J = 



2EFA«' 



[252] 



Again, the height of arc of the elastic curve ar^ ^ (Fig. 494) 
is, according to equation 169 : 

And the equation to this curve is : * 

(1— n)p /_ ar*> 



[253] 






[254] 



But the area comprised between the curve aySy and the axis 
of a; is : 



3-2 I ((r^y)dx. 



[255] 



* This equation can bo obtained by a process similar to that employed at 
p. 329.— Trans. 
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Heuce^ substitating for a and y, and integiatiiig between the 

.. g -">»'' 

B,P,V ■ 



=«^ 



Eqoating both valaes of J : 



?! V" 



Whence n= 0-88352 (rnstead of 0-887656) and !-« = 
0-11648 (instead of 0- 112344). This correction therefore 
diminishes n, but even for 1 — n the error is only 3 ■ 7 per cent. 
Secondly, the extension of the vertical rods connecting the 
chains with the girders was not taken into account. If the 
elongation of these rods is h per nnit of length, their lower 
extremities will lie in a parabola whose height of arc is hh 
(sapposing that the suspension chains do not alter). Since 
this parabola has its coavez side upwards, S h must be sub- 
tracted ftom the deflection a produced by the lengthening of 
the chains, and if, farther, S lb also the extension per unit of 
length of the chains, the actual deflection at the centre of the 
span is 

s_SA = i8^-SA; [257] 

or more accurately, replacing the member f ■= previously 
omitted (see equation 147) : 

»-!A = JsJ(l+|^)-SA. [258] 
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Substituting 

H _ npP 



FE 2EFA 

and reducing. 

This value of s — S A must be written instead of 8 in equa- 
tion 168 ; it will then be found, by means of equation 170, 
that 

n = ^ ^\, . liT- C260] 



E, P, V A_.*J\ 



Prom this equation n = • 88884 (instead of • 887656). Th bb 
the second error partially neutralizes the first. 

If both corrections be made, the more accurate formula for . 
finding n is ; 

1 



n = 



l + U 5i ?i iL (l^x^:) 



whence w = 0-88474 (instead of 0-887656), showing that the 
former value of n was only ^ per cent, in error, and that the 
value of 1 — w is 2*6 per cent, in error. Obviously, therefore, 
the simpler method possesses ample accuracy for practical 
purposes. 
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APPENDIX. 



a. Loads on Roofs and the Eeactions at the Abutments 

CAUSED BY the WiND-PRESSUBE. 

The maimer of estimating the loads on roofs followed by Professor Bitter does 
not accord with the best and more recent English practice. Professor Bitter 
assumes that all the loads on a roof are vertical and evenly distributed over the 
BurfiEkce. Now this is obviously erroneous as regards the wind-pressure, for it 
cannot act vertically on a roof nor on both sides at the same time. This manner 
of estimating the loads on roo& was, however, adopted by Tredgold, but in his 
time little was known about the pressure of wind. 

Although the scantlings obtained for wooden roofs by means of Tredgold*s 
assumption, coupled with a large factor of safety, have been proved by experience 
to be sufficiently strong, it cannot be inferred that this would be the case for 
iron roofs, at any rate, not for those of large span. And further, in iron roofs one 
end should be left free to move,- to allow for the expansion and contraction 
produced by changes of temperature, a circumstance which affects the stresses 
due to the wind-pressure. A proper distribution of material is also of greater 
importance in an iron than in a wooden roof. 

It is therefore necessary to arrive at some more accurate estimate of the loads 
to be borne by roofs. 

These loads consist of: — 

Permanent load, such as the weight of roof-covering, framework, and in some 
cases of the weight of a ceiling, lantern, &c. ; 

Variable had, the wind-pressure, and in some countries the weight pf snow. 

The weight of roof-covering, purlins, ceiling, &c., can always be readily 
obtained.* The only permanent load which is difficult to ascertain is that due 
to the weight of the truss itself. It can be found approximately if the weight of 
some similar structure is known. Or else approximate calculations can be made 
considering the roof truss to have no weight, and the scantlings thus obtained 
will give the required weight near enough for practical purposes, a correction 
then being made to the scantlings to allow for the weight of the roof truss. 

The allowance to be made for the weight of snow will depend entirely on the 
locality in which the roof is to be erected. In this country it is not likely that 
snow will attain a greater depth than 6 in. on a roof when a strong wind is 
blowing, and this depth will also diminish as the pitch increases. An allowance 
of 5 lbs. per sq. ft. of horizontal surfece covered would therefore seem ample, 



♦ See Hurst's * Architectural Surveyor's Handbook,' or MoleBWorth's *Pocke1 
Book of Engineering Formula.* 
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and it may alBO be assnined that the snow is unifannly distributed over the 
roof. 

The following theory of the preesare of wind on loofis is doe to Professor 
Unwin, and readers desiioas of farther information on the snlgect are referred to 
his works. 

According to the mathematical definition, a perfect floid can exert but a 
normal pressare on any body immersed within it, whether the body be at rest or 
in motion relatively to the flnid. Air, as is proved by experiment, is almost a 
perfect flnid, for, but a very slight tangential action is exerted on any body in 
motion within it This tangential action is so insignificant that it need not be 
taken into account in the present case. It can therefore be assumed that the 
wind-pressure acts normally to the slope of the roof. 

Let A B (Fig. 496) represent a plane surfiice perpendicular to the plane of the 

paper, and upon which air is impinging in 
FiQ. 496. ft direction making an angle t with AB. 

^ Let Pa be the normal pressure per unit of 
^ y area on the sur&ce ; this force can be le- 
>^^ solved into its components, P« and Ft, 

/i^ \ and evidently 

* P.8int = P». 

^ Now, Button by experiments made with 

^ his whirling machine measured the force 

P* for different values of t, and found that 

P» = P8in»»-8*«*', 

where P is the normal pressure per unit of area on a plane placed at right angles 
to the direction of motion of the air. Hence 

P» = cosec tP sin t *'"«**, 

= P8int»-8*oo8<-i, |-„-] 

To apply this to the case of a roof, it remains to be determined what values 
should be given to t and P. The following data will be of use. 

On one occasion during five years, the greatest pressure recorded at the 
Royal Observatory, Greenwich, reached 41 lbs. per sq. ft. At Bidston, near 
Birkenhead, a very exposed situation, the wind blew for one hour at the rate (^ 
92 miles per hour, equivalent to 42^ lbs. per sq. ft., and momentarily the 
pressure rose to 80 lbs. per sq. ft. 

Although these pressures were recorded on anemometers placed in very 
exposed situations, and though it is probable that such wind-pressures are 
never reached in ordinary situations, yet, until this is actually proved, it would 
bo unwise to make any reduction. Further, it is certain that the wind does not 
always blow horizontally, but since neither the limits of deviation are known, 
nor whether the intensity of pressure is changed or not when the direction of the 
wind is thus altered, it is probably best to assume that the wind blows horizontally, 
at the same time making an allowance by slightly increasing the value of P. 
It thus appears reasonable to assume P = 50 lbs.* per sq. ft., for it must 
be remembered that the pressure of 80 lbs. per sq. ft., registered at Bidston, 



* Colonel Wray, R.E., in his * Instruction in Construction,' assumes P = 50 lb& 
per sq. ft., but Professor Unwin takes P = 40 lbs. per sq. ft. 
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occurred bnt momentarily and in a very exposed situation. To meet this greater 
wind-pressure, it may, however, be advisable to increase the scantling of those 
bars which are most affected by it. Since the wind has been assumed to blow 
horizontally, t will be the angle made by the slope of the roof with the horizontal, 
or, in other words, the pitch of the roof. 

The wind-pressure can only act on one side of the roof at one time, and, owing 
to want of information on the subject, is assumed to be uniformly distributed 
(except, of course, in curved roofs). This assumption is, however, not altogether 
unfounded, for although, no doubt, eddies are produced by the walls of the 
building, &o., yet it is well known that a cushion of air is formed against the 
side of the roof which tends to equalize the pressure over the surface. 

The following table * will be found of use in calculating the wind-pressure on 
roofs and the stresses caused thereby : — 





t(pIteHofroof). 


P« 


P-t 


P»t 






o 


lbs. per 8q. ft. 


lbs. per sq. ft. 


lbs. per sq. ft. 






5 


6-3 


6-1 


0-5 






10 


121 


120 


21 






20 


22-6 


21-3 


7-8 






30 


^ 88*0 


28-5 


16-5 






40 


41-6 


31-9 


26-8 






60 


47-6 


30-6 


36-5 






60 


500 


25-0 


42-5 






70 


51-3 


17-5 


481 






80 


60-5 


8-8 


49-8 






90 


60-0 





500 





The inaccuracy in the values of P« for 60°, 70«>, and 80°, is due to the 
empirical equation a being only approximate. 

To resist the wind-pressure the supports of the roof must supply horizontal as 
well as vertical reactions, and these have to be determined before the stresses 
produced by the wind can be found. 



Fig. 497. 
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Let Fig. 497 represent a body supported on two points in a horizontal straight 
line, and acted upon by a force F inclined to the verticaL This force can be 
replaced by its vertical and horizontal components X and Y, and the reactions at 



* This table has been taken from ' Instruction in Construction,' by Colonel 
Wray, R.E. 

t It is shown in a pamphlet by Professor Unwin, * On the Effect of Wind- 
Pressure on Boofs,' that these values of Pp and Y^ agree very well with some 
experiments made by Froude and Wenham. 
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the two points can also be replaced by their components Y, H and V ', H'. The 
three conditions of eqnilibrimn are : 

X — H - H' = 0, resolying horizontally. 

Y - V — V = 0, resolving vertically, 

y (a + &) — T a = 0, moments round B. 
Whence 

H + H' = X. 



V=: 



Y. 



a + h 

V'=— Y 
a + o 

The vertical components Y and Y' are therefore determinate, but the 
horizontal components H and H' are indeterminate, the only condition neoessaiy 
fose-y^uilibrinm being that their snm is equal to the horizontal component X of 
F. ^This will be easily understood when it is considered that if the support A 
were smooth (mathematically), the whole of X would have to be supplied by B, 
and vice verad. The values of H and H' depend therefore on the nature of the 
supports. 

Now, in iron roofs it is necessary to allow for the expansion and contraction 
arising from changes of temperature, and to do this, it is usual to fix one end of 
the truss, leaving the other free to mova In small roo& it is sufficient if the 
shoe at the free end simply rests on the template, but in large roofii a epedai 
arrangement of Motion-rollers is generally provided. 

Evidently the horizontal component of the reaction at the free end of the roof 
can never exceed the resistance to motion of that end. This resistance is ft Y 
where fi is the coefficient of Mction, and Y the vertical reaction at the free end. 
In small roofs where no rollers are provided, fi will usually be the coefficient of 
friction of iron (cast) against stone, and may be taken at from *4 to *6. It 
may happen that, owing to a change of temperature, the free end of the roof is 
just on the point of motion. The full frictional resistance would thereby be 
called into play, and possibly the wind-pressure might produce a horizontal com- 
ponent equal and opposite to this resistance. For instance, let Fig. 498 represent 
a roof of which the end A is fixed and the end B is free to move. When the 

Fig. 498. 




H 

temperature increases, horizontal forces h are generated at A and B, and by the 
above assumption, when the end B is on the point of motion h = fiX = H'. Evi- 
dently, therefore, the horizontal reaction at A is 

H4-A = H4-H' = X, 
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and at B it is zero. A similar case may occur when the wind is blowing from the 
left and the temperature diminishing. It is possible that this distribution of the 
horizontal reactions may produce greater, stresses in some of the bars than the 
more normal distribution, and should therefore be considered. Thus in small iron 
roofs there are four cases to consider, namely, — 

1. Wind on right. 



2 Wind o left I 2°^^^*^^ reaction at free end equal to friction. 

3. Wind on right. 

4. Wind on left. 



ht. \ 

L ' I Horizontal reaction at free end zero. 



In large roofs with a roller end, /u is so small (bein^ the coefficient of rolling 
friction) that it may be neglected in the present inquiry. It may therefore be 
assumed that the horizontal component at the free end is always zero, and only 
two cases need be considered, namely, — 

2 Wind on left i ^0^^^^^**^ reaction at free end zero. 

This will also meet the case of a roof truss having one end (the free end) sup- 
ported by a column, and the other by a wall. * 

In calculating the stresses in a roof it is best first to find the stresses 
produced by the weight of the roof-covering and framing when those occasioned 
by snow can generally be found by simple proportion. The stresses due to the 
wind are then to be ascertained as indicated above, and may be found by the 
'^ Method of Moments." If the results thus obtained are collected in a tabular 
form, the greatest tension or compression in each bar is easily found by inspection. 

h. STABILITY OP PIERS AS REGARDS OVERTURNING. 

Ih the calculations made both at p. 149 and p. 185 to ascertain the stability of 
the piers as regards overturning, Professor Bitter takes moments about the lower 
edge F of the pier. Since the resultant compression on the bed-joint at F does 
not appear in these equations of moments, it must act at F, or in other words, the 
total compression on the bed-joint is concentrated on the outer edge F. The in- 
tensity of pressure on this edge would therefore be so great that the material of 
which the pier is composed would be crushed. (Mathematically speaking, the 
edge is a line, and the pressure would therefore be infinite.) It is evident 
therefore that moments should not be taken round the outer edge of the pier, but 
about some axis inside the pier represented by the point E, Fig. 502, the position 
of this axis being such that the greatest intensity of pressure shall not exceed the 
safe resistance to crushing of the material (or of the mortar). It is proposed to 
find the position of E when the pier is rectangular on plan.f 

In large structures of this kind the tenacity of the mortar should not betaken 
into account, for unequal settlements are liable to occur, which dislocate the 
joints. The pier will therefore be regarded as built with " uncemented blocks." 

Now consider a body rectangular on plan (Fig. 499) pressed against a plane 



♦ See last paragraph p. 35 of • Lectures on the Elements of Applied Mechanics,' 
by Professor M. W. Crofton, F.B.S., in which this' is pointed out. 

t For further information on this subject see * Applied Mechanics' and * Civil 
Engineering,' by Professor Rankine ; ' Engineering and Architecture,' by Rev. 

Canon Moseley ; * Instruction in Construction,' by Colonel Wray, BJB. 

c% — 
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snrfaoe by a force P, the aide of the body in oontaot being aldo plane. For 
simplicity, let the direction of P be as indicated in the figore, so that £ the 
centre of pressure is situated on.G F which is parallel to and equidistant fiom 
A B and D 0. The pressure evidently cannot be uniformly distribnted, unless E 

Fio. 499. 




bisects G F, but a fair assumption to make is that it varies uniformly. Or m 
other words, the pressure will reach its greatest intensity along the edge AD, 
and it will diminish uniformly towards the edge B 0. And further, since E is 
equidistant from A B and DC, the intensity of pressure at all points on any line 
parallel to A D will be the same, and hence the pressure along G F represents 
that over the whole area. 

Thus, if the position of E be such that the pressure at F is nothing, the triangle 
G F K (Fig. 500) will represent the intensity of normal pressure at every point in 
the line G F. The resultant normal pressure will evidently pass through the 
centre of gravity of this triangle, hence 



GE = |GF. 



Fig. 500. 



Fig. 501. 





If however, GE <iG F (Fig. 501), the pressure will vanish at a point P', 

such that 

GE = iQF', 

and from P' to F there will be no pressure. 

Evidently the maximum intensity of pressure is twice what it would be were 
the pressure uniformly distributed over G F', for if H bisects G E the «rea of the 
rectangle H P' is equal to that of the triangle G F' K. 

The position of E to fulfil t\iG can!^\\OTi XJaaX. XJaa \aaaMQsraL intensity of 
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pressure K G should not exceed the safe resistance to crushing of the material, 
can probably be easiest ascertained by the graphic method. 

For instance, let L M G F (Fig. 502) represent a pier rectangular on plan 
subject to a thrust P. The weight of the pier is W, and acts in the vertical 
through the centre of gravity of the pier ; OT and 08 represent P and W in 
magnitude and direction, then by completing the parallelogram of forces the 
resultant R is obtained, represented by O U. The resolved part O X of B at 
right angles to G F is the total normal pressure on the bed-joint and the inter- 
section E of O U and G F is the centre of pressure. Thus all the elements for 
finding the maximum intensity of pressure are known. 

Fio. 502. 




As a numerical example let the dimensions of the pier be: the breadth 
6 = 20 feet, and the thickness G F = 6 feet. Let also W = 52 tons, P = 
18 tons, the angle T 00 = 24°. and the height of O above G F = 7 feet. It is 
then found by measurement that O X = 60 tons and G 1^ = 1 foot, or G F' = 
3 feet as previously explained. Hence the greatest intensity of stress along the 
edge of the pier represented by G is 

= 2. ^^ 



= 2. 



6.GF' 
60 



20.3 

= 2 tons per square foot. 
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The success which has attended the publication of *Sponb* Diotionabt of 
ENGiNEEBiNa' has encouraged the Publisners to use every e£fort tending to keep 
the work up to the standard of existing professional knowledge. As the Book has 
been now some years before the public without addition or revision, there are many 
subjects of importance which, of necessity, are either not included in its pages, or 
have been treated somewhat less fully than their present importance demands. 
With the object, therefore, of remedying these omissions, this Supplement has been 
prepared. Each subject will in it be treated in a thoroughly comprehensive waj; 
but, of course, without repeating the information already included in the body of 
the work. 
The new matter will comprise articles upon 



Abacus, Counters, Speed Indi* 
cators, and the Slide Rule. 
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Air Compressors. 
• Ajtesian Wells. 

Bam Machinery. 

Barometers. 

Baths and Wasb-bonses. 

Belting. 
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Brakes. 

Breakwaters. 

Brick Machinery. 
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Contractors' Plant. 

Docks. 

Drainage. 

Dredging Machinery. 

Electric Lighting and its 
Practical Details. 

Explosives. 

Foundations. 



Gasworks. 

Gauges. 

Gearing. 

Hammers Worked by Power. 

Hand Tools. 

Harbours. 

HydrafUics. 

Ice-making Machinery. 

Indicators. 

Iron. 

Irrigation. 

Lace Machinery. 

Landing Stages. 

Lifts, Hoists, and Elevators. 

Lighthouses. 

Machine Tools. 

Metallurgy. 

Meters. . 

Mills. 

Mhiing Machinery. 

Ovens. 

Paper Machinery. 

Peat Machinery. 

Piers and Breakwaters. 

Pile Driving. 



Pneumatic Transmission. 

Presses. 

Pumps. 

Quarrying. 

Railway Kolling Stock. 

Rivers. 

Rock Drills. 

Roofs. 

Sanitary Engineering. 

Shafting. 

Silk Machinery. 

Spinning Machinery. 

Steam ^gines. 

Steel. 

Sugar Machinery. 

Telegraphy. 

Tramways. 

Tunnelling. 

Valves. 

Ventilation. 

Water Supply. 

Weaving Machinery. 

Woodworking Machinery. 

Woollen Madbinery. 



by Engineers who have had particular practice in each specialty, and the Editorial 
charge has been committed to the gentleman who superiu tended the completion of 
the original work. 

Contributions and suggestions will be received with every attention; and 
Engineers or Machinists interested in Plant, Engines, Tools, or Machines having 
special features, are invited to direct the Editor's attention to the same, by a letter 
addressed to him at 46, Charing Cross. 

These arrangements will, it is hoped, secure for the Supplement to *Spons' 
Dictionary of Engineering * the same substantial support accorded to the original 
workj and no pains will be spared by the Publishers to secure this result. 
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